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ABSTRACT. We consider the class V,, of germs of holomorphic vector fields in ((CQ,O) with van-
ishing (n — 1)-jet at the origin, n > 1. For generic germs v € V3 we prove the existence of an
analytical orbital normal form whose orbital formal normal form has the form v, ; given in [ORV4].
Furthermore, fixing one representative v of the analytic class of a germ v € V5 having the y-axis
invariant, the corresponding formal normal form ‘A'c,i) is analytic and unique (under strict orbital
equivalence). Moreover for generic v € V,,, n > 2 we give a preliminary orbital analytic normal

form which is polynomial and of degree at most n in the y-variable.

1. INTRODUCTION

The problem of the formal and analytic classification of germs of holomorphic vector fields
goes back to Poincaré. He proved that, in the generic situation, such classification relies on
the eigenvalues of the linear part of the vector field at the singular point. In such cases, the
formal and analytic classification coincides. As it is well-known (see [IY], [ORV3]) the failure of
the generic assumptions on the eigenvalues of the linear part of the vector field leads either to
simply formal normal forms and complicated analytic ones (and therefore the non coincidence
of the formal and analytic classification) or to highly complicated formal and analytic normal
forms. In this last situation the formal and analytic classification coincides again: the rigidity
phenomena takes place (see [Ce,Mo], [EISV], [M], [Lol], [Lo2]).

In more complicated situations, when the linear part of the vector field at the singular point
is zero (i.e. for degenerated germs of vector fields), the rigidity phenomena takes place again for
generic dicritic and nondicritic germs (see [ORV1] and [Vol] for the classical and orbital rigidity-
respectively- of nondicritic germs; [ORV?2] for the classical and orbital rigidity of generic dicritic
germs of vector fields and [Ca] for orbital rigidity of dicritic germs with higher degeneracies).

In such cases the formal orbital normal form was obtained and Thom’s problem on the minimal
invariants of the orbital analytic classification of generic dicritic and nondicritic degenerated
germs of vector fields was solved (see [ORV2] and [ORV4]). In those works rather simple formal
orbital normal forms were obtained and the analytic classification relied in a combination of
a finite number of parameters, together with formal invariants related to geometric objects
(involutions and separatrices respectively).

The problem on the analyticity of the formal orbital normal forms was solved for generic
dicritic germs in [ORV3]. However, the analyticity of the formal orbital normal form for nondi-
critic generic germs of vector fields given in [ORV4] was still open. In this work we prove the
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analyticity of such normal forms for the generic case: that is, when the formal orbital normal
form has quadratic principal part.

For higher degeneracies we give a preliminary orbital analytic normal form (polynomial in the
y variable) which does not coincide with the formal orbital normal form given in [ORV4]. We
stress that for higher degeneracies one can expect a non coincidence between the formal analytic
normal forms. A similar behavior was already observed in the classification of the analytic germs
of vector fields with non generic linear part.

As we did in the dicritic case (see [ORV3]), we use surgery of manifolds and Savelev’s Theorem
for the proof of Theorem 2.1. These ideas were firstly introduced by F.Loray in [Lo2] and [Lo3]
for germs at (C2,0) of holomorphic vector fields having a non generic linear term (nilpotent or
saddle-node) at the origin.

2. BASIC NOTATIONS.

2.1. Notations.

(1) Let V,, be the class of holomorphic germs of vector fields in (C%,0) with isolated sin-
gularity at the origin, with vanishing (n — 1)-jet at the origin and non vanishing n-jet,
n > 2.

(2) Given v € V,,, we denote by F, the germ of foliation generated by v.

(3) Two germs v and w in V,, are analytically (formally) orbitally equivalent if there exist an
analytic (formal) change of coordinates H : (C%,0) — (C2,0) and an analytic function
(formal series) K : (C%,0) — C*, (K(0) # 0) such that H,v = K - w, where

H.v(p) = D.HV(2)|.=p-1(p)-

(4) The foliations Fy,Fy, generated by the germs of vector fields v,w € V,,, respectively,
are called analytically (formally) equivalent if their corresponding vector fields v, w are
analytically (formally) orbitally equivalent.

In other words, in the analytic case, if Iy (5., := denotes the leaf through (,y) of the

foliation H:V then lw,H(w,y) = H(lv,(Ly))'

s — s
x b

ly,(a,y) :=leaf through (z,y) of Ty

(z,y) lw, H(z,y) = H(y (2,4))

FIGURE 2.1. analytic equivalence of &, and Fy,

(5) If the linear part of the germ H is the identity and K(0) = 1, we say that the vector
fields v, w are strictly analytically (formally) orbitally equivalent or the foliations Fy,
Fw are strictly analytically (formally) equivalent.

(6) In the case when K = 1 then the vector fields v, w are analytically (formally) equivalent.
(7) Let vev,

a 8 oo oo
(2.1) v="Pa+Qg, P—’;Pk, Q—I;w
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where P and @) are holomorphic functions and Py, Q) are homogeneous polynomials in
(z,y) of degree k, k > n, corresponding to the terms of order k of its Taylor expansion
at the origin. Let R,11 1= 2Qy — yPy.

(8) We say that the germ of vector field v is nondicritic if

(2.2) Rnt1 #0
and if R,,+1 = 0 we say that the germ of vector field v is dicritic.

Remark 2.1. The condition of nondicriticity is generic in V,, (it is given by the open condition (2.2))
and has finite codimension in the space V,. On the contrary the dicritic case is nongeneric in V,. In
this work, unless otherwise stated, one will assume the nondicriticity condition (2.2)

2.2. Main statements and genericity assumptions. We state the main results of this work.
We begin with the genericity assumptions for the first two theorems:

We say that a holomorphic nondicritic germ of vector field v € V,, of the form (2.1) is generic
nondicritic if it satisfies the following genericity assumptions:

G1. The homogeneous polynomial R, 1 = 2@, — yFP,, is of degree n+ 1 and has only simple
factors,

G2. All the characteristic exponents at the singular points of the blown-up foliations are not
zero or positive rational.

G3. At least at one singular point denoted by p., the blown-up foliation Fy is generated by a
non degenerated vector field holomorphically linearizable and its characteristic exponent
Moo 18 different from -1. This implies that in appropriate coordinates the foliation Fy
at the point po is locally generated by a linear vector field and the quotient of the
corresponding eigenvalues is different from —1.

The main goal of this work is to prove under the genericity assumptions G1,G2,G3 the fol-
lowing theorems:

Theorem 2.1. (Semi polynomial analytic normal form) Fach generic nondicritic germ in V,,
n > 2, is analytically orbitally equivalent to a germ of vector field of the form

(2.3) vea(z,y) = 2P(z,y) 5 + vz, )5,

with nondicritic singularity at the origin and P, Q polynomials of degree at most n—1 in the “y”
variable with analytic (on x) coefficients.

Theorem 2.2. (Semipolynomial analytic normal form for n = 2) Any generic nondicritic germ
of Vo, is analytically orbitally equivalent to a germ of vector field of the form

(2.4) Van = 2(P1 + xzﬂ(x))% +y(Q + x25(x))6%

where P1(x,y) = yao+biz, Q1(x,y) = y+dix are homogeneous polynomials of degree 1, and 3(x)
is a holomorphic function in a neighborhood of the origin. For fixed principal part P, %erQl %,
the function B is unique (and therefore vqy,) under strict analytic orbital equivalence.

