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Fronts of Whitney umbrella — a differential geometric
approach via blowing up

Toshizumi FUKUI and Masaru HASEGAWA

Abstract

We investigate the differential geometric ingredients for Whitney umbrella, which is
known as the only stable singularity of surface to 3-dimensional Euclidean space. We
obtain several criteria of the singularity types of fronts of Whitney umbrella in terms of
differential geometric language we discuss.
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1 Introduction

H. Whitney [28] has found Whitney umbrella (also known as the cross-cap) as singularities
which are not avoidable by small perturbation. This is very important singularity type, since
it is the only singularity of a map of surface to 3-dimensional Euclidean space which is sta-
ble under small deformations. This singularity is fundamental in the context of differential
topology but it does not seems that Whitney umbrella is a subject of differential geometry,
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at least before C. Gutierrez and J. Sotomayor ’s paper [I0]. Motivated by Darboux’s classi-
fication ([5]), they aimed to determine the configuration of lines of curvature near Whitney
umbrella, and complete it in [9]. J. W. Bruce and J. M. West [3] investigated functions
on Whitney umbrella using singularity theory. In [8], we show that a unified treatment for
differential geometric properties for regular and singular maps g : (R%,0) — (R3,0) and
show that Whitney umbrella is not a bad singularity (|8, proposition 4.2]) from the view
point of investigating singularities of distance squared functions. In other words, Whitney’s
umbrella is as good as (or as bad as) Darbouxian umbilics (i.e., both are characterised by the
condition that rank R(g,0) = 4 in the notation of [§]). Several authors continue to investigate
the configuration of the solution curves of particular binary differential equations (i.e. lines
of curvature, asymptotic and characteristic curves) in [20] 24]. In [19], the classification of
parabolic lines of Whitney umbrella is used to investigate the projections of smooth surface
in R* to 3-spaces.

When we consider parallel surfaces of a regular surface, we are not able to avoid singulari-
ties. These singularities are often called front and this subject is investigated by M. Kokubu,
W. Rossman, K. Saji, M. Umehara and K. Yamada [I6]. They mean by a front a map
g: (R?,0) — R? such that there exists a well-defined normal n : (R?,0) — S? C R? so that
(g,n) : (R?,0) — (R?,0) x S? is an immersion. Cuspidal edges and swallowtails are typical
singularity types of fronts. In [16], criteria for the these singularities are given. Furthermore,
criteria for the cuspidal lips and the cuspidal beaks are given in [I5], criterion for the cuspi-
dal butterfly is given in [I4], and criteria for the Dy-singularities are given in [23]. Whitney
umbrella is not a front in their sense, since any unit normals defined at regular points near
the singular point cannot extend continuously to the singular point.

Physically, the wave propagation is described by Huygens’s principle: every point to which
a luminous disturbance reached becomes a source of a spherical wave, and the sum of these
secondary waves determines the form of the wave front at any subsequent time. We remark
that this does not require the notion of unit normal vectors. Mathematically, a wave front
is the envelope of the spherical waves, and this requires us to investigate the singularities of
the members of the family of functions:

D : (RQ,O) x R®> -+ R, (u,v) X (z,y,2) — f%(H(z,y,z) - g(u,v)”2 - toz) (1.1)

where ¢ is a constant. The family ® is an unfolding of the distance squared function ¢(u,v) =
®(u, v, 0, Yo, 2z0) where (g, %0, 20) is a point in R3, and the discriminant set D(®) of @ is a
(wave) front of g at distance |tg| where

D(®) = {(x,y,2) € R*; & =, = &, = 0 for some (u,v) € (R*0)}.

For regular surfaces, we investigate the distance squared unfolding ® and show several criteria
for singularity types of parallel surfaces in terms of differential geometric language (principal
curvatures, ridge points, sub-parabolic points, etc.) in [7]. In this paper, we investigate
singularities of the distance squared unfolding for Whitney’s umbrella, and show similar
criteria for versality (Theorems . To investigate the singularities of the distance squared
unfolding for Whitney’s umbrella, we need several differential geometric languages of Whitney
umbrella.
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We also investigate the focal sets (caustics) of Whitney umbrella, since the bifurcation
set B(®) of ® represents the focal set where

B(®) ={(z,y,2) € R’ ®, =By = Oy Pry — ®,,” = 0 for some (u,v) € (R2,0)}'

In Section |2} we introduce some differential geometric ingredients (principal curvatures,
ridge, sub-parabolic points, etc.) for Whitney umbrella. For regular surfaces in Euclidean
3-space, several authors investigate ridge points and sub-parabolic points; see for example
[2], [4], [18], [21], and [22]. The ridge points were first studied in details by I. Porteous [21] in
terms of singularities of distance squared functions. The ridge line is the locus of points where
one principal curvature has an extremal value along lines of the same principal curvature.
The sub-parabolic points were studied in details by J. W. Bruce and T. C. Wilkinson [4] in
terms of singularities of folding maps. The sub-parabolic line is the locus of points where
one principal curvature has an extremal value along lines of the other principal curvature.
Recently, in the case of the hyperbolic space, the analogous notion to the ridge point of
hypersurfaces is introduced in [I3], and the analogous notion to the sub-parabolic point of
smooth surfaces is introduced in [I2]. We develop the differential geometric ingredients over
Whitney umbrella, which seem to be missing pieces of knowledge of the people who work on
singularity theory and differential geometry. Since Whitney umbrella is a singularity of rank
one, the tangent planes of nearby point degenerate to the tangent line at the singularity, and
the normal lines are developed to the normal plane at the singular point. This means that
we have a chance to have a bounded normal curvature in one direction at singular point.

In Section 2.1} we first show that for Whitney umbrella there is a well-defined unit normal
via the double oriented blowing-up ([I1, example (a) in p. 221]):

7:RxS' = R, (r,0) — (rcosf,rsin). (1.2)

Then we are able to talk about principal curvatures and principal directions via 7, and we
discuss their asymptotic behaviours in Section [2.3]

Let M denote the quotient space of R x S! with identification (r,6) ~ (—r,6 + ). Then
we obtain a natural map

T M — R [(r,0)] — (rcosf,rsind), (1.3)

which we usually call a blow up. We remark that M is topologically a Mobius strip. It is
a natural problem to ask configurations of the parabolic line, ridge lines, sub-parabolic lines
etc. on M near the exceptional set X = 771(0,0). We show

(1) The parabolic line intersects with X in at most two points (Proposition [2.3)),

(2) Along an arc which reaches the singularity of Whitney umbrella, one principal curvature
k1 is bounded if the arc is not tangent to the double point locus, and the other principal
curvature ko tends to infinity (Lemma ,

(3) The ridge line with respect to k; intersects with X in at most four points (Lemma
see Lemma also) in generic context,

(4) The ridge line with respect to ko intersects with X at two points (Proposition [2.10)),
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(5) The sub-parabolic line with respect to k; intersects with X in at most three points

(Lemma [2.11]), and

(6) A constant principal curvature (CPC) line intersects with X in at most four points
(Proposition [2.16)).

In Section [3] we investigate singularities of the distance squared unfolding ® defined by
(1.1). We define the focal conic in the normal plane as a counterpart of focal points, and
discuss versality of the unfolding ® of ¢, which is one of the fundamental notion in singularity
theory. As a consequence, we are able to determine singularity types of caustics and fronts
of Whitney umbrella in Section [d] We summarise our results as follows:

(1) If (x0, Yo, 20) is on the focal conic, then ¢ is at least As-singularity.

(2) If (zo, yo, 20) # 9(0,0) does not correspond to the ridge over Whitney umbrella, then ¢
has an As-singularity and ® is an R -versal unfolding (and a K-versal unfolding). The
caustic is nonsingular at (xo, Yo, 20), and the front has the cuspidal edge at (xg, yo, 20)-

(3) If (zo, Yo, 20) # g(0,0) corresponds to the first-order ridge over Whitney umbrella, then
© has an As-singularity and ® is R*-versal. Thus the caustic has the cuspidal edge at
(0, Yo, 20). Moreover if (zo, yo, 20) does not correspond to the sub-parabolic point over
Whitney umbrella, then @ is a K-versal unfolding. We thus conclude that the front has
the swallowtail at (zg, Yo, 20)

(4) If (z0,y0,20) # ¢(0,0) corresponds to the first-order ridge and the sub-parabolic over
Whitney umbrella, and the CPC line has definite (resp. indefinite) Morse singularity
on X, then the front is the cuspidal lips (resp. cuspidal beaks) at (xq,yo, 20)-

(5) If (w0, Yo, 20) # g(0,0) corresponds to the second-order ridge and does not correspond to
the sub-parabolic point over Whitney umbrella, then the front is the cuspidal butterfly

at (o, Yo Yo)-

See Theorem and Theorem for a precise statement. We remark that there are no
D,-singularities (or worse) for distance squared function ¢ at Whitney umbrella.

