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VARIETIES OF COMPLEXES AND FOLIATIONS

FERNANDO CUKIERMAN

Dedicated to Xavier Gémez-Mont on his 60th Birthday.

ABSTRACT. Let F(r,d) denote the moduli space of algebraic foliations of codimension one and
degree d in complex projective space of dimension r. We show that F(r, d) may be represented
as a certain linear section of a variety of complexes. From this fact we obtain information on
the irreducible components of F(r,d).

1. BASICS ON VARIETIES OF COMPLEXES.

1.1. Let K be a field and let Vj,...,V, be vector spaces over K of finite dimensions
d; = dimg (V).
Consider sequences of linear functions

‘/—0 fl Vl f2 o fn V,n ,

also written
f=(f1,.- fn) €V =[] Homg Vi1, Vi).
i=1
The variety of differential complexes is defined as

C=C(Vo,...V)={f=(f1,. .., fa) EV/ fiz10fi =0, i=1,...,n— 1},

It is an affine variety in V', given as an intersection of quadrics. We intend to study the geometry
of this variety (see also e.g., [3], [6]).

1.2.  Since the defining equations f;11 o f; = 0 are bilinear, we may also consider, when it is
convenient, the projective variety of complexes

PC C HPHomK(%—h%)v

i=1
as a subvariety of a product of projective spaces.

Denoting V. = @} ,V;, each complex f € C may be thought as a degree-one homomorphism
of graded vector spaces f : V. — V. with f2 = 0.
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1.3. Foreach f € Candi=0,...,n define
B; = fi(Vic1) C Z; = ker (fiy1) C Vi,
and
H;,=Z7;/B;.
(we understand by convention that By = 0)

From the exact sequences
0—B,— %, — H; =0,

0—=2;—=V;— Biy1 =0,
we obtain for the dimensions
b; = dimg (B;), z =dimg(Z;), h; = dimg (H;),
the relations
di = bit1+ 2z = biy1 + b + hy,

where ¢ = 0,...,n and by = b, 1 = 0. Therefore,

Proposition 1. a) The h; and the b; determine each other by the formulas:
hi = d; — (biy1 + b;),

bjr1 = x;(d) — x;(h),
where for a sequence e = (eg,...,e,) and 0 < j < n we denote

J
xi(e) = (=17 Y (~1)'e; =ej —ej1+ej_a+ -+ (=1)en,
i=0

the j-th Euler characteristic of e.
b) The inequalities b;11 + b; < d; are satisfied for all i.

Proof. We write down the b; in terms of the h;: from

J J
Z(_l)idz = Z(_l)i(biﬂ +bi + hi),
i=0 i=0
we obtain
J ‘ J
bip1 = (-1 (O _(=1)'d; = Y (=1)'hy),
i=0 =0
as claimed.

Notice in particular that since b, 11 = 0, we have the usual relation
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1.4. Now we consider the subvarieties of C obtained by imposing rank conditions on the f;.

Definition 2. For each r = (r1,...,r,) € N define
C,- = {f: (fl,...,fn) EC/ rank(fi) =71 = 1,...,77,}.

These are locally closed subvarieties of C.

Proposition 3. a) C. # 0 if and only if riv1 +1; < d; for 0 < i < n (we use the convention
70 =Tnt1 =0)
b) In the conditions of a), C, is smooth and irreducible, of dimension

n n

Aim(C;) = Y (ds = ri)(riva 1) = Y (ds = ri)(ds — he) = 3 D (82
=0

=0 =0

Proof. a) One implication follows from Proposition 1. Conversely, in the given conditions, we
want to construct a complex with rank(f;) = r; for all . Suppose we constructed

Vo Loy L Ity

We need to define f, : V,,_1 — V,, such that f, o f,_1 = 0 and rank(f,) = r,, that is, a map
Vie1/Bn—1 — V,, of rank r,. Such a map exists since dim(V;,_1/Bp—1) = dp—1 — Tn—1 > Tn.

b) Consider the projection (forgeting f,)
T C(Vb, ey Vn)r — C(Vv()7 ey anl)F7

where r = (ry,...,r,) and ¥ = (r1,...,r,_1). Any fiber 7=1(f1,..., fn_1) is isomorphic to the
subvariety in Hom(V,,—1/By—1,V,) of maps of rank r,; therefore, it is smooth and irreducible
of dimension r,,(dp—1 — rn—1 + dp — ) (see [1]). The assertion follows by induction on n. The
various expressions for dim(C,) follow by direct calculations.

