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ON RELATIVE INVARIANTS AND DETERMINACY OF PLANE CURVES

C. T. C. WALL

INTRODUCTION

In current work on flat singularity theory, I have been led to consider the local invariants of a
curve C relative to the divisor D defined by its tangent cone. It turned out in the calculation of
these invariants that the fact that D consisted of the tangent cone was not used, only the fact
that it was a collection of lines through the origin. This led me to ask whether any restriction at
all on D was required. The first object of this note is to show that it is not. The second object
is to obtain general estimates for the degree of determinacy of C relative to D.

We begin by recalling some standard notations and ideas of singularity theory. Then we apply
them to plane curves, which may be given either by a parametrisation f or by an equation ¢.
Throughout we study only germs (at the origin) of curves, so omit ‘germ’ from our terminology.
We work throughout in the complex analytic framework. All curves will be assumed to be
reduced.

Next we will recall the definitions of the invariants 6(C), u(C) and 7(C) and the calculations
of the codimensions d(f, L) = 26(C), dc(f, A) = 7(C) — §(C), de(¢, R) = u(C), and de(¢,K) =
7(C). We then introduce the relative versions of the above concepts. Our first main result is
the calculation of the codimensions in the relative case: the results are

de(f,Lp)=206(C)+C.D, d.(f,Ap)=7(CUD)—-4C)—-C.D—7(D),

de(¢,Rp) = w(C) + C.D 4+ (D) =1 =7(D), de(¢,Kp) =7(CUD)—-C.D—7(D).
The degree of determinacy for C' up to right or left equivalence is bounded by the Milnor

number p(C). In the last section we obtain corresponding bounds for C' relative to D; such
bounds are also needed for the work on flat singularity theory.

1. SINGULARITIES OF PLANE CURVES

We now recall the methods and notations of singularity theory, following Mather [5] (see e.g.
[8]). Write O, for the ring of germs of functions on N at  and m, for its maximal ideal. Denote
the tangent bundle 7w : TN — N and write 6y for the set of germs at x of sections of mx (i.e.
vector fields on N); we think of 6y as the tangent space at the identity to the group Dif f(N,x)
of germs of diffeomorphisms. Introduce corresponding notations for (P, y).

For g : (N,z) — (P,y) a map-germ, we consider the diagram

TN % Tp
ﬂ—Ni 7TP\I/7
N % p

and write 0, for the set of germs of maps { : N — TP with mp o { = g. Then composition
with T'g induces a map tg : 5 — 0, which we think of as the tangent map to the action of
R = Diff(N) on Map(N, P) by composition; composition with g induces a map wg : p — 6,
tangent to the action of £ = Dif f(P). Set A: =R x L.
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The respective images of tg and wg are denoted T'R¢g and T'L¢g, with sum T'.4°g. We write
TRg = tg(mg.0n), TLg := wg(m,.0p) and T Ag := TRg + TLyg. In the classification of map-
germs up to A-equivalence, T'Ag serves as the tangent space to the A-equivalence class of g, but
for unfolding theory we no longer fix the source and target points, so use the extended tangent
space T A°g; similarly for R and £. We also set TCg := g*my.0,, TKg := TRg + TCg and
TK¢g:=TRcg+TCg.

Following the notation introduced in [8], for any equivalence relation B on map-germs, I write
de(g,B) := dim¢(6,/TB¢g). This is the dimension of the miniversal unfolding space for g under
B-equivalence.