2 Differential geometry for Whitney umbrella

We consider a smooth map g : U — R3? given by g(u,v) = (g91(u,v), g2(u,v), g3(u,v)) which
defines a surface in R3, where U C R? is an open subset. The map g possibly has singularities.
The map g : (R?,0) — (R3,0) has a Whiney umbrella singularity at (0, 0) if it is A-equivalent
to the map germ:

(R?,0) = (R?,0), (u,v)+ (u,uv,v?).

We remark that some authors distinguish between Whitney umbrellas and cross-caps as
follows: the Whitney umbrella is the zero-set of the function 2z — y? = 0; the cross-cap
is the image of the map that is A-equivalent to (u,v) — (u,uwv,v?) (see, for example, [3]
and [24]). But the authors prefer to use the word “Whitney umbrella” for map germs with
respect for H. Whitney’s work.
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Away from singularities a unit normal vector is defined by n = (g, X ¢,)/l|gu X go||, and
the first and second fundamental forms for g are given by

I =FEdu®+2F dudv+ Gdv?, 1= Ldu®+2Mdudv+ N dv?,
respectively, where

E={(9u,0u), F={(9u90)s G={(90:90), L={(guum), M =(guo,n), N = (gyy,n).

The principal curvatures k1 and ko are the roots of the equation

— K',Z'E M — K,iF

L =0
M—K,iF N—K‘,iG -

If a non-zero vector v; = (&,n;) (i = 1,2) is the principal vector with principal curvature k;,

then
L — IiiE M — I{iF £Z o 0 (2 1)
M—KjiF N—HiG Ui o 0 ’
We can choose (&;,7;) so that the tangent vector &g, + 7:g, is of unit length.
We investigate the asymptotic behaviour of these ingredients near Whitney umbrella.

2.1 The unit normal vectors
Now we suppose that g has a rank one singularity at (0,0). Take the image of dgg to be the
z-axis. Then we may write g as

1 | ]
g(u, ’U) = (U, 5((102’(12 + 2(111’(,“} + 0021}2) + O(u7 U)d, §(b20U2 + 2b11U’U + b02v2) + O(’LL, ’U)s) .

We consider the unit normal vector i = n o 7 in the coordinates (r,d), where 7 is as in
(1.2). By a straightforward calculation we show that the unit normal vector n is expressed
as follows:

(0+O(r), —b11cosl —boasinb + O(r), ai1cosb + agasind + O(r))

n(r,0) = .
\/(a112 + b112) cos2 6 + 2(aj1a02 + b11bo2) cos O sin 6 + (aga? + b022) sin® 0

If the singular point of g is a Whitney umbrella, then

ail  ap2
b1 bo2

£0.

We thus conclude the unit normal vector n is well-defined on {r = 0}, since

(a11a02 + bi1boz)? — (a11” + b11%) (ap2? + boe®) = —(a11bo2 — apabin)?.
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2.2 Normal form of Whitney umbrella
For a regular surface, we can take the z-axis as the normal line, and, after suitable rotation
if necessary, we can express the surface in the Monge normal form:
1
(u,v) = (u, v, §(k1u2 + kov®) 4+ O(u,v)?)
For Whitney umbrella we can perform similar computations and obtain the following normal
form theorem of Whitney umbrella.

Proposition 2.1. Let g : (R?,0) — (R?,0) be a smooth map with a Whitney umbrella at
(0,0). Then there are a rotation T : R® — R and a diffeomorphism ¢ : (R?,0) — (R2,0)
so that

k
Togo¢(u,v) = <u, uv + B(v) + O(u,v)" 1, ZAJ u,v) + O(u v)kﬂ) (k > 3),
Jj=2
where
= Z @vi and  Aj;(u,v) = Z TG ith a2 # 0.
ol A = il(j —i)!
The result was first proved in [27], but we repeat the proof for completeness.

Proof. Take the image of dgg to be the z-axis. Then we may write g as

b, . . az;
— vy, 3 3 :
g(u,v) = (u, g i'j'u v! + O(u,v)®, g Zwu w7 4+ O(u,v) ) with

itj=2 "' i+j=2

*

bi1 0o
*

ajy;  agy

£0.

Take 6 so that (cos@,sin ) = (afy, bis)/1/ase? + bi,>, and set a rotation of R?

1 0 0
T = 0 cosf —sinf
0 sinf cosf

and a change of coordinates

*

by o2
*

azy apo

¢(Uav) =14 *1*(—;

bi1 b5
* *
ai; Qo2

u+\fagy” + by U>

Then we have

Togotp(u,v) = | u,uv+ Z ﬂ”uv]—i-O(u v)4, Z ZO'Z]' u'v? + O(u,v)?

i+j= 3 i+j=2
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for some constants c;; and f;;. Setting By, = > bijutvd /(il5!) (k> 3) and replacing v

by v+ ik cijutv? /(il4!), we have

i+i=k

ici—1,5 +bij

uv + By + O(u, v)* = wv + Z il

iti=k

u'v? + O(u,v)*1

For a suitable choice of ¢;; (i +j = k — 1), we can reduce this to b x)v*/k! + O(u,v)" .
Hence, we obtain the result. O
2.3 Principal curvatures and principal directions

Coefficients of the first and second fundamental forms. Throughout the rest of the
paper, we suppose that ¢ is given in the normal form of Whitney umbrella:

4
g(u,v) = (u, wv + B(v) + O(u,v)?, ZAj(u,v) + O(u,v)5), (2.2)
j=2
where
b, i
_ z 0 . _ 7,]—1 i i—i .
B(v) = ; R and  Aj(u,v) = ; A - Z,)!u v’ with agg # 0.

Then we have

M%

(1 v+ O(u,v)*, —i—O(uu))

J:2

(O u+ B, +Ouv47z +O(uv))

j=2
and thus have

E=1+40v*+ (A2.)” + 243, A2, 4 O(u,v)*,

F =uv+ Aoy Aoy + Az Aoy + Asy Aoy + %bg'US + O(u,v)*, (2.3)
G=u’+ (Agv)2 + 243, Agy + bguv® + O(u,v)*.
Since
& by
Ju X Gy = JZ:; Aj)u) - Evagu + O(u,v)*,
4
Z , + O(u,v)*, u+%b302+%b4v3+0(u,v)4 ,
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we have

[ % 9v||2 = A2+ A3+ A+ O(’IL,U)sa
where

)\2 = 'LL + AQ’U’ )\3 = 2A3UA2U + b3u1}2,

M = 244, Aoy + A3, + (uday — vA2,)° + %bwv?’ + %bg%‘* 24

It follows that
n(0,6) = %(07 —ay1 cosl — agasinf, cosb), (2.5)
where A = A(6 \/cos2 0+ (a11 cos @ + agzsinf)?.  Since agy # 0, n(0,6) defines an

isomorphism from real projective line P*(R)

PY(R) - P'(R), 6 — 11(0,0).

We set
1= (Guu> Gu X Gu), m = (Guvs Gu X Jo), n = (Govs Ju X Gv)-
Since
4
Juu = 0,0,Z v O, 0)? |,
j=2

4
Juv = | 0, 1+OU7}372 m}—‘,—OU’U) ,

j=2

.

4
Gow = | O, va"’Ong,Z m)—‘,—OuU) ,
Jj=2

[, m, and n are expressed as follows:
=1+l +13+ 0w, m=mi+ms+ms+O0(u,v)!, n=ng+ny+n3+O0(u,v)?

where
1 ) 1 , 1 .
I = agou, Iy = uAzyy + §a20b3v s Iz = Ul + §b3A3uuU + 6020540
1
mi = —apv, Mo = ulsy, — Ay + 5111117302,
1 1 .
m3 = uAayy — Aauw + ibSASuv + 6(11154”05 (2.6)
1
niy = Ao, MNg = UAgmj + 5()3(&021)2 — 2?)A2U),

1 1
n3 = uAgyy + ibgv(vAgw —2As,) + 61)41)2 (ap2v — 3Aa,).