Another proof of a): Given r such that r;y1 +7; < d;, put h; = d; — (1541 +7;) > 0 and
zi = d; —riy1 = h; + r;. Choose linear subspaces B; C Z; C V; with dim(B;) = r; and
dim(Z;) = z;. Since dim(V;_1/Z;_1) = dim(B;), choose an isomorphism o; : V;_1/Z;_1 — B;
for each ¢. Composing with the natural projection V;_; — V;_1/Z;_1 we obtain linear maps
Vi_1 — B; with kernel Z;_; and rank r;, as wanted.

O

Remark 4. In terms of dimension of homology, the condition in Proposition 3 a) translates
as follows. Given h = (ho,...,h,) € N T there exists a complex with dimension of homology
equal to h if and only if x;(h) < xi(d) fori=1,...,n—1 and x,(h) = xn(d).

Remark 5. The group G =[], GL(Vi,K) acts on V =[], Homg (V;_1,V;) via
(907917 e vgn) : (flv f27 ey fn) - (gOflgflvglf2g;17 e ,gnflfngrjl)'

This action clearly preserves the variety of complexes. It follows from the proof above that
the action on each C,. is transitive. Hence, the non-empty C,. are the orbits of G acting on
C(Vo, ..., Vo).

Definition 6. Forr,s € N® we write s <r if s; <r; fori=1,...,n.
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Corollary 7. IfC. # 0 and s < r then Cs # 0. Also, dim(C,) > 0 if s # 0.

Proof. The first assertion follows from Proposition 3 a), and the second from Proposition 3
b). O

Proposition 8. With the notation above,
Co=JC.={fec/ rank(f;) <y, i=1,...,n}.
s<r

Proof. Denote X, = | s<r Cs. Since the second equality is clear, X, is closed. It follows that

C, C X,.. To prove the equality, since C, C X, is open, it would be enough to show that X, is
irreducible. For this, consider L = (L, ..., L,) where L; € Grass (r;,V;) and denote

Xp={f=(fi,---,fn) €C/ im (fi) CL; C ker (fi+1), i=1,...,n}.

Consider

X, ={(L,f)] fe XL} C GxC,
where G =[], Grass (r;, V;). The first projection p; : X, — G has fibers
pr (L) = X1, = Hom(Vy, L) x Hom(Vy /Ly, La) % - -+ x Hom(Vy—1/L—1, V3),

which are vector spaces of constant dimension Z?:O(di —71;)riv1. It follows that X, is irreducible,

and hence X, = po(X,.) is also irreducible, as wanted.
O

Remark 9. In the proof above we find again the formula

n n

dim(X,) = dim(X) + dim(G) = Z(dZ —1r)ri + Z(dz = Ti)Tig1-
i=0 =0

Remark 10. The fact t~hat p1: Xr — (G is a vector bundle implies that Xr is smooth. On the
other hand, since ps : X, — X, is birational (an isomorphism over the open set C,.), it is a
resolution of singularities.

The following two corollaries are immediate consequences of Proposition 8.
Corollary 11. C, C C, if and only if s < r.
Corollary 12. C, NC, = C; where t; = min (r;,s;) for alli=1,...,n.
Definition 13. For d = (dy,...,d,) € N**! [et
R=R(d)={(r1,...,7n) EN"/ 11 <dp, i1 +71:<d; 1<i<n-—-1), r, <dg}.

We consider N ordered via r < s if r; < s; for all i; the finite set R has the induced order. Notice
that R is finite since it is contained in the box {(ry,...,r,) €N/ 0<r; <d;, i =1,...,n}.

Proposition 14. With the notation above, the irreducible components of the variety of complezes
C=C(Vy,...,Vp) are the C,. with r € R(do,...,d,) a mazimal element.
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Proof. From the previous Propositions, we have the equalities

c=Je=Jc= ¢,
reR reER reRt+
where Rt denotes the set of maximal elements of R. The result follows because we know that
each C, is irreducible and there are no inclusion relations among the C,forre Rt (see Corollary
11).
O

1.5. Morphisms of complexes. Tangent space of the variety of complexes. Now we
would like to compute the dimension of the tangent space of a variety of complexes at each point.