A plane curve C may be given as ¢~1(0) for an equation ¢ : (C%,0) — (C,0) and (if » denotes
the number of branches) as the image of a parametrisation f : |J;_,(C,0) — (C?,0). From now
on, we write O, , for the local ring at the origin in C?, mg , for its maximal ideal and 0, , for
the set of germs of vector fields, which is a free O, ,—module with basis {9;, 0,} (where we
write 0, for 9/0x); the corresponding items for C are denoted m; <1 O; and ;. We denote the
source variables of f by t; (1 < i <), with local rings O;, and the constituent maps f;, and set
Op = @i Otw myp = BG;my, and O := @10,57

The module ¢ is free over Or on 0., 0y. The map tf : O — 0y is the sum of the maps
tfi : 6, — 8y, induced by df;/dt, and the map wf : ., — O agrees on each co-ordinate with
the ring homomorphism f* : O, , — Or. The local ring of C is defined to be O¢ = f*O, ,; its
integral closure in its quotient ring coincides with Or; as the kernel of f* : O, , — Orp is the
ideal (¢), we can also identify O¢ with O, ,/(¢). The module 6y is free over O, , on a single
generator, and we identify it with this ring; ¢¢(0, ) is the (Jacobian) ideal (¢, ¢,) (Where we
write ¢, for 0,¢), and ¢*my.04 is the ideal (¢).

We say that two curves C' and C’ are equivalent if there is a local diffeomorphism of C? taking
C to C’: this holds if and only if ¢, ¢’ are K-equivalent if and only if f, f’ are A-equivalent. For
an equation ¢, we also have R-equivalence, and for a parametrisation f have L-equivalence.

The basic invariants of a reduced plane curve C' are the number r of branches, the ‘double
point number’ defined as §(C) := dim(Or/O¢), and the Milnor and Tjurina numbers defined
respectively by

:U’(C) = de(R’ (b)a T(C) = de(Ka ¢)
The following identities are well-known: u(C) = 2§(C)—r+1 [6], 6(CUC") = §(C)+6(C")+C.C’
and (hence) p(CUC") = u(C) 4+ u(C") +2C.C" — 1.

We also have calculations of the codimensions d.(L, f) = 2§(C) (trivial), and d.(A, f) =

7(C) — 6(C) [4, Theorem 2.59].

2. RELATIVE SINGULARITY THEORY

We define two curves C, C’ to be equivalent relative to a curve D if there is a diffeomorphism
of C2? which preserves D and takes C to C’. The diffeomorphisms which preserve D form a group
Dif fp(C?), whose tangent space is the module #p of ‘logarithmic’ vector fields tangent to D.
The definitions of right- and of left-equivalence of curves C relative to D are obtained by replacing
Dif f(C?) by Dif fp(C?) throughout. Each of these fits into the general framework of ‘geometric
groups’ introduced by Damon [3], and we have a general unfolding theory. The tangent spaces
for the relative notions of equivalence are obtained from those in the absolute case by replacing
Oc2 by Op throughout: thus TLS f = wf(0p), TASf := TRf + TLS, f, TRS¢ := to(0p),
TK%¢ =TRS¢ + TCo and, for each B, dc(g, Bp) := dimc(8,/TB%9).

The case of relative singularity theory when D is a straight line L has been investigated by
Arnol’d [1] under the name of ‘boundary singularities’.
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We seek formulae expressing de(f, Lp), de(f, Ap), de(¢p,Rp) and de(¢, Kp) in terms of the
invariants of C' and D. We will also require the (local) intersection number C.D, and 7(C'U D).

Since any plane curve is a free divisor, the O, ,—module 0p is free of rank 2. It will be
convenient to choose generators for 0p: write them as

(1) §1 = 010, + 010y, &2 = 20, + b20,.
By a result of Saito [7] we may take the equation of D as 1) := ajby — agb;.
Proposition 2.1. We have d.(f,Lp) = 26(C) + C.D.

Proof. By definition, T'LS, f is the Or —submodule of O2 generated over O¢ by (ajo f,bio f) and
(ago f,bao f). Hence O /T LS f has the same composition factors as Oc/((a1ba—asb1)o f).Oc =
Oc/(Wo f).Oc. Thus d.(f,Lp) = dim(02/O%) + dim(Oc /(¢ o f).Oc): the first term is equal
to 26(C) and the second to dim(O, /{9, 1)) and hence to C.D. O

Lemma 2.2. The map wg : Ocz — Coker(tg) induced by wg has kernel 0p.