42



By using the Taylor series for L(ru,rv), M (ru,rv), and N(ru,rv) in r we obtain

a20U 2[2)\2 - ll/\g + 8Z3A22 - 412A2)\3 - 4[1)\2A4 + ll>\3 2
r

L= +0(r?),
V2 SV 85/ )
M= —aop2v 2m2)\2 3—2m1)\3r 8m3)\22 - 4m2)\2)\35—24m1)\2)\4 + m1>\3 7‘2 + O(r3),
VA2 223/ 8AY/
N = ap2U 2TL2)\2 - nl)\37" 8n3)\22 - 4n2)\2)\3 - 4n1)\2)\4 + nl)\g 7"2 + O(?"S).
VA2 2232 8y
(2.7)
Principal curvatures.
Lemma 2.2. The principal curvatures k; = k; o T are expressed as follows:
1%1(7", 9) = k10(9) + ]{311<9)’P + k12(9)7’2 + O(T?’),
- 1 (2.8)
Iﬁ:g(’f‘, 0) = ﬁ [kgo(@) + k21(9)7' + 0(7"2)} s
where
Al sect
kig = =2 , 2.9
1o = 225 ~ (29
[ 1 6a02/~13f~12v~tan9 + 245, (au;lgv + cos ) cos 0 b3 A5 A2, tan? 0 (2.10)
Yt — Az, Agy (ag0 cos? 0 4 agy sin? 0) sec 6 243 ’ '
1 . L
klg = — [24@02,44/14 sec — 12&02A2A3A31)A21, sec
2&02./45
— 2a09. A% Ay, (/nguflgv + A% tan 0 4 cos 0 sin 0)
A~2 2;1%1)(0,112 — G,Qoaog) + 4&111&21, COSH (2'11)
- A, ) 0 0050) cos
+(ag0a02 + 2) cos* 6 — apa sin“ d
— 8a02A4A§/~1§ sec® § — 8a02A4A§ sin@tanf — a02A2A§3 sec 9} ,
ags cos 6
koo = — 5 (2.12)
1 L. -
Far = 55 | (=300 Ag, Aoy + A2 Ayyy) cos ]
A
1 } (2.13)
+ ﬁ |:b3(72A2A2U + a02A2 sin 6 — 30,02 0082 0 sin 9) sin 0:| .

Here A; = G20 COS2 0 — ap2 Sin2 9; A?v = A2v oT |7‘:17 12131) = ASU oT |'r:1; and so on.
Proof. The principal curvatures k; are the roots of the equation
(EG — F?)k* — (EN — 2FM + GL)k + (LN — M?) = 0.

From (2.3)), (2.4), (2.6), and (2.7), it follows that
(EG — F*) o7t = agr? + azr® + agr* + O(r°),

43



—~(EN —2FM + GL) o 7 = by + byr + bar® + O(r%),
(LN — M?) 0% = ¢o + e17 + cor® + O(r),

where

42 o ap2 COS 0 o CLOQA;
U'Q_Aa bO__Ta Co = A2 3

and the coefficients as, a4, b1, b2, ¢1, and co are the trigonometric polynomials in the coeffi-

cients appearing in the terms of degree four or less in the normal form of Whitney umbrella.

Therefore, we obtain

Co b160 — b001’l“ i b1260 — boszo + a2602 - boblcl + b0262 2

Rl =—— r? +0(r?),
! bO b02 b03 ( )
. 1 bo  azby — azb; 2
H2=ﬁ<—£+TT+O(T ))
We thus obtain (2.9)—(2.13]) by a straightforward calculation. O

Gaussian curvature. Since the Gaussian curvature K is the product of the principal
curvatures, it does not depend on the choice of the unit normal vector. From (2.9 and
(2.12)), the Gaussian curvature is expressed as follows:

24 _ .9
K(r.0) = Kon(r.0) = ( T om) ,

where 7 is as in . By this expression, we say that a point (0,60y) on the Mdbius strip
M is elliptic, hyperbolic, or parabolic point over Whitney umbrella if r21~((0,90) is positive,
negative, or zero, respectively. We often omit the phrase “over Whitney umbrella” if no
confusion is possible from the context.

We immediately have the following proposition.

Proposition 2.3. (1) There is no parabolic point over Whitney umbrella if and only if
asoagz < 0.

(2) There is one parabolic point over Whitney umbrella if and only if aso = 0.
(3) There are two parabolic points over Whitney umbrella if and only if asoagz > 0.

Furthermore, in terms of the parabolic line in a domain, Whitney umbrella is classified
into three types. We say that Whitney umbrella is hyperbolic, elliptic, or parabolic if the
parabolic line has an Af—singularity (an isolated point), A7 -singularity (a pair of smooth
curves intersecting transversally), or As-singularity (a cusp), respectively. In the case of the
hyperbolic Whitney umbrella all non-singular points near the Whitney umbrella singularity
are hyperbolic. In the case of the elliptic Whitney umbrella the parabolic line divides the
surface into hyperbolic and elliptic regions (see [27] for details).

From , the parabolic line in the Mobius strip M is expressed by the equation

aga A5+ [(a20A3vy+a02A3uu) cos? 042ags (A:}uv cos 9—;131}) sin @ —aq1b3 A3 sin 9] r+0(r?) = 0.
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If aspage < 0, then the parabolic line dose not meet with the exceptional set X = 7r_1(0, 0)
on M, in which case the surface is the hyperbolic Whitney umbrella. If asgagz > 0, then
the parabolic line meets with X at two parabolic point over Whitney umbrella, in which
case the surface is the elliptic Whitney umbrella. If ayy = 0, then the parabolic line meets
with X at one parabolic point (r,8) = (0,0), which is the sub-parabolic point over Whitney
umbrella (See Section . Calculating the tangent vector of the parabolic line at (0,0) on
M, we show that the parabolic line meets tangentially with X at (0, 0) if and only if agy # 0.
In this case, we have the parabolic Whitney umbrella (This classification according to the
coefficients of the normal form of Whitney umbrella is also obtained in [20]). Moreover,
the parabolic point (0,0) is the singular point of the parabolic line if and only if agy = 0,
equivalently this point is the ridge point over Whitney umbrella (See Section . In this
case, this point is of Morse type if and only if 3a212 + 2a40a02 # 0.

Principal directions.

Lemma 2.4. The unit principal vectors v; in the coordinates (r,0) are expressed as follows:

—24 Ay, si
V1 = (secf + O(r)) 2 + < sv ¥ b;aj; sin tan 6 + O(T)) %,

or

-1 sin 0 o) O cos 0 0
VZ_7’2KAT+O(T)>6T+( 1 +O(T)>5)9}

Proof. From the equation (2.1]), one of the vectors along the principal vectors v; in the
coordinates (u,v) are given by

&%er%:(N—/iiG)%+(—M+mF)%. (2.14)
Since
0 sinf 9 0 . 0 cosf 0O
%200595— - and %:smeg—k 90"
the vector can be lifted by 7 and we obtain
f}-% +ﬁi% = [(Noﬁ' —k;Gom)cost + (RiFom — Moﬁ)sin@} 88r

1 0
—‘r*{(:‘%iFOﬁ'—MOﬁ')COSG-F(FEZ'GOﬁ'—NOﬁ')SiHG]%.
,
From (2.3)), (2.4), (2.6), and (2.7, we have
F o= Fyr? + F3r® + O(r?), G o @ = Gor? + Gsr30(rt),
M o7 = My+ Myr + Myr? + O(r3), N o7 = Ny 4 Nir + Nor? + O(13),

where
P - < 1
FQ = cosfsinf + AguAm” Fg = AguAQU + ASUAQU + Ebg sin3 0,
Gy = cos? 0 + fl%v, G5 = 2A3, A, + by cos 0 sin® 0,
o2 sin 0 ags cos 6

My = Ny =
0 Aa 0 Aa
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and coefficients Ly, My, N1, Lo, M5, and Ny are the trigonometric polynomials in the
coefficients appearing in the terms of degree four or less in the normal form of Whitney
umbrella. It follows that & and 7); are expressed as follows:

€1 = Nycosf — Mysin 6 + (Ny cos — M sin 0)r 4+ O(r?),

i = —M; cos@ — Ny sin@ + [(Fakig — Ma) cos 0 4 (Gakig — Np)sin 6] r + O(r?),

52 = (—ng‘go + No) cosf + (nggo — Mo) sin 6

+ [(—ngzo — nggl + Nl) COSQ + (nggo —+ FQle — Ml) sin 0} r+ O(Tz),
1
’f]g = ; [kQO(FQ cos + GQ blna)

+ ((ng’go + Fyko — M1) cosf + (G3]{120 + Gakoy — Nl) sin&)r + O(’I"Z)} .