With the notation of 1.1 we consider complexes f € C(Vp,...,V,) and [ € C(Vy,...,V,) (the
vector spaces V; and V] are not necessarily the same, but the lenght n we may assume is the
same). We denote

Home (f, f'),
the set of morphisms of complexes from f to f’, that is, collections of linear maps g; : V; — V/
for i = 0,...,n, such that g; o f; = f/og,—1 for i = 1,...,n. It is a vector subspace of

[17_o Homg (V;, V), and we would like to calculate its dimension.

For this particular purpose and for its independent interest, we recall the following from [2]
(82 — 5. Complexes scindés):

For f € C(Vy,..., V), denote as in 1.1
Bi(f) = fi(Vi1) C Zi(f) = ker (fi41) C Vi

Since we are working with vector spaces, we may choose linear subspaces B; and H; of V; such
that

Then V; = B;(f) ® H; ® B; and clearly f;,1 takes B; isomorphically onto B;1(f). Notice also
that

dim(B;) = dim(Bi+1(f)) = rank(fi+1) = rit1(f),

and

dim(H;) = dim(Z;(f)/Bi(f)) = hi(f).-
Next, define the following complexes:

H (i) the complex of lenght zero consisting of the vector space H; in degree i, the vector space
zero in degrees # ¢, and all differentials equal to zero.

B(i) the complex of lenght one consisting of the vector space B;_1 in degree i — 1, the vector
space B;(f) in degree i, with the map f; : B;—1 — B;(f), and zeroes everywhere else.

Proposition 15. With the notation just introduced, H (i) and B(i) are subcompleves of f and
we have a direct sum decomposition of complexes:

f= @ #6) & P BGH).

0<i<n 0<i<n

Proof. Clear from the discussion above; see also [2], loc. cit. O

Now we are ready for the calculation of dimyg Home(f, f/).
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Proposition 16. With the previous notation, we have:

dim g Home(f, ') Z hibvi + ity + ril_y +riri +riri_y

7

D hi(h 4 i)+ radi_y

Proof. We may decompose f and f’ as in Proposition 15:

Home(f, ') = Home(®:H (i) & &;B(i), ®:H (i) & &;B(i)’)
(i), H(j 7

I
©
e
@]
B
(@}
=

It is easy to check the following;:

Home (H (i), H(j)) = 0 fori#j
Home (H (i), H (i £

Homc(lif(i), B(j)")

Home (H (i), B(i))) = Homg(H;, B

(the case j =i + 1 requires special attention)

I
(e}
&
=
~.

LN
<

Home (B(i), H(j)) = 0 fori—1#j
Home (B(i), H(i — 1)) = Homg(Bi—1, Hj ;) = Homy (Bi(f), H_y)

(the case j = i requires special attention)

Home(B(i), B(i)) = Homg (Bi(f), B(f))

Home (B(i), B(i —1)') = Homg(B;_1,B,_;) = Homg (B;(f), Bi_;)
Home(B(i), B(j)') = 0 otherwise

Taking dimensions we obtain the stated formula.

Now we deduce the dimension of the tangent space to a variety of complexes at any point.

Proposition 17. For f € C =C(Vy,...,V,) we have a canonical isomorphism

TC(f) = Home(f, f(1)),
where TC(f) is the Zariski tangent space to C at the point f, and f(1) denotes de shifted complex
f(1)i=(=1)"fix1, 1=-1,0,...,n.

Proof. Since C is an algebraic subvariety of the vector space V = []_; Homg (V;—1,V;), an
element of TC(f) isa g = (g1,...,9,) € V such that f 4+ eg satisfies the equations defining C
(i.e., a K[e]-valued point of C), that is,

(f + 69)¢+1 © (f + Eg)i = Oa 1= 17 sy — 1 (modulo 62)7
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which is equivalent to
fiv109i+ git10fi =0, i=1,...,n—1,
and this means precisely that g € Home/(f, f(1)). O

Corollary 18. For f € C=C(Vp,...,V4),
dim g TC(f) = Z hi(hi+1 + Ti—i—l) + r;d;