We stress that any nondicritic generic germ v € V,, can be reduced under, rotation and
rectification of one of its separatrix, to a germ

0

(2.5) P+

9 _
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Denote by VO the class in V,, of germs satisfying (2.5). Hence, the problem of classification of
generic foliations generated by germs in V,, is reduced to the equivalent one of the classification
of generic foliations generated by germs in V0.

We stress that strict formal (and analytic) orbital equivalent germs in VO have the same
n-jet at the origin. Therefore the problem of strict formal (and analytic) orbital classification of
germs in V2 is transformed to the analogous one in each class

(2.6) V(vo) ={veV) : ji(v—vo) =0},

where vg 1= Pna% + Qna% is called the principal part of v and P,, @, are homogeneous polyno-
mials of degree n, P,(0,y) = 0. Note that in this case the blow-up v of v has a singular point
Poo at infinity, i.e., at v =0,y = 0, where v = y/x.

For generic germs (see Remark 2.2) the solutions to the formal orbital classification problem
was given in [ORV4]:

Theorem (on the formal classification of nondicritic vector fields [ORV4]) Each generic holo-
morphic nondicritic germ v € V,,, n > 1 is formally orbitally equivalent to a formal series v
of the form

(2.7) Veb = Vo + Ve + Vi,
where
(1) vo:= Pna% JrQ"a%’ P, Q,, are homogeneous polynomials of degree n, and P,(0,y) =0

s a generic principal part.

(2) ve = —(f]{c)’ya% + (9{6);8% is a Hamiltonian vector field with polynomial Hamiltonian

(2.8) %c(x,y)=Zci7jxiyj, 0<i<n—-1,0<j7<n—-1,i+j>n+2,

(3) and vy = b(z,y)(z2 —l—ya%) is a radial vector field such that b(x,y) = Zz;g br(z)yFan—F
is a polynomial on the y variable of degree less or equal to n—2 whose coefficients, by(x),
are formal series on x.

Moreover any two formal series of the form (2.7) that are formally orbitally equivalent to v and
with the same generic principal part v, coincide.

Remark 2.2. The genericity assumptions in this theorem are slightly different:

G1. We ask the principal part vo to be such that its blow-up has simple singular points (i.e., the
homogeneous polynomial R,+1(z,y) = :cR(:c,y) of degree n + 1 has only simple factors, and
therefore, in this case, Rn+1(1,u) has n simple roots uj, 5 = 1,...,n, the point at infinity pe
is also simple)

G2. All the characteristic exponents corresponding to the singular points are not rational numbers.

G3. Within the proof of Theorem 2.1 we ask that for any £ = 2,...,n + 1, a determinant of
2k + 2 equations to be different from zero (this determinant is a non trivial polynomial on the
coeflicients of the principal part vo).

We stress the relevance of v, in (2.7): For v € V(vo) satisfying the previous genericity assumptions
and having nonsolvable projective monodromy group Gv, the tuple 7, = (v, [Gv]) is Thom’s invariant
on the analytic classification under strict orbital equivalence, where [Gy] is the class of strict analytic
conjugacy of the projective monodromy group G+ (see [ORV4]).
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Remark 2.3. For n = 2 the “Hamiltonian” part v. in (2.7) is zero. Hence, the strict formal orbital
normal form vy := v¢; takes the form:
0 2, 0

2.9 = (P +2°B)— B) =
(2.9) vi=(P2+2"B)o- +(Q2+yz )By
where vg = Pga% + an%, P,, Q2 are homogeneous polynomials of degree 2, P>(0,y) = 0, degyQ2 = 2,
and B(z) = >.3° , br(x) ¥ is a formal power series.

Therefore vy in (2.9) is the strict orbital formal normal form for generic nondicritic vector fields in
V(vo). As we state in the next theorem (2.9) is, as well, the orbital strict analytic normal form for
generic nondicritic vector fields in V(vo).

_ As an immediate consequence of Theorem 2.2 and considering the generic assumptions G1,
G1, G3, and G3, we have the following:

Theorem 2.3. (Analyticity of the formal normal form for n =2, v;) For any generic nondi-
critic germ in 'V, its strict formal orbital normal form vy is analytic. Moreover for fized vo the
normal form is unique under strict equivalence.

2.3. Structure of the work and acknowledgements. We begin by giving some properties of
the foliation generated by the blow-up of a nondicritic germ satisfying the genericity assumptions
needed in the proof of Theorem 2.1. In the section 4 we give a sketch of the proof of Theorem
2.1. In section 5 we give an appropriate extension of v, define an auxiliary foliation, suitable
biholomorphisms and domains of definition that allow one to use Savelev’s Theorem. Further,
we analyze the Savelev’s diffeomorphism and apply Weierstrass Preparation Theorem. The end
of the proof is given in 5.8. On section 6 we prove Theorem 2.2 and as a consequence of it we
get Theorem 2.3.

We truly appreciate the comments and suggestions of the referee to our work.

3. GENERAL PROPERTIES OF NONDICRITIC FOLIATIONS AND PRENORMALIZED FORM.

Following [ORV2], we give in this section a geometric description of the nondicritic foliations
as well as their simplest properties.

Let v be a nondicritic germ in V,. For any n > 1 the singular the linear part of v at the
singular point 0 € C? is zero; in 3.1 and 3.2 we introduce its blow-up:

3.1. Blow-up B of (C2,0). We recall that the blow-up of a point 0 € C? is the 2-dimensional
complex manifold B obtained from the gluing of two copies of C? with coordinates (called
standard charts) (z,u) and (y,v) by means of the map ¢ : (z,u) — (y,v) = (zu,u™1).

< >

FIGURE 3.1. Blow-up of (C2,0): B =C?][C?/ (5, 0) ~ (zu,u"1).

The projection 7 : B — (C2,0), given in the standard charts by = : (z,u) — (z,zu),
7 (y,v) = (yv,y), will be called standard projection as well. The sphere £ := 7=1(0) ~ CP!
obtained from the gluing of the regions {0} x C and C x {0} by means of ¢|;o}xc+ Will be called
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the pasted sphere (or the exceptional divisor of the blow-up). The map 7 is holomorphic and
its restriction 7 |B\ . to the set B\ £ is a biholomorphism whose inverse is denoted by o and it

is: 0:=(nw |3\L)71.

FIGURE 3.2. Blow-up of (C2,0)

3.2. Blow-up of germs of vector fields in V,. As it is known, the lifting o,v of a germ of
vector field v in V,, generates, in a neighborhood of the pasted sphere without £, a foliation
which can be uniquely extended to £, as a holomorphic foliation F, called the blow-up of Fy, at
zero (with a finite number of singularities on £, generally speaking). We denote by v the line
field which generates the foliation F,. We call v the blow-up of v.

Let v be a nondicritic germ in V,,. In (z, y)-coordinates, v has the form (2.1) and the blow-up

F, of Fy is given locally, in the standard charts, by the equations

du _ zQ(z,ux)—uxP(z,uz)

dr — 22 P(z,ux) ’
(3.1)
dv _ yP(vy,y)—vyQ(vy,y)
dy y2Q(vy,y) ’
Let Rppt1(z,y) = 2Qm —yPm,m =n,n+1,... . The condition of nondicriticity R := R, 41 # 0

implies that the blow-up Fy, 0n~the region of ~deﬁnition of the standard chart (z,u), is generated
by the vector field v (z,u) = Py (z,u) &= + Q4 (z,u) 3, where

(3.2) Py (z,u) = z[Py(1,u) + O(z)], Qi(z,u) = Rn41(1,u)+O(x), for z—0.