After a long calculation, it follows that & and 7j; are expressed as follows:

&1 =&+ Enr + O(r?), i =fj10 + fur + O(r?),
. - 1 _
& = &y + Enr + O(r?), 2 == [l20 + 21 + O(r?)]
where

z apz 1 i T2

€10 :7, Mo = 2A(—2A3v cos 0 + bz As, sin 9),

. 1 _ ~ _

I3 SV {2 (Asu(agz Az, cos @ — a11 Az, sinf — cos fsin6)

— ag2 Azuy Asy + Azpy(ar1 Az, + cos b))
— bgflgv(auflgv + A2 cos? 0 + cos 0) sin 0} ,

1 = ng [—24A2A4v cos 6 + 12A§UA2U cos 0 + 24[1214127,143 cos 0
+ 12a02%~1§u(3a11f~12v cos 0 + age? sin® ) cosfsinf — 24a11a02f~1§v sin® 0
+ 12a023/~1§u cos @ sin® 6 + 12a20a11314~12u cos® 0 + 60@112(1022;121, cos fsin* 0
+ 24A2A§ cos 0 + 12aspaq1* cos® 0 — ags” sin® 0 tan 6 + 4by A% Ay, sin® 0
—3b3% Ay, cos Osin* 0 — 6b31213v(/~1§v —cos?6)sin? 0|,

2 -~ o~ ~ ~
520 :%(AQAQU + COS2 9 SiH 0) sin 9, 7720 = 520 cot 0, 17]21 = 521 cot 9,

~ 1 _ _

£ T [3@11a02A2A3 + age® A* Az, sin 6
+ Az, (200242 A2, — a1 A% — A% — 8ay1a0; cos O sin ) cos 6
— apa Asuy (214121213” + allﬁgv cos 0sin 0 + 3agy cos? 0 sin? )

+ /131”)(2/12/121) + allfigufigv + allflgv sin 0 + 2./42 sinf — 3&022 sin3 9)] cos fsin 6
bs

5 [21412/121,((1112131, + Ay, cos ) — 2ay; cos? 0) + 312121“:1%” cos? 0
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+ 5a11/i§v cos? Osinf + 3/121, cos® Osinf + a2 cos® 0 sin? 9} sin? 6.

The unit principal vectors v; are given by

1 ~ 0 0
Vi= ——= — = (&81" + ﬁi%) , (2.15)
VEE + 2P + Gii

where E, F, and G are the coefficients of the first fundamental form of ¢ in the coordinates
(r,0). We calculate that

E =cos?0+4 (cos2 6 sin? 0 + fl%) r? 4+ 0(r%),
F = —rcosfsinf

+2 [(0052 0 — sin? 0) cos O sin 6 + A, ([lgv cosf — Ay, sin 9)} rd 4+ O(r4),
G =r?sin®0 + [(COSQ 0 —sin® 0)? + (2121, cos ) — Ay, sin 9)2} 4+ O(rd).

Hence, we obtain

- S ~ . aga? cos? 0
B + 26y + Gilf = = —5— + 0(1),
- L - 4aga?(As Ay, + cos? 0sin 0)2
E€§ + 2F§2772 + Gn% _ 02 ( 2412 v ) 7“2 + O(Tg).
This completes proof together with (2.15)). O

Remark 2.5. The (unit) principal vector v; is extendible on {(r,80); r # 0 or cosf # 0}
and thus the principal field defined by v; is extendible on the Mobius strip M except on the
set {(r,0); 7 =0, cosf = 0}. The principal curvature vector r2v; is extendible over R x S*
even though v is not. So the principal field defined by v; is extendible over M.

2.4 Ridge points and sub-parabolic points over Whitney umbrella

Ridge points. By the computation in the previous subsection, we can express v;k; as
follows:

.. . 1
Viki (’I“, 0) =R110(9) + R111(0)7’ + -, VQKZQ(’/’, 9) :ﬁ(RQIO(e) + R211(9)7’ + -,

where v;k; denotes the directional derivative of the principal curvature &; in the principal
vector v;. We say that a point (ro,0) is a ridge point relative to the principal vector vq
(resp. V) if V1&1(ro,00) = O (vesp. r*Vaia(ro,0p) = 0). If the ridge point (rg,6p) is over
Whitney umbrella (that is, ro = 0) this is equivalent that Rq10(6p) = 0 (resp. R210(6p) = 0).
Tt is possible that R;10(f) has multiple roots. We say that (0,6p) is a multiple ridge point
relative to v; if 6y is a multiple root of R;10(0). We say that a point (0,6p) is a n-th order
ridge point relative to V1 (resp. Va) over Whitney umbrella if Rino(6p) =0 (1 £ m < n) and
Rin+1,0(00) # 0, where

1
r2+2m

{’gm)%(ﬂ 0) =R1mo(0) + Rim1(O)r + -+, {’ém)kz(ﬁ 0) = (Ramo(0) + Rom1(0)r + - -
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Here, Vgn)ki denotes the n-th time directional derivative of &; in the direction v;. The ridge

line relative to v; near the exceptional set X = 771(0,0) is expressed by the equation:
Rz‘10(9) + R“l(a)?’ + ... =0.

In terms of the normal form of Whitney umbrella, we have %1(0,6) tends to infinity as 6
approaches +m/2, by (2.9), and, after some calculations, we obtain

I'3(0) sec® 0

ViRi(r, 0) = A0) +O(r), (2.16)
FaFia (r,0) riQ (—mrjgzif‘”e + O(r)) , (2.17)
Vofia(r,0) = %4 (— a0z (a1 COSZ(J(;)ZOQ simf)cosh | O(r)) , (2.18)
V1Ra(r,0) = %3 (— j?g;s + O(r)) , (2.19)

where
I'5(0) = 6A5 cos O — by Ay, sin® 6, I';(0) = 245 A5, + 2 cos? 0 sin 6.

Lemma 2.6. A point (0,0y) with cosfy # 0 is a ridge point relative to vy if and only if
['5(6p) = 0. Moreover, the point (0,00) is a first order ridge point relative to vy if and only
if T4(6) # 0, where

[4(0) =24agy Ay cos® 0 — 1242, cos? 6 — 12a92 A5 A3 — 12a0p A cos? fsin® 0

— a02b4flgv cosfsin* 0 + 12b32f~13v/121, cosfsin® 6 — 3b3/~1§v sin* 6.

Proof. The expansion ([2.16)) implies the first assertion. Since cosfy # 0, the condition
I's(6p) = 0 is equivalent to

asp = — [cos 00 (3az; cos? g sin Oy + 3a1o cos by sin? 0y + ao3 sin® 6)
— bg Sin3 90(0,11 COS 90 + ap2 sin 90)] sec4 00.
Using the above relation, we can reduce vi#1(0,6p) to

F4(90) sec5 90

0.0 = = A

and the proof is complete. O

Lemma 2.7. If bs # 0, then there are at most four ridge points relative to vi over Whitney
umbrella.
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Proof. The ridge points relative to v; over Whitney umbrella are given by I's(6) = 0; equiv-
alently,

aso + 3&21 tan @ + 3&12 tan2 0 + (ago - allbg) tan3 0 — a02b3 tan4 6 =0.
This implies assertions. O

Remark 2.8. When b3 = ap3 = a12 = a21 = agg = 0, the multiplicity of ridge points is not
defined but the order is defined. In fact, we have I'4(0) # 0.

Proposition 2.9. Suppose that a point (0,0p) is a ridge point relative to V1 over Whitney
umbrella, and that the ridge line relative to V1 is non-singular at (0,6p). Then the ridge line
is tangent to X at (0,6p) if and only if (0,00) is the multiple ridge point relative to V1.

Proof. Tt follows form (2.16)) that if and only if T'4(6p) = 0, the ridge line relative to vy is
tangent to X at (0, 6p). Hence, we have proved the proposition. O

From (2.18)), we have the following proposition.

Proposition 2.10. There are two simple ridge points relative to vo over Whitney umbrella.
That is, the ridge line relative to Vo is not tangent to X.

Sub-parabolic points. By the computation in the previous subsection, we can express
ViR; (i # j) as follows:

Vika(r, 0) = %3(1310(9) +Pu(O)r+--), voRai(r,0) = T%(Pm(@) + Py (0)r +---).

We say that a point (1o, 0y) is a sub-parabolic point relative to the principal vector vy (resp. V)
if 73v1&2(r0,00) = 0 (vesp. r2V9k1(ro,00) = 0). When the sub-parabolic point is over
Whitney umbrella (that is, 7o = 0), we obtain P;y(6p) = 0. A point (0,6p) is said to be a
multiple sub-parabolic point relative to v; over Whitney umbrella if 6y is a multiple root of
P;y(0) = 0. The sub-parabolic line relative to v; near X is expressed by the equation:

Pio(0) + P (0)r +--- = 0.
From (2.17) we have the following lemma.