Proof. The kernel in question is the set of vector fields £ € ¢z such that wg(§) = tg(n) for some
n € Op. In particular, at each point of D we must have ¢ tangent to D. But this is just the
condition defining 6p. O

Now let f, g parametrise C, D respectively, and write h for the pair (f, g), so that h parametrises
CUD. We have

Proposition 2.3. We have d.(f, Ap) = 7(CUD)—6(C)—-C.D—7(D).
Proof. Since th is the direct sum of ¢f and tg, we can regard the following as a short exact
sequence of chain complexes:
0o — 0 — 6@7 = Oc2 — 0
\ L wh lwg :
0 — Coker(tf) — Coker(tf)® Coker(tg) — Coker(tg) — 0

Now the Cokernels of wh and wg are ), /T A°h and 0,/T.A°g and, by Lemma 2.2, the kernel of
wg is Op. Hence the exact homology sequence of the diagram is

0p — Coker(tf) — 0, /TA°h — 0,/T A% — 0.
Thus we have an exact sequence
0—0/TAL(f) = 0n/TA(h) — 0,/TA(g) — 0,

so dim(0; /T A% (f)) = dim(6,/TA°(h)) — dim(0,/T.A°(g)). Here the terms on the right hand
side are 7(C'U D) — 6(C U D) and 7(D) — §(D), and the result follows on substituting for
d(CUD). O

We now consider C' as defined by ¢ and introduce the relative Tjurina number
TpC = TD¢ = de(¢7 ICD) = dlm(ow,y/<eD¢7 ¢>)

Suppose we have three curve-germs C, D; and D5, no two with a common component, with
respective equations ¢, 1 and s.

Lemma 2.4. We have exact sequences

O v O, Q O
2 0 & - 2 0,
@ T Ooio;nd ) O (@tn) dvn) s 900, @)
® 05— O x,_ On _p On

(¢1,0p, (Y1) — (Y1, 80D, (1)) (U1, 9)



ON RELATIVE INVARIANTS AND DETERMINACY OF PLANE CURVES 191

where Y, X are induced by multiplication by 1, ¢ respectively and Q, P are the projections.

Proof. (i) For a € O, ,, the condition that a1 € (8p,(p11), $11) means that for some & € fp,
and b € O, we have ayp; = &(¢)1) + borpy. Since E(d)1) = (1) + ¥1&(¢), it follows that
&(v1) is divisible by 41, in other words, that £ € fp,, and hence that £ € 0p,up,.

Conversely, if a = £(¢) + bp with & € Op,up,, we have ayyy = &(Ppy1) — P€(Y1) + bdpy, and
since £(v1) is divisible by 1, this belongs to (0p, (o), p11).

We have shown that the map Y is well defined and injective. Its cokernel is the quotient of

Oy, by (¥1,0p,(¢Y1)). Using again the identity {(¢vn) = ¢€(¢1) + ¥1£(¢) and absorbing the
second term of this sum, we see that this module is the same as (¢, ¢0p, (¥1)).

(i) For a € Oy, if ap € (Y1, ¢0p,(¥1)), we can write ap = by + ¢p&(p1) for some b € O,
and some £ € 0p,. It follows that by, and hence b is divisible by ¢, say b = c¢. Thus
a = cp1 + £(¢1) € (¢1,0p,(11)). The converse is again easy, so the first map exists and is
injective; the cokernel is as given. ([

Proposition 2.5. We have

(i) 7p,(D1UC) = Tp,up,(C) + Tp,(D1) + D1.C, and

(ii) de(¢,Kp) =7p(C)=7(CUD)—-C.D —7(D).
Proof. The dimensions of the first two terms in (2) of Lemma 2.4 are 7p,up, (C) and 7p, (D1 UC)
respectively: thus dim(O, ,/(¥1, ¢0p, (¥1))) = 7D, (D1 UC) —Tp,up, (C). Since the first term in

(3) has dimension 7p, (D7) and the third has dimension D;.C, it follows that this expression is
equal to 7p, (D) + D1.C. This proves (i), and (ii) follows on setting Do = () (and D; = D). O

In fact the apparent extra generality of (i) is spurious: (i) follows from (ii) on substituting for
each of the terms 7pC.