In the same way, on the region of deﬁni~tion of the standard chart (y,v), the foliation Fy is
generated by the vector field v_(y,v) = P_(y, v)g—y +Q-_(y, v)% where

(3-3) P_(y,v) =y[@u(v,1) +O(y)] , Q-(y,v) = Rnya(v,1) +O(y) , for y=0.

3.3. Properties of generic germs (Consequences of the genericity assumptions G1,
G2, G3). For any generic nondicritic germ v € V,,, the following statements take place:

(1) The germ v has exactly n + 1 different separatrices, which are smooth at the origin and
have pairwise transversal intersection.
(2) A resolution (see [C-S]) of a generic nondicritic germ v in V,, consists exactly of one

blow-up.
(3) The corresponding blown-up foliation F, has exactly n + 1 singular points p1, ..., ppt1
on the divisor £, ~ CP! and the characteristic exponents A1, ... , A, 41 are neither zero

nor rational positive numbers.
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Separatriz of Fy \g\

\/ Separatriz of g’v
. X/\A

FIGURE 3.3. Phase portrait of a generic nondicritic germ of vector field v € V2 and
its blow-up.

.

72

Prenormalized form. Without loss of generality we will assume that the singular
point p,11 is the point at infinity (pp+1 = poo = 0 in the standard chart (y,v) and thus
Doo 18 a nondegenerated singular point of the vector field v_), and denote by A, the
Camacho-Sad-index with respect to the divisor £. Moreover we assume that the y-axis
(v = 0) is the separatrix at po, . We stress that such assumptions can be achieved by
performing suitable (analytic) change of coordinates. An additional (analytic) change of
coordinates allows one to have the z-axis (y = 0) as separatrix at the origin (as well as
in the (z,u) coordinates).

Hence, we assume in what follows that the vector field v is written in its prenormalized
form:

~ 0 A 0

where P(z,y), Q(x,y) are analytic germs at the origin of order n—1, P = > 1 P,
Q = Z:j:n_l Qm, where Pm, Qm are homogeneous polynomials of degree m.

[—rectiﬁed separatric of Fy

rectified separatriz of Fy

-G

FIGURE 3.4. Phase portrait of a prenormalized nondicritic germ of vector field v € Vo
and its blow up.

We stress that the subset Ly \ {p1,...,Dn,Poo} is a leaf of the blown-up foliation Fy.
Moreover the polynomial r(u) = R,+1(1,u) has exactly n simple roots; we denote them
by w1, U2, ..., un, 7 (u;) # 0, and their corresponding characteristic exponents which
coincide in this case with the Camacho-Sad’s index of the foliation Fy in the singular

points with respect to the divisor Ly, \j, \; = Polliug) _ plyy) .7 = 1,...,n, and
Ty(l,uj) r’(uj)

)\oo J—— Qn(ovl)

9E(0,1)"
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(6) Note that the germ of vector field v which generates the foliation F, has Camacho-
Sad’s index at the origin with respect to the separatrix {x = 0} equal to 1+ X, where
A =1/Aw. By the genericity assumption G3 (given in section 2.2) this index is not zero.

4. SKETCH OF THE PROOF OF THEOREM 2.1.

Without loss of generality let v be a generic germ in V,, written in its prenormalized form
(3.3). There exists a cone €

€0

1
o= {en) €€ Thl<hlzalf,
around the separatrix {# = 0} such that, in the blow-up coordinates (v,y) = (,y) the neigh-
borhood €., takes the form
DEU X DEU = {(v,y) : ‘U| < <o, |y| < 60}'

D, x D., is a neighborhood of the point p (the origin in the coordinates (v,y)). By the
genericity assumptions the blow-up Fy of Fy (in the coordinates (v, y)) is locally generated (in a
neighborhood of the singular point p.,) by a linearizable nondegenerated vector field (see generic
condition G3.). Hence, for ¢y small enough there exists a biholomorphism G,

(4.1) G : D., x D, — (C%0)

(preserving the y coordinate) linearizing Fo.

FI1GURE 4.1. Linearizing the foliation F,, generated by the vector field v within
a conus C,

Let us denote by v the linear vector field such that vy = G.v_: In the charts (9,9) := G(v,y)
the foliation Fy is thus generated by the vector field:

0 0
4.2 =\ J——
(4.2) VA= Alos 4 5
where § = y and A = +— is the Camacho-Sad’ index of Fy, at (0,0) related to the separatrix

{v =0}, and A\ is the “Camacho-Sad’ index of Fy, at (0,0) corresponding to the separatrix
{y = 0} (the divisor £).
As the vector field v is a linear one, it may be extended to the whole complex manifold M

M= (Cx D) U(C % De)/ (5,5)m(6=55 , n=1), 520>

where G™Y(D¢ x D,) C D, x D, for ¢ small enough.
Let M 7{( J) € D, ><(C} Mo :={(&n) € D. x C}.
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On M the vector field v is defined in (4.2) and straight-forward calculations show that v
in M_ is written as

(4.3) vanal€n) = (A g~y

Therefore there is a foliation on M defined by the extension of vy, having no more than two
singular points: the (0,0) in coordinates (9, %) and the (0, 0) in the coordinates (§,n) . We stress
that Camacho-Sad’s index at the origin with respect to the y axis is A, and the respective index
at the origin in the charts (¢,7), n = % is —(A+41). This means that the self-intersection index
of the closure {y = 0} in M is —1. Hence, M is the blow-up of a neighborhood of (7,§) = (0,0).

VA®@,9) = X0 + 52 M
)

index A\ + 1 with
respect to y axis

| | w 5
index —(X + 1) with
M_ reespect to n axis

Uar1(€m) = L+ NEge + g

FIGURE 4.2. Extension of the vector field vy to M.
We return to the (x,y) coordinates:

Remark that the foliation generated by the vector field v has Camacho-Sad’s index A+ 1 with
respect to the y axis. This follows from the correspondence of J, with J5,, by means of Goo .
The next goal is to construct an extension of Fy,. For this purpose we use the vector field vy

(see (4.2)) and the following construction:
We define, in a neighborhood of the origin in the (%, §) coordinates, an annulus A, C M,
Ay :=D¢x D\ D x Do, € <e
Let A be the annulus like domain which is the preimage of A, under G o o
A= (Goo) "t (A,), ACC..

We stress that A, C M;NM_. Hence by means of (Goo) ™! we may construct a new manifold
by identifying the neighborhood U, of the origin in the coordinates (x,y), A C €. C U, with
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the open domain U_ = D, x D1 (in the charts (£,7)). Namely, we define ® (see fig 4.3) as the
composition

(4.4) ®:=poGoo: A— p(A,) CU- , where B(0,7) = ({ =09,m=1/7).

FIGURE 4.3. Extension of the foliation ¥y to the complex surface W and foliations FW and Fy.

We denote by W the 2-dimensional complex manifold obtained from the domains U, and U_
and the transition maps ®|4, <I>*1|¢>(A), AcCUy, PA) CU-.

The foliation F, and Jy, , , defined by the vector fields v and v in U4 and U_ respectively,
define a global foliation 3" on W with exactly two singular points O and O_: the corresponding
singular point of v and vy;1. Remark that the disk {0} x D, C U4 is in correspondence under
@ with the disk {0} x D1 C U- (= 7). This defines a Riemann sphere £"V.