Lemma 2.11. A point (0,00) is a sub-parabolic point relative to Vs if and only if T5(09) =0
holds.

From (2.19)), we have the following proposition.
Proposition 2.12. There is no sub-parabolic point relative to vi over Whitney umbrella.

Lemma 2.13. There is at least one and at most three sub-parabolic points relative to vy over
Whitney umbrella.
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Proof. The sub-parabolic points relative to v over Whitney umbrella are given by I';(0) = 0;
equivalently,

aspai1 + (2 + agpape + 2a112) tan 6 + 3aj1ags tan? 0 + ags? tan® 6 = 0.

Since age # 0, the equation has at least one and at most three roots and we have completed
the proof of the Lemma. O

It follows from (2.17]) that we obtain the following proposition.

Proposition 2.14. Suppose that a point (0,6q) is a sub-parabolic point relative to Vo over
Whitney umbrella, and that the sub-parabolic line relative to Vo is non-singular at (0,6p).
Then the sub-parabolic line is tangent to X at (0,00) if and only if (0,600) is the multiple
sub-parabolic point relative to vo.

Example 2.15. We set (a20, a11,a02) = (—3,0,1) in the normal form of Whitney umbrella,
then we have ,
I'5(0) = — cos? @sin 6 + sin® 4.

The roots of I'4(0) = 0 are § = +x/4 and § = 0. Hence, we have the distinct three simple
sub-parabolic points (0, £7/4) and (0, 0) relative to Vo over Whitney umbrella.

(1) We take (asg,a21,a12, ao3,b3) = (—1,0,10/9,0,1). Then we have
4 10 9,2 4
I'3(0) = —cos™ 0 + 3 cos fsin® § — sin” 6.
The roots of I's(#) = 0 are § = +7/3 and § = +£7/6. Hence, we have four distinct
simple ridge points (0, +7/3) and (0, +7/6) relative to V1 over Whitney umbrella.
(2) We take (a30, asi, 12,003, b3) = (—3, O, 4/3, 0, 1). Then we have
['3(0) = —3cos* @ + 4 cos® Hsin® § — sin® 6.

The roots of I's(0) = 0 are § = +7/3 and § = +7/4. Hence, we have four distinct simple
ridge points (0, £7/3) and (0, £7/4) relative to v; over Whitney umbrella. Remark
that the points (0, £7/4) are ridge relative to v1 and sub-parabolic relative to vs.

2.5 Constant principal curvature lines

We set ¥} (resp. ¥2) (k > 0) as the image of
{(r,0) € Rx S*; ky(r,0) = £k} (resp. {(r,0) € R x S*; ko(r,0) = +k})

by the double covering R x S' — M. We call £, = ¥} U X% by the constant principal
curvature (CPC) line with a constant value of k. Remark that X N¥% = (. Remark also
that X is nothing but the parabolic line, which we already described in Proposition [2.3
Remember that M is non-orientable and the induced image of n, by @ : R x S' — R2,
covers “all possible unit normals”. We remark that Xj (k > 0) is the singular set of the front
of g at distance 1/k.
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Proposition 2.16. A CPC line X (k # 0) intersects with X in at most four points.

Proof. The number of the intersection points of ¥; and X equals the number of roots of the
equation |k1(0,0)| = k. From (2.9), we obtain the equation

(ag0 cos? § — apz sin® ) sect

= k.
\/cos2 0 + (a11 cos € + agg sin )2

Squaring both sides and setting the equation to 0, we get
[agngkQ (a112+1)] cos* 0—2agsa;11k? cos® 0 sin 0—ap2(2a20—ap2k) cos? 0 sin? O+age? sin® 6 = 0.
Dividing both sides by cos* #, we obtain
az0? — k*(a11? 4+ 1) — 2ap2a11k? tan 6 — aga(2a00 — agak?) tan? @ + agy? tan® 0 = 0.
Since age # 0, this equation is quartic in tan  and we have thus completed the proof. O
Setting C(r,0) = &, (r,0)° — k2 (k # 0) and by ([2:8), we have
C(r,0) = —k* + k10(0)® + 2k10(0)k11 ()7 + (2k10(0)k12(0) + k11 (0)*)r2 +--- . (2.20)

From (2.16)) and ([2.18)), the principal vectors v; can be written in

91(r,6) = (210(0) + 21a(O)r )+ (10(8) + yua(O)r )
\72(7",0) = %[($21(9)T‘+$22(9)7’2 + - ) % + (ygo(e) +y21(9)’/‘ + - ) % .

Note that x10(0) # 0 and y20(0) # 0. Therefore, the directional derivatives of %4 (r,8) by v;
are expressed as follows:
Vik1(r, 0) =210(0)k11(0) + y10(0)k14(0)
+ (2210(0)k12(0) + 211.(0)k11(0) +510(0) k11 (6) + 911 (O)k10 () + -+, (9 91

- 1
V2Ry(r,0) = [y20(0)k10(0) + (221 (0)k11(0) + yoo(0)k11(0) + y21(0) k1o (0))r + - -+ ]
The following lemma provides the criterion for the singularity of the CPC line intersecting
with X in terms of the configurations of the ridge line and the sub-parabolic line.

Lemma 2.17. Suppose that a point (0,0) is not parabolic and that the CPC line ¥j meets
X at (0,6p). Then the CPC line ¥y, is singular at (0,6¢) if and only if (0,6p) is the ridge
point relative to V1 and the sub-parabolic point relative to vo. In this case, the singularity is
of Morse type if and only if the ridge line relative to v1 and the sub-parabolic line relative to
Vq intersect transversely at (0, 6p).

Proof. Let us use expansions (2.20) and (2.21)). Now we have ki10(6g) # 0. The CPC line Xy,
is singular at (0, 6p) if and only if C,.(0,6y) = Cy(0,65) = 0. By computation, we have

O,-(O, 90) = 2k1o(90)k11(90) and O@(O, 90) = 2k10(00)k10(90).
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It follows that X, has singularity at (0,6p) if and only if k{,(60) = k11(6p) = 0. From (2:21)),
we deduce that (0,6p) is the ridge point relative to v; and the sub-parabolic point relative
to Vo if and only if k{,(0g) = k11(6p) = 0. This completes the proof of the first assertion.

We show the second assertion. Assume that (0, 6p) is a singularity of 3. Then (0, 6p) is
a Morse singularity if and only if

This is equivalent to
2
2k10(00)k12(0) — K11(60)” # 0.
It follows from ([2.21]) that the ridge line relative to ¥v; and the sub-parabolic line relative to
Vo intersect transversely at (0,6p) if and only if

2x10(00)k12(00) + y10(00)k11(00)  210(00)k11(00) + y10(00)kio(0)

0;
20(00) 1 (00) 2060 )k (0) 7
equivalently,
2
210(00)y20(00) (2k10(00)k12(0) — K11 (60)”) # 0.
We thus have completed of the proof of the second assertion. O

Lemma 2.18. Suppose that a point (0,60) is not parabolic and that the CPC line ¥j meets
X at (0,0p). Then the CPC line ¥y is tangent to X at (0,00) if and only if (0,0y) is a
sub-parabolic point relative to Vo which is not a ridge point relative to vy.

Proof. Let us consider expansions (2.20) and (2.21)). From ([2.20)), the equation of the tangent
line of ¥, at (0,6p) is then

kll(eo)r + k'lo(ﬁo)(G — 00) =0.

It follows that the CPC line ¥, is tangent to X if and only if k},(6p) = 0 and k11(6p) # 0.
From (2.21)), we show that the point (0,6p) is a sub-parabolic point relative to Vo which is
not a ridge point relative to v if and only if k1,(6) = 0 and k11(0o) # 0. O

Lemma 2.19. Assume that the CPC line %y, and the ridge line relative to vi meet at a point
(0,60) which is not parabolic over Whitney umbrella. Then

(1) These two curves intersect transversely at the point (0, 6y) if and only if the point (0, 60)
is a first order ridge point relative to vi.

(2) These two curves are tangent at the point (0,6y) if and only if the point (0,6p) is a
second or higher order ridge point relative to v1.