The following turns out to be the most difficult of our four cases; indeed the result is not
what I had originally guessed.

It will be convenient to write, for a a function, [a] for the curve defined by a = 0 and [a].[}]
for the local intersection number of ¢ = 0 and b = 0, which is equal to dim(O, 4 /(a,b)). We will
manipulate such intersection numbers using identities of the forms (i) [a].[b + ca] = [a].[b] and

(i) [a]-{oc] = [a].[o] + [a]-[c]
Proposition 2.6. We have d.(¢,Rp) = C.D + u(C) + u(D) =1 —7(D).

Proof. Let & and &, as in (1), generate 6p. Since Op¢ is an ideal with 2 generators, its
codimension is equal to the intersection number of the curves they define, hence to [£1(¢)].[§2(¢)]-
We begin by writing

[€1(9)]-[€2(D)] = [€1(D)].[01€2(9)] — [€1()]-[bn]-

Now manipulate using (i) to reduce the first term to [£1(¢)].[(b1ae — b2a1)ds] = [€1(9)].[¢] and
the second to —[a1¢,].[b1]. Next use (ii) to obtain

[£1(@)]-[¢] + [€1(&)]-[¢2] — [an]-[b1] — [¢].[b1] =
[§1(D)]-[¥] + [b10y].[¢a] — [an]-[b1] = [@a]-[1] = [€1()]-[¥] + [@y]-[02] — [aa].[b1].
The second term here is equal to u(C).
We pause to establish the
Claim 2.1. We have [z].D + [£1(¢)].D = C.D + [a4].D.
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First note that, since & is tangent to D, we can set
ar(ai(ti), Bi(t:)) = Nievi(t;) and by (ai(t), Bi(t)) = XiBi(t:)
for some A;(t;), so that
&1(@)(ai(ta), Biti)) = (N (i) do + NiBidy ) (i(ts), Bi(t:)) = Nid(ei(t:), Bi(t:)) /dt;.

We calculate intersection numbers with [¢)] = D by choosing a parametrisation (o (¢;), 8:(t:))
for each branch of D, so that [¢].[x] = >, ordy, (x(cui(ts), Bi(t;))). Taking in turn x equal to x,
¢, a1 and &1 (@), we obtain

[2].D = 3, ordy, (a(ts)),
C.D =37, ordy, ¢(ai(ti), Bi(ti)),
[a1].D = 3=, ordy, (Nicj(t:)) = 32, (ordy, (As) + ordy, (ai(ti)) — 1),
and
[€1(@)].D = 3, ordy, (§1(d)(ui(ts), Bi(t:)) =
> orde, (Nido(ai(ti), Bi(ti))/dt:) = 32, (orde, As + ordy, ¢(ai(t:), Bi(t:)) — 1).

The claim follows from these four equations.

We also have
[aﬂ.D = [al].[blag — bgal] = [al].[blag] = [alel] + [al].[ag].

Combining this with our Claim, we obtain

de(¢,Rp) = [&1(D)].[V] + [dy].[¢2] — [a1].[b1] =
C.D + [a1].D — [2].D + u(C) — [a1).[b1] = C.D — [2].D + u(C) + [a1].[as).

Since &1, & generate Op, the coefficients a1, as generate the ideal I = {a € O,y |at), €
(¢y,1)}. This ideal contains 1), and 1 which have no common factor, hence neither do a; and
ag, so [a1].[az] = dim(Oy 4 /{a1, a2)) = dim(O, ,/I). We have an exact sequence

0= Oy /T 25 Oy (0 1) = Oy (W, 1y ) — 0.