Together with the foliation 3V we consider the foliation JFy defined by
{y=cst} (n=csteU_).

This foliation defines a line bundle (the normal bundle over LY on W). To know how LW is
embedded in W it is sufficient to calculate Camacho-Sad’s index for v at (0,0) with respect
to the separatrix £". Namely, Camacho-Sad’s index of vy;; at (0,0) with respect to the
separatrix {x =0} is A + 1. Hence, by Camacho-Sad’s Theorem, the self-intersection index
LW LW =(A+1)—(A+1)=0.

By Savelev’s Theorem [Sa], there exists a biholomorphism W of a neighborhood of £* (in W)
to the direct product (C,0) x CP! such that ¥(£») = {0} x CP'. By reducing, if necessary,
the domain of definition in our construction we may assume that ¥ is defined in the whole 'W,
U :W— (C,0) x CP!.

We denote by J the foliation induced by FW under the transformation ¥, F := ¥ (FW).
The foliation JF is defined at the direct product (C,0) x CP! having singular points ¥ (O, ) and
U(O-). In a neighborhood of ¥(O,) the foliation F is generated by the vector field

vi=(Voti')v
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and in a neighborhood of ¥(O_) the foliation F is generated by the vector field
v_ = Vot ),v

where ¢, and ¢t_ are the natural charts in W corresponding to the domains U, and U_ respec-
tively (¢4 :t7 (Up) — Up, et t2H(UZ) — U ).

Let G : D, x D, — (C?,0) be the linearizing biholomorphism defined in the beginning of this
section. Then, as we will see in 5.8, Theorem 2.1 is a consequence of the following proposition:

Proposition 4.1. The linearizing biholomorphism G : D., x D., — (C2,0), the coordinate
system in (C,0) x CP! and the domains used in the construction described along this section
may be chosen in such way that vy (v_) is orbitally analytically equivalent to a holomorphic
vector field, polynomial with respect to the y wvariable.

5. PROOF OF PROPOSITION 4.1

The proof of the Proposition 4.1 is quite long since we require to give explicit biholomorphisms
and domains.

The first step is to show that the linearizing biholomorphism G (linearizing v_ in o(C.)) may
be chosen, without loss of generality, as the identity in the y variable.

5.1. Normalization of the biholomorphism G. Let G be the biholomorphism at the begin-
ning of section 4. G transforms the leaves of the foliation J5 into the leaves of the foliation Jy,
(Fy, is the foliation generated by the vector field vy -see (4.1)-).

As we wish to have a correspondence between the separatrices {v =0} and {y = 0} (of the
vector field v), and the separatrices {# =0} and {§ =0} of the linear vector field vy, the
biholomorphism G must be written as

G(’U, y) = (UGl (Uv y)a yGQ(U7 y))a

with G;(0,0) # 0,5 =1,2.

We stress that the phase curves (cy?, y) corresponding to the vector field v are invariant under
transformations of the form ®;(v,y) = (vk*, yk), k(0,0) # 0. For this reason (by performing,
if needed, the composition ®;, o G for an appropriate k) we may assume that the map G has the
form

(51) G(’U,y) = (vg(v,y),y),g(0,0) =1

To give an explicit expression of the function g we observe that, in a neighborhood of the origin
in the coordinates (v,y), the foliation Fy is defined by the integral curves of the equation:

dv . yP(z,y) — 2Q(z,y)

dy y2Q(x,y)

T=vyY
equivalently, F, is defined by the vector field
- 0
V- = C(”JJ)% + y87y )
where
P(xz,y) — zQ(zx,
(5.2) Clo,y) = ¥ (z,y) (z,y)
Yy T=vyY
M(o’ 0) = .

(%
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Recalling that the biholomorphism G satisfies

G.Vv_=vy0oG
it follows that
d(vg(v,y)) dg B
(5.3) vyC(v,y) 5y VY 2y (v,9) = Avg(vy,y)

As {z = 0} is a separatrix of the vector field v, then P(z,y) = zP(z,y) and so
Clv,y) =vely) + O(*), v =0,

where

yP(vy,y) — Q(vy,y)
Q(vy,y)

(5.4) cly) = , c(0) =M.

v=0

Hence, from (5.3) we get that, for v =0,
9,0,y)  —c(y)+ A

(5:3) 9(0,y) g

Thus, ¢(0,y) is a holomorphic function in a neighborhood of y = 0,
—c(y) + A
9(0.9) = cap ( / (y)dy) L 9(0,0) =1

5.2. Gluing biholomorphism G o o. After the rectification of the biholomorphism G intro-
duced in section 4, the composition G o o that relates the vector fields v and v is expressed in
terms of the holomorphic function g (in the coordinate charts (o,4) on M) as

- T
Goo:(z,y)— (0,9) = (gg(x/y,y),y)-
Recall the change of coordinates f introduced in (4.4), 8(0,9) = (09, 1/9) = (&, 7).
The composition ® = 30 G oo is expressed in terms of (x,y) as

(5.6) ®(z,y) = (BoGoo)(z,y) = (zg(x/y,y),1/y) € U

Hence,

B.v(En) = (BoGoo)v(en) = (1+ A)ga% - 776% .

Moreover, if we define the map o : D, x D1 — D, x (CP!,00), as a(£,n) = (€, %x) = (&),
then the composition « o ® is expressed on (z,y) as

(57) (Oé © (I))(a:,y) = (Ql‘g(I/y, y)7 y) :
Thus
(5.8) (0o ®)ov) (6.1) = (14 NEDE +u7

We now use (5.7) and (5.8) to understand the consequences of Savelev’s biholomorphism V.
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5.3. Properties of the Savelev’s biholomorphism and its rectification. As it was men-
tioned in section 4, Savelev’s Theorem guarantees the existence of a biholomorphism

U :W — (C,0) x CP.

At a first glance we do not know much about ¥; we need to understand its behavior through the
charts on W. To this purpose we recall that W is the result of the identification of the domains
U; and U_ . We consider the natural projections: Iy : Uy — W, where 11 (p) is the class of
the point p in the identifying space W. Let Uy = I (Uy).

Definition 5.1. We call (TI34,Uy) the “natural charts” of the complex manifold W.

Note that T3 = ¢4 (see section 4).

We stress that a o @ (see (5.7) is just the change of coordinates of the “normal charts” of
W:ao®=TI""oIl, (see fig. 5.1).

(C,0) x CP!

FIGURE 5.1. Savelev’s biholomorphism ¥

Remark that if we define Uy := Wolly : Uy — P(Uy), then ¥, and U_ are related by
means of azo ® (where the composition makes sense):

(5.9) U, =¥ _o(aod).

In order to obtain simple expressions for ¥, and ¥_ we proceed to give appropriate coordi-
nates in W := ¥(W) = (C,0) x CP'. To this aim we observe that, from Savelev’s Theorem we
may suppose, without loss of generality, that W(£W) = {& = 0} x CP'. Furthermore, we observe
that in the charts H;l the Riemann sphere £V is given by {H;1 = O}; hence, the restriction
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of the identifying map oo ® = ' o IT, to the axis {x = 0} is the identity. Therefore, it is
possible to give coordinates such that

(5.10) U, |gmo=1Id, V_|e—o=1Id .