Proof. Let us consider expansions (2.20) and (2.21). Remark that k19(6p) # 0. The ridge
line relative to v passes through (0,6y), that is, (0,6p) is a ridge point relative to v; over
Whitney umbrella if and only if

£10(00)k11(00) + y10(60)k10(60) = 0.
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Since z19 # 0, this is equivalent to

~ y10(00)k10(00)
x10(00)

The CPC line ¥, and the ridge line relative to v; intersect transversely at (0, 6p) if and only
if the determinant

k11(60) 2210(60)k12(00) + 211(60)k11(00) + y10(00)k11(00) + y11(60)k10(00) (2.23)
K10(00)  10(00)k11(00) + 21 (00)k11(60) + y10(00) K1 (60) + y10(00)K10(00) '

is not zero. Otherwise, these two curves are tangent at (0, 6p) if and only if the determinant

(2.23)) is zero. By using ([2.22)), the determinant (2.23)) is expanded as

- (1927?/10(90) [2210(60)  k12(60) + 2210(00)*y10(00) K1 (60)
T10(bo
+ 210(80) *y11(00) K10 (B0) + 10(00)y10(60) Ko (60) — 210(00)11 (0)y10 (B0) K0 (60)

+ 210(60)y10(00)*K10(60) — y10(60) 20 (B0) K10 (60)]

k11(0o) = . (2.22)

and we obtain

. 1
ViE1(0,60) = 71000 2210(00)*k12(60) + 2210(00) *y10(60) k1 (60) + 210(80) *y11(00) K} 0 (60)

+210(00)10(00)* k(o) — 210(00)211(00)y10(00) K10 (0o)
+ 210(00)y10(00) *k1o (B0) — 2/10(90)256'10(90)”10(90)} :

Hence, we conclude that the determinant (2.23) is zero (resp. non-zero) if and only if (0, 6y) is
a first order (resp. second or higher order) ridge point relative to v, and we have completed
the proof. O

3 Singularities of the distance squared unfolding

We assume that g : (R?,0) — (R3,0) is given by (2.2). In this section, we investigate the
singularities of the members of the family of the distance squared function:

®:(R?0)x R® - R, (u,v) X (z,y,2) — —%(H(m,ywz) — g(u,v)|* = to?) (3.1)

where t( is a constant. We set ¢(u,v) = ®(u,v, 2o, Y0, 20) Where (o, yo, 20) is a point in R3,
and take to so that ¢(0,0) = 0, that is, to? = 2% + yo? + 20°.

Now we recall the definition of the normal plane. When the map ¢ : (R%,0) — (R3,0)
has Whitney umbrella at (0,0), the image of dg() is a line in R3?. We call the plane
perpendicular to this line the normal plane at Whitney umbrella.

Proposition 3.1. The following conditions are equivalent:

(1) The function ¢ has at least an Ay-singularity at (0,0);
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(2) The point (zo, Yo, 20) is on the normal plane at Whitney umbrella;
(3) There exist pg € R and 6y with 0y € [—7/2,7/2] such that (zo,yo,20) = po(0,0p).

Proof. The unfolding ® can be expressed as follows:

4

D (u,v,2,y,2) = coo(,y,2) + 2u + Z '1 =6 (@, y, 2)u’ ‘vI + O(u,v)®. (3.2)
i+j=2 v
We have
Coo = §(t02 —a? =y - 22)7 C0 = a20z — 1, c11=y+aiz, co2 = apz,
€30 = A30%, Co21 = G21%, Cl2 = G12%, Co3 = Qo3Z + b3y,
ca0 = —3a20 4 as0z, €31 = —3a20a11 + az12, Cao = —2 — 2a11° — agpaoz + 2272,
C13 = —a11a02 + a132, Coa = —3age” + bay + apaz.

Then ¢ can be written in the form

o(u,v) = zou + Z ﬁc”u Wl 4+ O(u,v)?, (3.3)
i+7=2

where c?j = ¢;j(20, Yo, 20). It follows that ¢ has at least an A;-singularity at (0, 0) if and only

if zo = 0. Directly from the definition of the normal form we obtain that the image of dg(q,o)

is the x-axis. Hence, the normal plane is the yz-plane. Thus (1) and (2) are equivalent.
Next, suppose (2) holds. Since ags # 0,

(0, —aq1 cos 0 — ape sin 6, cos 6)

(0, 6) =
(0,6) \/(10529—1— (a11 cos 8 + aga sin §)?

expands in all direction in the yz-plane. Hence, there exist pg € R and 0y with 6y €
[—7/2,7/2] such that (20, Yo, 20) = pona(0, fp).
Finally, suppose (3) holds. Then we have 2o = 0. Thus (3) implies (1). O

3.1 Focal conics

Proposition 3.2. The points (xg, Yo, 20) at which @ has at least As-singularity (valid for the
rest of the paper “an Ag-singularity”) at (0,0) form a conic in the normal plane.

Proof. Assume that ¢ has at least an Aj-singularity at (0,0), that is, o = 0. Then the
determinant of the Hessian of ¢ at (0,0) is given by

©uu(0,0) 4y (0,0) Sy 2 2y, 2
= = — —2a 20 + (agpap2 — a 207 — Qp220-
0u0(0,0)  940(0,0) C(lJl 082 Yo 11%020 + (a20@02 11°)20 0220

Therefore, the locus of the equation
—y? — 2a11y2 + (azoa02 — a11?)2* — agez =0

is the set of the points at which ¢ is an Ag-singularity at (0,0). Thus we complete the
proof. L
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Lemma 3.3. The function ¢ has an Ag-singularity at (0,0) if and only if (xo,yo,20) =
(0,0,0) or

1

($0;ZUO7ZO) = m

7(0,00) with 71(0,00) #£0, where 6y € (—g g) :

Proof. Suppose that ¢ is at least an Aj-singularity at (0,0). By Proposition we have
(z0,Y0,20) = pon(0,6p) where py € R and 0y € [—n/2,7/2]. Substituting this into the
equation —y02 — 2a11Yoz0 + (a20a02 — a112)202 — ap2z0 = 0, we obtain

B \/cos2 0o + (a11 cos by + aga sin p)?

(a0 cos? By — ags sin? f) sec B

po =0, or Po
When pg = 0, the point (xg,yo, 20) coincides with (0,0,0). In the later case, py coincides
with the principal radius 1/%1(0, 6p). O

For this reason, we call the set of the points (z,y, z) at which ¢ has an Ag-singularity
at (0,0) the focal conic of Whitney umbrella. Focal conics are classified into three types as
shown in Figure[l] The following proposition provides a classification of focal conics.

Proposition 3.4. (1) The focal conic is an ellipse if and only if aspage < 0.

(2) The focal conic is a hyperbola if and only if aspape > 0, in which case its asymptotes
are parallel to y + (a11 = \/az0a02)z = 0.

(3) The focal conic is a parabola if and only if azg = 0, in which case its axis of symmetry
is parallel to y + a1z = 0.

Proof. Remark that the focal conic is the zero locus of
FC(y,z) = —y* — 2a11y2 + (az0a02 — a11°)2” — ag22.

Firstly, we assume that asg # 0. Replacing y and z by y — a11/(2a2) and z + 1/(2as0),
respectively. Then the equation F'C(y,z) = 0 has the form

a
—702 — (y + a112)2 + a20a0222 = 0
4ago

This form implies the assertion (1) and (2).
Next, we assume that agg = 0. Then the equation F'C(y, z) = 0 reduces to

—(y + a112)? — agaz = 0.
This implies the assertion (3). O

The following proposition provides properties of the focal conic. It is easy to verify this
proposition and we omit its proof.

Proposition 3.5. Let g be given in the normal form of Whitney umbrella and let Cy, denote
the circle centred at the origin with radius 1/k in the normal plane.
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Figure. 1: The three types of focal conics: focal ellipse left, focal parabola center, focal
hyperbola right.

(1)
(2)
3)

(4)

()

(6)

The y-axis is tangent to the focal conic at the origin.
The circle Cy, is a subset of the front at distance 1/k.

For k > 0 we have #3,NX = #C,N{(y, 2) ; FC(y,z) = 0} where X is the exceptional
set X = 71(0,0) on the Mobius strip M. Since #Ci, N {(y,z) ; FC(y,z) = 0} is at
most four, #3, N X is also at most four (cf. Proposition|2.16)). Moreover, we have

Crn{(y:2); FCly,2) =0y = |J Ra(0,0)n{(y,2) ; FC(y,2) =0} \{(0,0)}
0:71(0,0)=k

= %ﬁ(o,a).

6:71(0,0)=k

Ifn(0, 0) is parallel to the axis of symmetry of the focal parabola or the asymptotes of the
focal hyperbola, then Rn(0,0) N{(y,z) ; FC(y,z) =0}\{(0,0)} =0 and %1(0,0) =0,
that is, (0,0) is a parabolic point over Whitney umbrella.