= Z(di =7 = Pip1)(dip1 — Tig2) +1id;
Proof. From Proposition 17 we know that dimg TC(f) = dimx Home(f, f(1)). Next we apply
Proposition 16 with ' = f(1), that is, replacing d} = d;41, v} = riy1, b = hit1, to obtain the
result.
O

1.6. Varieties of exact complexes. Now we apply the previous results to the case of exact
complexes.

Let us fix (do, . ..,d,) € N™ so that

Denoting x = x(d) = (x1(d), ..., xn(d)) € N”, let us consider the variety C, of complexes of
rank y as in Definition 2 . Since x;(d) + xi—1(d) = d; for all 4, it follows from Proposition 3 that
C, is non-empty of dimension

1
52 di-
i=0

It follows from Proposition 1 that any complex f € C, is exact. Also, since x € R is clearly
maximal, C, is an irreducible component of C (see Proposition 14). Let us denote

€= E(dy,...,dn) = Cy = {f €C/ rank(£)) < xsy i=1,...,n},
the closure of the variety C, of exact complexes. Denote also, for ¢ =1,...,n

X =X =€ = (X1 s Xim1yXi — L, Xit1s- s Xn),s

and B
A;=Cyi ={f €C/ rank(f) < x — e},
the variety of complexes where the i-th matrix drops rank by one.

Proposition 19. The codimension of A; in & is equal to one, and

E=C UA U-—-UA,.

Proof. This follows from Proposition 8 and the fact that s € N” satisfies s < x if and only if
s<x—e;forsomei=1,...,n. O
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2. MODULI SPACE OF FOLIATIONS.

2.1. Let X denote a (smooth, complete) algebraic variety over the complex numbers, let L be
a line bundle on X and let w denote a global section of Q% ® L (a twisted differential 1-form). A
simple local calculation shows that w A dw is a section of Q% ® L®2. We say that w is integrable
if it satisfies the Frobenius condition w A dw = 0. We denote
F(X,L) cPHY(X,Q% @ L),

the projective classes of integrable 1-forms. The map

o: H(X, 0k @ L) - H(X, Q% © L®?),
such that ¢(w) = w A dw is a homogeneous quadratic map between vector spaces and hence
©~1(0) = F(X, L) is an algebraic variety defined by homogeneous quadratic equations.

Our purpose is to understand the geometry of (X, L). In particular, we are interested in the
problem of describing its irreducible components. For a survey on this problem see for example
[7].

2.2. Let r and d be natural numbers. Consider a differential 1-form in C"*!

T
w= g a;dz;,
i=0

where the a; are homogeneous polynomials of degree d — 1 in variables zg, ..., x,, with complex
coefficients. We say that w has degree d (in particular the 1-forms dz; have degree one). Denoting
R the radial vector field, let us assume that

< OJ,R >= Zaixi = 0,
i=0
so that w descends to the complex projective space P as a global section of the twisted sheaf of
1-forms Q4. (d). We denote
F(r,d) = F(P",0(d)),

parametrizing 1-forms of degree d on P" that satisfy the Frobenius integrability condition.
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3. COMPLEXES ASSOCIATED TO AN INTEGRABLE FORM.

Let us denote
HO(PT} Q{Fw (d)) = Q:f (d)7

deN 0<k<r

and

with structure of bi-graded supercommutative associative algebra given by exterior product A
of differential forms.

Definition 20. Gelfand, Kapranov and Zelevinsky defined in [5] another product in ., the
second multiplication *, as follows:

(kr 1) (ko t1) G2
dy + dy

d
Wik Wy = ! w1 Adws + (—1)

wa A dwr,
4+ dy 2 1

dy da
= w1 A dwsy + (—1 Rt 2 iy Aw ,
di +ds ! 2 ( ) dy + do ! 2

where w; € QFi(d;) fori=1,2 and dy +dy # 0. In case (dy,ds) = (0,0) one defines wy *wy = 0.

It follows that wq *wy =01if dy =0 or dy = 0.

Remark 21. For w; € QFi(d;) fori=1,2 as above,
a) wy * wy belongs to Q£k1+k2+1)(d1 + da).
b) wy *wy = (—1)FtD D) 5
¢) It follows from an easy direct calculation that % is associative (see [5]).

d) For any w € QL(d) we have w x w = w A dw. In particular, w is integrable if and only if
wxw=0.