If we consider the image of {n = 0} under the transformation ¥_, ¢ := ¥_({n = 0}) we get,
from (5.10), that the intersection of ¢ with W(£W) is transversal in W_(&,7) |¢=o,y—0. Hence if
(Z,w) are the coordinates of U(W), £ is expressed as (&, 4(%)) in a neighborhood of & = 0, w = oco.
Therefore the curve £ may be rectified by means of a Moebius transformation

w
1—4(@)w’
so that U_(£,0) € {w = co}. Furthermore, under an additional change of coordinates of the

form & — ¢(&) we obtain
(5.11) U_ |emo=1Id .
We observe that from (5.9) we get
U, ' =(aod)tow_~!

w —

and, as a o ® is the identity on the second coordinate we get that \if_hg = \11_72, where
Uyl = (e, Uy ).

Hence, for small enough fixed Z, the function W;(w) := W, 5(#, w) may be analytically extended
to all C. From (5.11) we get that such extension, which we denote again by ¥, has a pole at
w = oco. As ¥_ is a biholomorphism, then the order of the pole of ¥; is one. Thus, ¥; is a
polynomial of degree one on w:

Vi(w) = k(2)w +~(2)
where k,~ are holomorphic on # and k(0) # 0,~(0) = 0.

In this way the foliation in U, given by {y = est} is transformed by the map ¥, to the

foliation by curves defined by
\IjJr(mv y) = (\I/Jr,l(mv y)’ \I/Jr,?(mv y))
= (& k(@)w + (1))

As E(0) # 0, v(0) = 0, we may define for small enough & a rectification biholomorphism

B (S e (C)]

=)= (o~ 1)

whose inverse is

vl (&, w) = (&, k(2) w + (&)
This biholomorphism sends the curves k(&) w + (&), with w = ¢ into the curves w = ¢, ¢ € C
and fix w = oo.

Finally, as r o ¥, (0,y) = (0,w), where w = w(y) is a biholomorphism, we may perform an
additional change of coordinates ro (&, w) = (Z,y) so that roor o ¥, (0,y) = (0,y). Therefore,
in what follows we may assume that
(5.12) Uyo(z,y) =y=V_o(z,y) .

Using (5.10) and (5.12) we get

(513) \I/+(I’,y) = (ZEO&+(1‘,y),y)
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y w = 0o w = 00 Yy
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FIGURE 5.2. Rectification process.

(5.14) U_(z,y) = (Ea—(&n)sn)

where o is holomorphic in a neighborhood of the disk {z = 0, |y| < R} € CxCP!, o, (0,y) # 0
and «_ is holomorphic in a neighborhood of {¢ =0, |n| < R} € C x CP!, a_(0,n) # 0.

5.4. Asymptotic of ay. By the substitution of the expression (5.7) for ao® and the expressions
for U4 and W_ given in (5.13), (5.14) we get

(ZEO&_A'_ (I, y)? y) = (é‘OZ_ (67 77), 77)(33 g(x/y7y)7y)

ie.
(rai(z,y),y) = (xg(z/y, y)a(xg(x/y,y),y) ;
therefore
(5.15) at(e,y) = g(x/y, y)a(zg(x/y,y),y) -
Taking limits when z — 0 we get
(5.16) a1 (0,y) = g(0,y)a—(0,y) .
From (5.5) we know that ¢(0,y) is non vanishing and holomorphic in the disk D.. Hence,
. (Oa y)
a(0,y) = ———=
09 ="50.y)

is holomorphic in D,. The function «_ is holomorphic in D = {|y| > €'} U {oo} and coincides

with agt(()oﬁ) in the annulus given by the intersection D, N D.,. Therefore a— can be extended

to the closure C. By Liouville’s Theorem we get a_ = ¢ = % for a non zero constant c.
Thus
aJr(xay) = Cg(o,y) —|—O(.’E)
1
(5.17) a_(xz,y) = c+0(z) .
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5.5. Action of U, on the vector field v. After all the previous constructions we may look
to the action of ¥, on the vector field v, and the action of ¥_ on (o ®),v.
We denote

(5.18) vi:=U, v and v_:=U_ _((ao®),v) .

By construction, v and v_ generate in their corresponding domain of definition, a complex
foliation F on the complex manifold W. We stress that the definition of F, vy and v_ are in
concordance with the definitions introduced at the end of section 4 and in section 5.2.

To get an expression of vi(Z,w) = (P&, w), Q= (&, w)) we use that W' may be written
as:

Uy (& w) = (202 (2, w),w)
where (using (5.13) and (5.17))

(5.19) (@, w) = ((cg(0,9)) " + O()

(5.20) (_(&,w)=c ' +0(z) .

To get an explicit expression for Py, Q@+ we recall that U (z,y) = (zax(z,y),y), thus

V+(i‘,’ll)) DV, |\I/+ ) v(\Ile*l(i:,w))

—1(z,w

Qo ’ oy P4 (&, w
<a+ + 5, ) Vo) T =5, vy (T4 ( )
0 1 QYL (&,w))

( [(OH- + x%) P+ m%@] (544 (5w} )
Q (24 (2, w), w)

Therefore, v (&, w) = (Py (2, w), Q+(Z,w)), where

(5.21) Py (3, w) = [a+P+xMQ+O(x2)}

%y (50, (2,w),w)
and
(522) Q-ﬁ-(j, w) = Q (j€+(ia w)a ’LU) 3 Q(w) = Q(Ov U}) .

Analogously, we get explicit expressions for v_(&,w) = (P_(&,w), Q—(&,w))

V*(i'vw) = DV_ |\I’,*1(i,w) V(\Ilfil(i‘vw))

O O _ ~ P
( e 5y ) ( A+ 1)zl_(2,w) )
0 1 W_ —1(&,w) w

( A+ Dt (8, w) [3-(0,0) B +a- | +awl (3w) %5 )

w
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Therefore,

(5.23) P_(z,w) =&l_(%,w) |(A+ 1)a_(F_(Z,w),w) + wag;_ +0(3?%)
and

(5.24) Q_(Z,w)=w .

5.6. Locus of functions P_ and @)_. At this stage it is important to recall that our goal is
to prove that v may be written as a polynomial of degree n — 1 in w with analytic coefficients
depending on the z variable. To this sake we will look to the locus of Py, Q4+ and then use a
slightly modified version of Weierstrass Preparation Theorem.

We begin with the study of the locus of P_, and @Q_:

From (5.24) we know that Q_ (%, w) = w does not vanish for |w| > r. Moreover, from (5.20)
we know that £_(Z,w) = 1/c+ ¢1(&,w), where ¢; is a holomorphic function on

A ={|z| <6} x {|jw| >r}.
In particular, ¢; is holomorphic in the point: x = 0, w = co. From Cauchy’s inequalities it follows
that in any polydisk A" = {|z| < &'} x {|w| > '}, 7’ > r, §' < § the inequality ‘%@’w)‘ < ﬁ

is satisfied for an appropriate constant ¢ = ((A, A’). By using expressions (5.17) and (5.20) for
a_ and ¢_ in (5.23) we get:

P_(i,w) = @(1/c+ b (@ w) (A +1)(c+ O(@)) + O(&)
(5.25)
= i+ 1)+0@)] .

Therefore P_ (2, w) = w is holomorphic and does not vanish in A’ .