The circle Cy, 1is tangent to the focal conic at n(0,0)/k if and only if (0,0) a is sub-
parabolic point relative to vo over Whitney umbrella. For any focal conic, there exists
at least one and at most three values of k such that Cy is tangent to the focal conic.
This implies that the number of the sub-parabolic points relative to vo over Whitney
umbrella is at least one and at most three (cf. Lemma.

The origin of the normal plane is the vertex of the focal conic if and only if a1 = 0.
In this case, we have &1(0,—0) = £1(0,0), and (r,0) = (0,0) is a sub-parabolic point
relative to va.

When the focal conic is a parabola, (r,0) = (0,0) is parabolic (in fact, %1(0,0) = 0) and
sub-parabolic relative to Vo over Whitney umbrella (i.e., T5(0) = 0).

We obtain the following corollary by Propositions and
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Corollary 3.6. (1) There is no parabolic point over Whitney umbrella, that is, the parabolic
line dose not meet with X, if and only if the focal conic is an ellipse, in which case we
have the hyperbolic Whitney umbrella.

(2) There is one parabolic point over Whitney umbrella, that is, the parabolic line meets with
X at one point, if and only if the focal conic is a parabola. In this case the intersection
point of the parabolic line and X is a sub-parabolic point relative to vo. Furthermore,
the parabolic line is tangent to X at the point if and only if the point is not a ridge
point relative to V1. In this case, we have the parabolic Whitney umbrella.

(3) There are two parabolic points, that is, the parabolic line meets with X at two points,
if and only if the focal conic is a hyperbola, in which case we have the elliptic Whitney
umbrella.

3.2 Versality of distance squared unfolding

We do not repeat here the definition of versal unfolding, which is fundamental in singularity
theory. Please refer to [I] for elegant explanation, [I7] for elementary introduction, and
[25] for carefully prepared survey. The notation in [25] becomes the standard in singularity
theory.

Theorem 3.7. Suppose that g : (R?,0) — (R3,0) is given in the normal form of Whitney
umbrella. Assume that ® : (R?,0) x R® — R is the distance squared function defined by
(3-1) and that o(u,v) = ®(u, v, z0, Yo, 20) where (xo,Yo,20) is a point in R3.
(1) Suppose that (zo,yo,20) = 0n(0,60)/1(0,00) # (0,0,0) with %1(0,6p) # 0 and to? =
T + Yo + 202, where 0y € (—7/2,7/2).

(a) The function o(u,v) has an Ag-singularity at (0,0) if and only if (0,6p) is not
a ridge point relative to vy over Whitney umbrella. In this case, ® is RT and
K-versal unfolding of .

(b) The function ¢ has an As-singularity at (0,0) if and only if (0,00) is a first order
ridge point relative to vi over Whitney umbrella. In this case, ® is an R™-versal
unfolding of ¢. Moreover, ® is a K-versal unfolding of ¢ if and only if (0,60) is
not a sub-parabolic point relative to vo over Whitney umbrella.

(2) Suppose that (zo,yo,20) = (0,0,0) and to = 0. Then ¢ has an As-singularity at (0,0).
In this case, ® is neither an RY-versal nor a K-versal unfolding of ©.

Proof. Let us use expansions of ® and ¢ as in and , respectively. We remark that
the coefficient ago appearing in the normal form of Whitney umbrella is not zero.

(1) We first prove the condition for the point (0,0) to be an Ay or As-singularity of .
Lemma [3.3] now shows that ¢ has an Aj-singularity at (0,0). By and (2.9), we have

(@0, Y0, 20) = (07 -

Simple calculations show that
S0 A\ a02 sin? 0, — cos 0y sin 6y
0 0 - . . 2 .
Ci1 Co2 g0 cos2 Oy — age sin O \ — cos Oy sin Oy cos? 6y

o7

(a11 cos by + agz sin By) cos by cos? 6y

) £ (0,0,0).

. Y .
a0 cos2 0 — ap2 Sln2 90 a0 cos? 90 — ap2 Sln2 90




Taking s and (§,7) so that
LRORCE)
—&n ¢ ¢l Coz)’

ap2

we obtain

5= and (&,m) = (cosfy,sinfy).

a0 cos2 By — age sin® Oy
Setting ¢ = 2s(c3,£2 + 2c%5¢&n + c54m?) /€* and replacing v by v + (n/€)u — cu?, we have

4
1 o
® = coo(,y,2) +2u+ Z i'—j'cij(x,y, 2)utv? + O(u,v)?,
itj=2 "

where

. 1 . 1 R
Co0 = 7(02052 +2c11€n+coan’),  én = z(ené +coan), oz = coz,

§ §
. 1
Ca0 = 2g% (552(83053 + 318 + 3c126n” + co3n’) — 3(c11€ + coan) (5,67 + 2¢}pén + 082772))
N 1
Cn = Ca [s€%(c216% + 2c12€n + coan®) — co2(51€% + 2¢056m + con?) ],
. 1 .
Cr2 = E(Czﬁ + co3n), o3 = cos,
N 1
Cq0 = ?4(02054 + 45,670 + 6¢3,6°0% + 4cV5E%n + )
3
- g(cgﬁZ + 2¢056n + cQsn?) [2(02152 + 2126 + coan®) — (9167 + 2¢]56n + 083772)] .
Therefore, ¢ is expressed as
= 1é v+ 1(é u? 4 3%uv? + éd5v3) + Z Lé(»).uivj + O(u,v)?
¥ = 5%z 630 12 03 i1 U)o

itj=4

where é?j = ¢;;(20,Y0,20). By this form, ¢ does not have Dy or worse singularities. This
form also shows that ¢ has an As or As singularity for (xo,yo,20) at (0,0) if and only if
& # 0, or ¢Jy =0 and ¢}, # 0, respectively. After some computations, we extract that

~0 F3(90) sec2 90 0 F4 (90) sec4 90

Cap = 5 — and ¢y =
aop COS 90 — Q2 SN 90

ap2 (a20 cos? 90 — ap2 SiIl2 90)

Therefore, from Lemma it follows that ¢ has an Ay or As-singularity at (0,0) if and
only if (0,6p) is not a ridge point relative to v; or a first order ridge point relative to vy,
respectively.

We now turn to the versality of ®. Firstly, we prove Case (a). Suppose that (0,0) is an
Ao-singularity. We remark that As-singularity is 3-determined. To show the RT-versality
and the KC-versality of @, it is enough to verify that, respectively,

& = <<Pua <Pv>£2 + <(I);c|R2 XPpos (I’y|R2><p07 ®Z|R2Xpo>R + <1>R + <u,v>§2, and (3'4)
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&y = <80ua§0v7@>82 + <¢I|R2><p07®y‘R2><poﬂ <I)z|R2><po>R + <u7v>§2» (3-5)

where po = (0, Yo, 20). The coefficients of u*v? of functions appearing in ([3.4) and (3.5)) are
given by the following table:

u v u uv u u-v uv v

D, 0 0 0 0 0 0 0O 0 0
o, —Yo 0 0 a0 1 0 Q3o Q21 Qi2 Q3
b, —20 0 0 B0 Bi1 Po2 B0 Bor P12 Pos
Pu 0 0 0 %égo 0 % &y %6910 %égl %6(2)2 % é[1)3
Po 0 0 [és 0 &y % 03 % & % o % &y é 0a
¥ 0 0 0 0 0 3¢ | 5% 0 30 §s

Py, 0 0 0 0 0 0 %1 0 i), o0
vy 0 0 0 0 0 0 0 3¢ 0 i,

Uy 0 0 0 0 0 0 & 18 0
v 0 0 0 0 0 0 0 & L,

o, |0 0 0 0o 0 0 0 0 0

wp, 0 0 0 0 0 0 0 0 || o
w20, 0 0 0 o 0 0 o 0 0

Here,
9éy; 0é:;

Q5 = 87;(5007210,20)7 Bij = @(5607210,20)7

and boxed elements are non-zero. Hence, Gauss’s elimination method using boxed elements
as pivots leads to that the matrix presented by this table is full rank. Thus the equality
holds. The case of is similar.