The third term has dimension 7(D); the second has dimension [1,].[¢], and we have [¢].[¢),] =
[¥s].[10y] + [z].[1by]: We can prove this by the same method as the Claim or appeal to [9, Lemma
6.5.7]. Thus,

[a1]-[az] = dim(Ou,y /1) = [a].[tby] + [2].[1by] = 7(D) = w(D) = 7(D) + [2].D — 1.
The Proposition follows by substituting this in the above formula. (|
Corollary 2.7. d.(¢,Rp) — de(¢,Kp) = p(CUD) —1—7(CUD).
This follows from Propositions 2.6 and 2.5, and compares with the equation
de($,R) = de(¢,K) = p(C) —7(C).
Corollary 2.8. We have do(¢,Kp) = d(f, Ap) + 6(C).
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This follows from Propositions 2.3 and 2.5, and compares with d.(¢, ) = d.(f, A) + §(C).

We refer to [4, Theorem 2.59] for a discussion of semi-universal deformations of plane curve-
germs, and in particular for the result that the § constant stratum, which in the case that
the central curve is parametrised consists precisely of those curve-germs that can be simultane-
ously parametrised, has codimension ¢ in the deformation space, and has a smooth normalisa-
tion. Moreover, this normalisation can be identified with the semi-universal deformation of the
parametrised curve.

For singularity theory relative to D, we have a deformation of C (given by equations) for
which the tangent space to the unfolding space U, maps isomorphically to 6,/TK%¢, and a
deformation given by parametrised curves for which the tangent space to the unfolding space U,
maps isomorphically to 6 /T A% f. We can construct a map U, — U,; its image will certainly lie
in the §—constant part of U, which, as U, is certainly versal in the usual sense, is of codimension
0 with a smooth normalisation to which our map lifts. We expect this lift to be a (local)
isomorphism; the expectation is supported by Corollary 2.8.

3. DETERMINACY

The theory of determinacy was developed mainly by Mather [5]. We say that f is m — B-
determined if any g whose Taylor expansions up to degree m agree with those of f (or equiv-
alently, with g — f € m%"‘lﬂf) is B-equivalent to f, and f is finitely B-determined if it is
m — B-determined for some m. Mather characterised determinacy for A-equivalence, and gave
estimates for the degree of determinacy; better estimates can be found in [2]. We recall a key
result of that paper, in simplified form.

Theorem 3.1. [2, Theorem 1.9] Suppose G a subgroup of K such that
(i) for each s, J°G is a closed algebraic subgroup of J°K,
(ii) JG is unipotent, e.g., trivial.

Then, f is r — G-determined if and only if m"1.0(f) CTGf.

The formulation of this theorem refers only to germs at a single point. However if we consider
germs at a finite set (say, with a common target), all the arguments involved go through without
other than notational change. We will use this extension without further comment.

For R-equivalence, write J for the Jacobian ideal (0,¢, 0,¢) and recall that p = dim(O, ,/J).
Thus, not all the inclusions

mrtl 4 JCc.. . Cmitl 4+ JCwmi+J...Cm+JCO

can be proper, so for some i < u, m*t! + J =m? + J, so by Nakayama’s lemma, J O m’ O mH.

We can take G as the subgroup R, of R of diffeomorphisms with trivial 1-jet. Since TR1¢ =
top(m2.0,,) = m%.J O mH*2 ¢ is (u+ 1) — R-determined. Experiment soon shows that this
well-known estimate is usually very poor, though it is best possible for singularities of type Ay.

For L-equivalence, a similar result holds, but can be improved. Let C have branches B;
(1 < i< r); write Bf := C\ B;, and set K¢ := max;(u(B;) + B;.B}): thus if » > 1 we have
Ko < u(C). Write m(C) for the multiplicity of C: thus, for C not of type A, we have m(C) > 3.

Proposition 3.2. We have
(i) f*O,,y D mbe and
(i) if m(C) >3, fm2, D myc.

Proof. (i) We have f*O0,, 2 mf(B”) (see e.g. [9, 4.3.3, 6.3.2], thus for each k > u(B;) there
exists o, € Oy with oy of order k. If §; is a defining equation for B}, f'(8;) has order
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B;.B}. Hence f*(af;) vanishes on Bj for j # i and has order k + B;.B; on B;. As this yields
all orders > K¢, the result follows.