5.7. Locus of functions P, and @Q;. We begin by stating a slightly different version of
Weierstrass Preparation Theorem:

Lemma 5.1. Let F(z,y) be a holomorphic function in the polydisk Ao = {|z] < do} x {|y| < €0}
such that the function F(0,y) has, at y = 0 a zero of order N. If F(0,y) has no more zeros
in the disk {|y| < €0}, then, for any ¢, 0 < € < €, there exist 6,0 < § < o and holomorphic
functions k, W, defined in A = {|z| < §} x {|y| < €} such that

(1) F=kW in A

(2) k#£0 in A

(3) Wy (z,y) = W(z,y) =y + 30 a;(2)y’, a;(0) =0.
W is known as the Weierstrass polynomial (see Shabat pp.123-126).

Let us consider now the series @ = Qn + Qnt1 + -+ , where (); denotes the homogeneous
polynomial of degree j in the variables (z,y), j > n, and Q,(z,y) = boy™ + O(x). As we did
before, let ¢(y) = Q(0,y). From the genericity assumptions we know that by # 0. Hence ¢(y)
has at y = 0 a zero of order n.

Let Ag = {|2] < 6} x {Jw| < €0}, € < €p such that Q4 is holomorphic in Ag. From (5.22) we
have that ¢(w) = Q4 (0,w) and for any é < e and 6 < d it is possible to factorize (by Lemma
5.1) Q4+ (%, w) as

(5.26) Q4 (&, w) = Kod,w) Wi (&, w),

(Z,w) e Ay = {|§c| < 5} x{|w| < €}, where K¢ # 0 at A} and W, is the Weierstrass polynomial

(of degree n). In particular Q4 has, for small enough fixed z, exactly n zeros in {|w| < é}.
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We consider now the zeros of Py (Z,w) at & = 0. Recall that the set {x = 0} is invariant for
the vector field v, and {Z = 0} is invariant for ¥,v. Therefore,
P($7y) = .Z'p(a'j,y) and P+(‘i'7w) = i‘PﬁL(i‘vw) )
where (see (5.21))

. 1 Oa
P(jaw)M{a PJFI*QJFO( ) )
+ (2, w) + (804 (2 ,w),w)

Hence, for £ = 0 we get

P (0,w) = as (0,w)P(0,w) + ag‘—;(o,w) Q0,w) .

Moreover, as a4 (z,y) = c¢g(0,y)+0(z) (see (5.17)), then (m y) = ¢g,(0,y)+O0(x). Therefore,
5 5 0,
P (0,) = eg(0,) [P(0,) + G537 Q0. w)]

From (5.3) follows that P(0,w) = w)g(w)tq(w) (where g(w) = Q(0,w) as before), and from

(5.5) gy((o():;) ((w)q(u;)ﬂ(w), where ¢(0) = 1. Hence,
P+(O,w) = ¢g(0,w) {c(w)q(i::])—&-q(w) + C(w)Q(fz))ﬂl(w)q(w)

= ¢g(0,w) {7()‘+113JQ(1U)}

As g(0,w) satisfies the equation (5.5),
— A
9(0,w) = exp (/ C(yy)—i_> , and ¢(0,0) =1.

Therefore, g(0,w) does not vanish for small enough w. Hence, as ¢(w) has a zero of order n at
w = 0, then P, (0,w) has a zero of order n — 1 for |w| small enough.

From Lemma 5.1, for small enough 61 and €1, Ag = {|2] < 01} x{|w| < €1} there exist K, (&, w)
and W,,_1(Z, w) such that Kp does not vanish in A and W,,_; is the Weierstrass polynomial of
degree n — 1 such that

(5.27) P (2,w) = Kp(Z, w)Wp_1(&,w) .

In particular, for fixed Z, || < d1, Py (&, w) has exactly n — 1 zeros in the disk |w| < €;.

5.8. End of the proof of Theorem 2.1. In 5.7 it was proved that the vector fields
~ 0 0 A0 0
= AP _— P — _ = AP77 o —
Ve T +8:Z'+Q+5w and v o 8x+Q ow

are generators of the same foliation F of W = W ('W). This implies that in the intersection domain
of v and v_ the following equality must take place:

iP. &Py
Q- Q+
Then, for & # 0,
P. Py
Q- Q.

and it can be extended to £ = 0. From (5.24), (5.26) and (5.27)
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It follows that

P— KPWn—l
5.28 = BpWna
(5.28) S
Hence,
(5.29) P_(2,w)W,(3,w)  Kp(d,w)

wWy_1(2,w) Ko(&,w)

We stress that for small enough Z, the right member of (5.27) is holomorphic in the disk
{Jw| > r} for r > 0 (see (5.25)). Moreover, as for small enough &, W, (&, w), W,_1(&,w) are
polynomials on w, |w| < €1, they can be extended for any w, |w| > 7.

Therefore, for small enough fixed Z the left hand side of (5.29) is holomorphic on |w| > r.
At the same time, the right hand side of (5.29) is holomorphic on |w| < €;. Hence, as r > 0
is arbitrary we can choose » < 9. Then (5.29) is defined in an annulus and has holomorphic
extension for w € CP*.

Therefore, by Liouville’s Theorem (for & fixed) it is constant, § = §(Z):

P_(z, w)W, (2, w)

wW,_1(Z, w) =0(2)
Thus, R
PP W,
Q W, @)
and A
P_(z,w) . Wy 1(Z,w)
0 G P Ty

This last equality implies that the vector field v is proportional (obtained by multiplication by
a non vanishing function) to

(5.30) Vi = 20(2)Wh_1(2, w)% + W, (2, w)a%
To finish the proof of Theorem 2.1 we stress that by construction v in (5.30) is orbitally
analytically equivalent to the original vector field v.

Let v = {w = (&)} be one separatrix of v . The biholomorphism H (&, w) = (&, w — v(&))
transforms vy to a vector field v, = H,Vvy having {& =0} ,%w = w — v(&), as a separatrix.
hence, the second component of ¥, has the form W (z, 1) = wW,_1(&,0), where W,,_1(Z, )
is a Weierstrass polynomial of degree n — 1 . Thus, the vector field ¥ has all the required
properties. This finishes the proof of Theorem 2.1.

6. ANALYTIC NORMAL FORM FOR n = 2.

In this section we prove Theorem 2.2. As it was already mentioned in the introduction of
this work, Theorem 2.2 shows that (after rotation and rectification of one of its separatrices)
nondicritic generic germs of vector fields in (C2,0) have analytic strict orbital normal form given
by

0 0

where P», Q2 are homogeneous polynomials of degree 2, deg,Q2 = 2, B(x) = 22b(x) and

b(x) = Z bk
k=0
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is analytic.
We begin with the preliminary analytic normal form given in Theorem 2.1 for n = 2:

(6.1) ¥(o9) = ala(wly + o) 5+ u(ela+ dla)) 5
where a, b, ¢, d are holomorphic functions in (C,0), b(0) = d(0) = 0.

Let us denote ag = a(0), ¢y = ¢(0),b; = b'(0) and d; = d’'(0). From the genericity assumptions
given in section 3.3 it follows that

(62) agp 7é Co, Qo 7é 0, Co 7é 0, bl 7é 0, bl 7é d1
Remark 6.1. From ag # co and b1 # d1 we get that the polynomial R3(1,u) has exactly two (different)
roots. If ap = 0 then Ao = —1. If by = 0 there is a characteristic exponent equal to zero. The same

happens for ¢y = 0 for the characteristic exponent associated to poo.

As ¢y # 0 we may assume that ¢ = 1. Indeed, for x small enough we can divide v by

¢(x). Moreover, by performing if needed the change of coordinates x — g(x) = exp ( J e dac)

za(z)
(where g is holomorphic since €Sg zg("m) = 1) we may assume, without loss of generality that
the vector field v defined in (6.1) satisfies

(6.3) c=1, a=ap, and from (6.2) ap#1 .