Definition 22. For w € QF(d) we consider the operator 4,
0w : Qp — Qp,
such that 6,(n) = w*xn forn € Q,.

Remark 23. From Remark 21 a), if w € Q¥ (dy) then
0, (2 (d2)) € QTR (dy + dy).
In particular, if w € QL(dy),
8,(QF2 (dy)) € QT2 (dy + dy).

Definition 24. For w € Ql(d) and e € Z we define two differential graded vector spaces
CHe): Q%) = Q%(e+d) = Qe +2d) = - — QF(e+kd) — ...,
Co(e): Qle) = (e +d) — Qe +2d) = - — QF (et kd) — ...,

where all maps are ., as in Remark 23.
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Proposition 25. Let w € QL(d), e € Z and k € N such that k+2 < r. Then wx*n =0 for all
n € QF(e) if and only if w = 0. In other words, the linear map
§: QL(d) — Hompg (F(e), 22 (e + d)),

sending w — 0, is injective.

Proof. First remark that w An = 0 for all n € QF(e) (with k + 1 < r) easily implies w = 0. Now
suppose w * 1 = 0, that is, d w A dn+ e n A dw = 0, for all n € QF(e). Take

n= xfl_kdmil A~ ANdxy,
(here z; denote affine coordinates and 1 < i1 < ...ix < n). Since dn = 0, we have

dzi, A+ ANdzi, Adw = 0.
Hence dw = 0 by the first remark. Using the hypothesis again, we know w A dp = 0 for all
n € QF(e). Now take n = z¢ *dx;, A Aday, (where 1 < iy < --- < ipy < n). It follows that

Tk+1

dxg N--- ANdxg, ., Aw =0 and hence w = 0. O
Proposition 26. w € QL(d) is integrable if and only if 62 =0

Proof. The associativity stated in Remark 21 c¢) implies that d,, © 0y, = 0w, sw,- In particular,
82 = 84xw and hence the claim follows from Remark 21 d) and Proposition 25. g

Remark 27. It follows from Proposition 26 that C}(e) and C, (e) (Definition 24) are differ-
ential complexes (for any e € Z) if and only if w is integrable.

Remark 28. To fix ideas we shall mostly discuss C; (e), but similar considerations apply to
Ct(e). If no confusion seems to arise we shall denote CJ (e) = C,(e).

Theorem 29. Fix e € Z. Let us consider the graded vector space
0= @ O etk
0<k<["3H]
(direct sum of the spaces appearing in C, (e) above). Define the linear map
[55+]
8(e) =6:Q(d) — [] Homg (2 (e + (k — 1)d), 22F+ (e + kd)),
k=1
such that §(w) =6, for each w € QL(d), and its projectivization
(73]
P6 : PQ)(d) = ] PHomg (25 (e + (k — 1)d), Q25 (e + kd)).
k=1
r—1
Denote C = C(QL(e), Q3(e + d), Q5 (e + 2d), . .., Qi[T]H(e + [551]d)) the variety of complezes
as in 1.1 and F(r,d) the variety of foliations as in 2.2. Then
F(r,d) = (P5)~(C).
In other terms, P6(F(r,d)) = LNC, that is, the variety of foliations F(r,d) corresponds via

the linear injective map P§ to the intersection of the variety of complexes with the linear space
L = im(PP9).
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Proof. The statement is a rephrasing of Remark 27. O

Proposition 30. Let us denote

o) =ameie) = (" E ) (1),

(see [8]) and in particular
-1
d, = d***(e + kd) = dim Q2* (e + kd), 0 <k < [TT}

For this d = (dg, d1, . . ., d[%l) we consider the finite ordered set R = R(d) as in Proposition 14.
Then each irreducible component of the variety of foliations F(r,d) is an irreducible component
of the linear section (P5)~1(C,) for a unique r € R*.

Proof. From Proposition 14, we have the decomposition into irreducible components
c=J ¢C.
reRt
From Theorem 29 we obtain:
F(r,d) = ®5)71(C) = |J (P5)'(Cy).
réRt
This implies that each irreducible component X of F(r,d) is an irreducible component of

(P6)~1(C,) for some r € RT. This element 7 is the sequence of ranks of &, for a general
w € X, hence it is unique. ([l
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