(ii) It will suffice to show that for any g € (m,, \m2 ), we have f*g & mAC. Set L := g~1(0);
this is a smooth curve-germ at (0,0). The order of fg is the intersection number L.B;. We
need to show that, for some i, L.B; < K¢.

Suppose the multiplicity sequence for (infinitely near points of) B; has r instances of m(B;)
followed by an integer m’ < m(B;) (see e.g. [9, 3.5.1] for this sequence). Since the following
point in the sequence is proximate to a point other than Oy, it cannot belong to L, so L.B; <
rm(B;) + m'; while (see e.g. [9, 6.5.9]) u(B;) > rm(B;)(m(B;) — 1) + m/(m’ —1). We now
distinguish cases.

If m(B;) >3, L.B; <rm(B;)+m' < $u(B;) +1 < u(B;) < K¢ (here the “+1" is only needed
if m'is 1 or 2).

If m(B;) =2and r > 2, L.B; <rm(B;)+1 < u(B;) + B;.Bf < Kc.

If m(B;) = 1 and r > 2, the mutual orders of contact of L and the B; are equal to the
intersection numbers. Choose ¢ with L.B; minimum. As the least two of L.B;, L.B;, B;.B; are
equal, L.B; < B;.B; < K¢, with equality only if » = 2. O

Corollary 3.3. If m(C) >3, C is (K¢ — 1) — L-determined.

We apply Theorem 3.1, taking G to be the group L£; of left equivalences with trivial 1-jet.
Since TLyf = wf(m?2 ,.0,,), it follows from (ii) that if m(C) > 3, TLf 2 mA¢ 07 the result
follows.

If m(C) = 2 then either C has type Asi_1 for some k > 1, we have Ko = k and the degree
of determinacy is k; or C' has type Ao, Ko = 2k and the degree of determinacy is 2k + 1.

We turn to relative determinacy. We would like to apply Theorem 3.1 taking G to be the
group Dif fp(C?) with tangent space p acting on the right on equations and on the left on
parametrisations. However this is not always jet unipotent. We thus take G as the group of
diffeomorphisms preserving D and with identity 1-jet, so TG = 6p N m9267y.9x7y. Set ep =
dlm(ﬁp/(QD N mﬁyyé)z,y))

I conjecture that if D is not weighted homogeneous, then 6 C miﬁyﬂz’y (soep =0). If D is
weighted homogeneous but not of type A, then 0p C C.{z0, +y0,} + mi’yﬂx,y (soep =1). If
D has type A, then ep =2 and if D = {y = 0}, then ep = 4.

Proposition 3.4. If C' has equation ¢, the degree of Rp-determinacy of ¢ is at most

u(C)+C.D+ (D) —1—7(D) +ep.

Proof. As in the absolute case it follows, using Nakayama’s lemma, that §p¢ O mF, where

k= dim(O, ,/0p¢) = de(¢, Rp); by Proposition 2.6, we have dc(¢,Rp) = p(C) + C.D +
w(D) —1—7(D).

Since T'G is an O, y,—module, the same argument gives T'G¢ O m”**ep . The result now follows
from Theorem 3.1. O

Proposition 3.5. If C has parametrisation f, then f is (Koup — 1) — Lp-determined.

Proof. Let D have parametrisation g, then C'U D has parametrisation h = (f, g). We claim that
if h is k — L-determined, then f is kK — Lp-determined.

For let j*f; = j¥f, and set hy := (f1,9). Then h and h; have the same k—jet, so are L-
equivalent. Thus there is a diffeomorphism A of C? with Ao f = f; and Ao g = g. Hence A is
an Lp-equivalence of f and f;.

By Corollary 3.3, if m(C U D) > 3, we can take k to be Koyp — 1. The result follows. O
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If we set K¢ p := max;(u(B;) + B;.Bf + B;.D), then Kcyp = max(K¢,p, Kp.c). It seems

likely that a direct approach might allow a sharpening of Kcup to K¢ p above, but this is not
useful for our application.

In particular, if C'U D is reduced, C' is finitely determined relative to D in each sense.
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