Proposition 6.1. Let v and w holomorphic vector fields of the form (6.1) satisfying the nor-
malizing conditions (6.3),

v(z,y) = z(aoy +b(x)) 4% + yly+d(@))F,

w(w,y) = z(aoy + b(x) & + yly+d=) L
The necessary and sufficient conditions for the existence of a holomorphic change of coordinates
H : (C,0) x CP! — (C,0) x CP*

(6.4)

H: (z,y) = (o), k(z)y)
where
(6.5) p(0) = 0;¢'(0) = 1;k(0) = 1,
and such that
(6.6) DHv =qwoH

where ¢ = q(x) is an holomorphic function
(6.7) q(0) =1,
is the solvability of the following equations:

apg = do

(6:8) EOQD: (@(m))“b

8

and

(6.9) (Pdog)(x) = (*”(“"))W (228 - 1) syt do)]
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Proof. The substitution of v and w and H on (6.6) leads to the equality:

¢'(x) 0 aory +abx) \ [ q(@)aop(z)k(z)y + q(x)p(2)b(p())
K(z)y k(z) y* +d(z)y g(2)k*(2)y? + g(x)d(p(x)) k(2) y
Therefore,
"()b(x)r = q(z)p(x)b(p(z
(6.10) F(eaoe +k(x) = g@)k(@)
K(z)b(z)z + k(z)d(z) = q(z)d(e(z))k(z)

We stress that condition (6.5) and (6.7) imply that ao = ag. Hence, the system of equations
(6.10) is equivalent to:

xg'
11 R
(6.11) ho q
¢ boy
12 — =
(6.12) 5 —
_agzk’ 1
- k'b
(6.14) gdoyp = kx +d
By substitution of (6.11) in (6.13) we get
@ Eoo1
1 T gn— 4+ =
(6 5) " ao A + o

The integration of (6.15) yields to an explicit expression of :
1
p(a) = (k(z)"
where = 1/ag. Equivalently,

(6.16) k(z) = (9"@))“

x

Using (6.16) in (6.11) we get

(617) (gj)f o) = q(a)

The substitution of (6.17) in (6.12), and (6.15), (6.16) in (6.14) yields to the pair of equations:
m
~ (P x
o)) = (22) oo

X

(Pdo ) lo= (“”;)f (22 - 1)yt o)

This proves the Proposition 6.1 (I

8

In what follows we will prove that generic (in the sense G1,G2,G3) germs of vector fields
v € V,, always satisfy the conditions (6.8) and (6.9) of Proposition 6.1. This will imply the
existence of an analytic (non-strict) change of coordinates taking the germ v to its analytic
normal form.
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Let v € V,, be such that v satisfies that the generic assumptions G1,G2,G3. By Theorem 2.1
and normalizations (6.2) and (6.3) v is analytically equivalent to a germ v,orm € V,, such that

(6.19) Vaorm = (a0 +(e) 5 + y(y-+d) 5

We may write b and d in (6.18) as b(z) = by + 22ba(x) and d(x) = diz + x%de(z) where by and
dy are holomorphic germs in (C,0).

Remark 6.2. Any generic germ vyorm as in (6.18) satisfies that: ap # 0 and b1y — d1 # 0. Indeed, if
bip — di = 0 then the characteristic number at po is -1. This contradicts the generic assumptions. For
ao see (6.2).

Lemma 6.1. There exists a change of coordinates H satisfying the conditions of Proposition
6.1, such that vyorm s analytically equivalent to

Vonli ) = a(yan + b + 225() 5+ ly + o +a73(z) 5

Proof. We prove the Lemma by making a direct substitution of
b(z) =biz+226(x) and  d(z) = diz + 22B(z)
in the equalities (6.8) and (6.9):
I
(6.19) bip + 2B oy = (%) b

/

pt1 x
(6.20) ¢ (dip+ *Boyp) = (f) {d+ bu ( L 1)}
z 12
Multiplying the equation (6.19) by ¢’ and substracting it from (6.20) we get

o= (5" [t 4

Therefore

ahtL
(6.21) 74 [xb(u — 1)+ (b —d)

The substitution in (6.21) of the expression for b and d, and ¢(x) = z¥(x) leads to the equality:

[ub1 — dy + (pba(x) — da(z)) 2| P
(i —1)(by + xba(x)) + (by — dq)¥l—H

Let us define F(x,¥) = “’,Tw Then W is solution of the differential equation

(6.23) v = [F(xi’)_l} 7

pr

(6.22) U+ U=

with initial condition ¥(0) =1 (see (6.5)).
Together with equation (6.23) we consider the vector field

(6.24) £(z,0) = xa% + (F(z,¥) — 1) ‘I'a% .

Since pb; — dy # 0 (see Remark 6.1), then the vector field is holomorphic in a neighborhood of
the singular point z = 0, ¥(0) = 1:

0 + (F(0,1) — 1)\1’i = (0,0) ,

§0.1)=0 5

ox
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where
pby — d1 o

([L - 1)b1 + b1 - d1
The eigenvalues of the linearization at the singular point (0,1) of the vector field £ are A; =1
(for e; = 8%) and Ay = F},(0,1) (for the eigenvector ey transversal to {z = 0}).

Since F§, = (n—1)(by — d1)(bip — d1) ™! # 0, by the Hadamard-Perron’s Theorem, there is a
smooth separatrix 7 at the singular point (0, 1) with tangent direction at (0, 1) equal to es.

This curve is, locally, the graphic of a holomorphic function ¥ = U(z) satisfying equation
(6.23) and such that ¥(0) = 1.

We now substitute this function ¥ in (6.19):

©*Bop= [\I!”(blx + by (x)z?) — blgo]

F(0,1) = 1.

Therefore
jop= 2 [l tebie) by]
Y T T
Thus,
1 by (TH — )
S

and since ¥(0) = 1, 8 o ¢ is holomorphic in (C,0) .
We know that ¢ = 2, ¥(0) = 1 is holomorphic, thus

o= oo ()

is also holomorphic in (C,0), and both, ¢ and /5 are solutions of equations (6.19) and (6.20).
Therefore, by Proposition 6.1, the vector field vy,o.-m is analytically equivalent at the origin to

0 0
Van = 2(yag + bz + xQﬁ(x))a—x +y(y+ diz+ x25(x))a—y .

Lemma 6.1 is proved. (I

Finally, as v is analytically equivalent to v,,.-m, then it is also analytically equivalent to

d 9
Van = &(yao + b1z + x2ﬁ(w))£ +y(y +diz + ng(x))@ :

Theorem 2.2 is proved.

6.1. Proof of Theorem 2.3. To prove Theorem 2.3 we recall that by the Theorem of formal
orbital strict classification (see section 2) any generic (in the sense G1, G2, G3) nondicritic germ
of vector field v € V5 is formal orbital strict equivalent to a formal vector field v

(6.25) vy = (Pt oB) S+ Qe+ uB) S
where vg = Pg% + an%, P5,Q, are homogeneous polynomials of degree 2, deg,Q2 = 2,
B(z) = 2%b(x), and b(z) = > pe , br z¥, by, € C, is a formal power series.

We need to prove that if we assume that the singular point at infinity of the blow-up v of
v is linearizable, then the formal normal form (6.2) is analytic; i.e. we will prove that b is a
convergent power series.

By Theorem 2.2 we know that v is orbitally analytically equivalent (non necessarily strict) to
a germ of holomorphic vector field of the form
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o941+ 225(0) 55 +0(@ + 2*6(a) 5

where Py (z,y) = yao + iz, Q(z,y) = y + diz, and B(z) is a holomorphic function in a
neighborhood of the origin.

To finish the proof of Theorem 2.3 we stress that it is always possible to define a linear
transformation:

(6.26) L:(z,y) = (apz, 1z + agy)

such that for appropriate constants ag, b1, d1,

0 0
Van = z(yao + b1z + 9525(1'))% +y(y +dix + 9525(1’))%

is linearly equivalent to
0 0
w= (P +azB)—+(Q2+yB)5- ,

Ox dy
where the components of
0 9]
= P _— _—
Vo 25 + Q2 By

are homogeneous polynomials of degree 2, P>(0,y) = 0, deg, Q2 = 2, and B(x) = z2b(z).

The equivalence between v and w is strict (orbital and analytic). Then by the uniqueness of
the formal normal form under strict orbital equivalence, the formal normal form of v, vy, and
w must coincide.

Thus, B(x) is analytic and therefore vy is analytic too. Theorem 2.3 is proved.

REFERENCES

[C-S] Camacho, C.; Sad, P. Invariant varieties through singularities of holomorphic vector fields. Ann. of Math.
(2) 115 (1982), no. 3, 579-595.

[Ca] Calsamiglia-Mendlewicz,G. Finite determinacy of dicritical singularities in (C2,0) (Détermination finite
de singularités dicritiques dans (C2,0)), Annales de I'Institut Fourier, Grenoble, v. 57 (2007), No. 2,
673-691.

[Ce,Mo] Cerveau, D.; Moussu, R. Groupes d’automorphismes de (C,0) et équations différentielles ydy + --- = 0.
(French) Groups of automorphisms of (C,0) and differential equations of the form ydy + --- = 0]. Bull.

Soc. Math. France 116 (1988), no. 4, 459-488 (1989).

[EISV] Elizarov, P.M; Ilyashenko, Yu.S; Shcherbakov, A.A. and Voronin, S.M., Finitely generated groups of
germs of one-dimensional conformal mappings, and invariants for complex singular points of analytic
foliations of the complex plane, In Adv. Soviet Math., 14, Amer. Math. Soc., Providence, RI, 1993.
57-105.

[IY] Ilyashenko, Yu.S; Yakovenko,S; Lectures on Analytic Differential Equations, Graduates Studies in Math-
ematics, V86, AMS, 2007, 605p.

[Lol] Loray, F. Réduction formelle des singularités cuspidales de champs de wvecteurs analytiques,
J.Diff. Equations 158 (1999), 152-173. DOI: 10.1016/S0022-0396(99)80021-7

[Lo2] Loray, F. Analytic normal forms for non-degenerate singular points of planar vector fields, Preprint,
Institute Estudis Catalan, 2003.

[Lo3] Loray, F. A preparation theorem for codimension-one foliations. Ann. of Math. (2) 163 (2006), no. 2,
709-722.

[Lo4] Loray, F. Versal deformation of the analytic saddle-node. Analyse compleze, systémes dynamiques,
sommabilité des séries divergentes et théories galoisiennes. II. Astérisque No. 297 (2004), 167-187.

(M] Mattei,J.F. Modules de feuilletages holomorphes singuliers. I. Equisingularité. (French) [Moduli of sin-
gular holomorphic foliations. I. Equisingularity] Invent. Math. 103 (1991), no. 2, 297-325.

[ORV1] Ortiz-Bobadilla,L. Rosales-Gonzélez,E. Voronin,S.M. Rigidity theorem for degenerated singular points of
germs of holomorphic vector fields in the complex plane. J. Dynam. Control Systems 7 (2001), no. 4,
553-599.


http://dx.doi.org/10.1016/S0022-0396(99)80021-7

192

[ORV?2)]
[ORV3]
[ORV4]
[Sa]
[Sha)
[St,Z1]

[Vol]

L. ORTIZ-BOBADILLA, E. ROSALES-GONZALEZ, AND S. M. VORONIN

Ortiz-Bobadilla,L., Rosales-Gonzélez,E., Voronin,S. Rigidity theorem for degenerated singular points of
germs of dicritic holomorphic vector fields in the complex plane. Mosc. Math. J. 5 (2005), no. 1, 171-206.
Ortiz-Bobadilla,L., Rosales-Gonzélez,E., Voronin,S. Analytic normal forms for germs of dicritic holo-
morphic vector fields in the complex plane. Mosc. Math. J. V8 (2008), N 3, 521-545.
Ortiz-Bobadilla,L., Rosales-Gonzalez,E., Voronin,S. Thom’s problem for generic degenerated singular
points of holomorphic foliations in the plane. Moscow Mathematical Journal, V 12 (2012), no.4, 825-862.
Savelev,V. 1. Zero-type imbedding of a sphere into complex surfaces. (Russian) Vestnik Moskov. Univ.
Ser. I Mat. Mekh. 1982, no. 4, 28-32.

Shabat,B.V. Introduction to the Complex Analysis II (Functions of several variables), Translations of
Math. Monographs of Am. Math. Soc., V 110 (1991).

Strozyna,E; Zoladek,H; The analytic and formal normal forms for the nilpotent singularity, J.Diff. Equa-
tion 179 (2002) 479-537.

Voronin, S.M. Orbital analytic equivalence of degenerate singular points of holomorphic vector fields on
the complex plane., Tr. Mat. Inst. Steklova 213 (1997), Differ. Uravn. s Veshchestv. i Kompleks. Vrem.,
35-55 (Russian).

INSTITUTO DE MATEMATICAS, UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO, AREA DE LA INVESTIGACION
CIENTIFICA, CIUDAD UNIVERSITARIA, C.P. 04510, Mixico CiTy, MEXICO
E-mail address: laura@math.unam.mx

INSTITUTO DE MATEMATICAS, UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO, AREA DE LA INVESTIGACION
CIENTI{FICA, CIUDAD UNIVERSITARIA, C.P. 04510, Mixico CiTy, MEXICO
E-mail address: ernesto@math.unam.mx

DEPARTMENT OF MATHEMATICS, CHELYABINSK STATE UNIVERSITY, KASHIRIN’S STR. 129, 454021, CHELYABINSK,

Russia

E-mail address: voron@csu.ru



	1. Introduction
	2. Basic notations.
	2.1. Notations. 
	2.2. Main statements and genericity assumptions.
	2.3. Structure of the work and acknowledgements.

	3. General properties of nondicritic foliations and prenormalized form.
	3.1. Blow-up B of (C2,0)
	3.2. Blow-up of germs of vector fields in Vn.
	3.3. Properties of generic germs (Consequences of the genericity assumptions G1, G2, G3).

	4. Sketch of the proof of Theorem 2.1.
	5. Proof of Proposition 4.1
	5.1. Normalization of the biholomorphism G.
	5.2. Gluing biholomorphism G
	5.3. Properties of the Savelev's biholomorphism and its rectification.
	5.4. Asymptotic of 
	5.5. Action of + on the vector field v.
	5.6. Locus of functions P- and Q-.
	5.7. Locus of functions P+ and Q+
	5.8. End of the proof of Theorem 2.1

	6. Analytic normal form for n=2.
	6.1. Proof of Theorem 2.3

	References