Next, we consider Case (b). Suppose that (0,0) is an As-singularity. We remark that
As-singularity is 4-determined. To show the R™-versality and the K-versality of ®, it is
enough to verify that

&= <90ua§0v>€2 + <(I)m|R2><p07(I)y‘R2><p07q)Z|R2><po>R + <1>R + <u,11>5, and (36)

&y = <<Pua90v>$0>82 + <<I):v‘R2><p0a q>y|R2><p0a(I)z|R2><po>R + <U7U>57

respectively. The coefficients of u*v’ of functions appearing in (3.6) and (3.7) are given by
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the following table:

1 u v ’LL2 uv U2 U3 U2U UU2 ’113 ’LL4
D, 0 0 0 0 0 0 0 0 0 0
o, —Yo 0 0 agy 1 0 Q30 Q21 Q12 Qg3 Q0
O, — 20 0 0 B2o P11 Bo2 B0 Bar Pz Bos Bao
eu | 0 0 0 | 0 0 3 | |géh| 58 58 s | %
Pu 0 0 0 & 3 58 3% 38 64 | 21
® 0 0 0 0 0 3¢ 0 0 3¢ 5 | 5%
Py 0 0 0 0 0 0 0 0 18, o0 +%
VPy 0 0 0 0 0 0 0 0 0 1&, 0
ugs | 0 | 0 0 0 0 0 & i o | i
ves | 0O |0 0 0 0 0 0 & Le, 0
oo | 0 |0 0 0 0 0 0 0 0
we, |0 0 0 0 0 0 0 0 [&,] o 0
o, | 0 | 0 0 0 0 0 0o 0 0 0
wivd (i4+7<3) | vt wdv uwP? w? v
. 0 0 0 0 0
v, 0 0 0 Coo 0 0
Wy 0 0 0 0 0
Vo 0 0o 0 0 0

The equality (3.6) holds if and only if the matrix presented by this table except the first
column is full rank. This requires that agg or Bag is non-zero. Similarly, ([3.7) holds if and
only if

Yo Q20
zo P

£0. (3.8)

Some calculations show that
g0 = 2tanfy and Pag = ago + 2a11 tan by + ags tan? 6.

Now we assume that (agg,820) = (0,0). Then we have 6y = 0 and agp = 0. Hence,
£1(0,00) = 0. Since this opposes the assumption %1 (0, 6y) # 0, the equality (3.6 holds.
We now turn to (3.7). A Calculation shows that

_2I'3(6o) sec by
A3(6)

Yo Q20
20 B2
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By Lemma it follows that (3.8) holds if and only if (0, 6p) is not a sub-parabolic point
relative to vo over Whitney umbrella.
(2) Now we can reduce ¢ to
Lo 1 5, 1

3
= — —-U" — —Q20"U — —a0011U UV
T T 2

1 1
- 1(2 + 2a11” + azoag2)u’v? — §a11a02uv3 - §a022v4 e

It follows that ¢ has an As-singularity at (0, 0). Next, we show that ® is not R "-versal. Since
As-singularity is 4-determined, ® is an R*-versal unfolding of ¢ if and only if the following
equality holds.

Ea = (Pu, Pu)e, + <<DI‘R2><{O}7 (I)y|R2><{0}v (I)Z|R2><{O}>R + )R+ <U»'U>5'

Since
o, =u+--, Oy=ww+---, &= %(agoug+2a11uv+a0202)+--~ ,
Y= —U+--,
Yv = *% [azoai1u® + (2 + azoaoz + 2a11?)uv + ar1ageuv® + ag2?v®] + -+,

the sum of two ideals (pu, ¥v)e, + (Pz|R2x {0}, PylrR2x {0} PzIR2x {0}) R does not contain v,
and ® is not an RT-versal unfolding of ¢. In a similar way, we can prove that ® is not
KC-versal. O

4 Singularities of caustics and fronts of Whitney um-
brella

If a smooth function germ f : (R?,0) — (R,0) is right equivalent to As-singularity, then the
discriminant set of a K-versal unfolding F' : (R?*x R3,0) — (R, 0) of f is locally diffeomorphic
to the discriminant set of the following unfolding:

G(u,v,z,y,2) = u® £v? + z + yu.

The singularity of the discriminant set of G is the cuspidal edge. Here, the cuspidal edge
is the image of a map germ A-equivalent to (u,v) — (u,v?,v%) at the origin. The picture
of the cuspidal edge is shown in Figure [2| (i). Similarly, if a smooth function f is right
equivalent to As-singularity, then the discriminant (resp. bifurcation) set of a K-versal (resp.
R*) unfolding F' is locally diffeomorphic to the discriminant (resp. bifurcation) set of the

following unfolding:
Gu,v,x,y,z) = ut 0% 4+ 2 + yu + 2u? (resp. G(u, v, T, Y, 2) = ut + 0 + zu? + yu).

The singularity of the discriminant set of G (resp. bifurcation set of G’) is the swallowtail
(resp. cuspidal edge). Here, the swallowtail is the image of a map germ .A-equivalent to
(u,v) = (u, 3v* + uv?,4v® + 2uwv) at the origin. The picture of the swallowtail is shown in
Figure 2] (ii). Therefore, Theorem [3.7|leads to the following.
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Figure. 2: (i) Cuspidal edge; (ii) swallowtail.

Theorem 4.1. Let g : (R?,0) — (R3,0) be given in the normal form of Whitney umbrella.
Suppose that (0,0p) is not a parabolic point over Whitney umbrella where 0y € (—7/2,7/2).

(1) Suppose that (0,00) is not a ridge point relative to V1 over Whitney umbrella. Then
the front of g at distance 1/|%k1(0,00)| is locally diffeomorphic to a cuspidal edge at
n(0, 6y)/#1(0,6p).

(2) Suppose that (0,00) is a first order ridge point relative to vi over Whitney umbrella.
Then the caustic of g is locally diffeomorphic to a cuspidal edge at (0, 60)/k1(0,00).
Additionally, if (0,00) is not a sub-parabolic point relative to Vo over Whitney umbrella,
then the front of g at distance 1/|71(0,6p)| is locally diffeomorphic to a swallowtail at
ﬁ(oa 00)//%1(07 90)

Theorem (1) and Proposition imply that the front of g has at most four cuspidal
edge singularities on Cf. Similarly, Theorem (2) and Lemma imply that the front of
g has at most four swallowtail singularities on C. If for example g is given in the normal
form of Whitney umbrella determined by coefficients

(a203 ai1, ap2, asop, a21, @12, a3, b3) = (3707 13 77707 8/3707 1)3

then the front of g at distance 1/1/2 has four swallowtail singularities on C Nt

In Theorem [4.3] below, we give the criteria for the cuspidal lips, the cuspidal beaks and the
cuspidal butterfly of fronts of Whitney umbrella. To prove Theorem we use the criteria
for these singularities of parallel surfaces of regular surfaces, which shown in the authors’
previous work [7]. We present these criteria as the following:

Theorem 4.2 ([[7], theorem 5-3]). Suppose that g : U — R? is a smooth map which defines
a reqular surface in R® and that gt denotes the parallel surface of g at distance t. Assume

that k;(p) # 0.

(1) Assume that g(p) is a first order ridge point relative to the principal vector v; and a
sub-parabolic point relative to the other principal vector, and det(Hess x;(p)) > 0 (resp.
< 0), where Hess ; denotes the Hessian matriz of k;. Then the parallel surface g at
distance t = 1/k;(p) is locally diffeomorphic to a cuspidal lips (resp. cuspidal beaks) at

g'(p).

(2) Assume that g(p) is a second order ridge point relative to the principal vector v; and
not a sub-parabolic point relative to the other principal vector. Then the parallel surface
gt at distance t = 1/k;(p) is locally diffeomorphic to a cuspidal butterfly at gt(p).
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Here, the cuspidal lips is the image of a map germ A-equivalent to (u,v) — (3u* +
2u?v?, u? + uv?,v) at the origin, the cuspidal beaks is the image of a map germ A-equivalent
to (u,v) — (3u* — 2u?v?,u® — uv?,v) at the origin, and the cuspidal butterfly is the image of
a map germ A-equivalent to (u,v) — (4u® + u?v, 5u* + 2uv, v) at the origin. The pictures of
these singularities are shown in Figure

(iii)

Figure. 3: (i) Cuspidal lips; (ii) cuspidal beaks; (iii) cuspidal butterfly.

Theorem 4.3. Let g : (R?,0) — (R3,0) be given in the normal of Whitney umbrella.
Suppose that (0,6p) is not a parabolic point over Whitney umbrella, where 6y € (—m/2,7/2).

(1) Assume that (0,6y) is a first order ridge point relative to V1 and sub-parabolic point
relative to Vo over Whitney umbrella, and that det(Hess&1(0,00)) > 0 (resp. < 0).
Then the front of g at distance 1/|71(0,00)| is locally diffeomorphic to a cuspidal lips
(resp. cuspidal beaks) at n(0,00)/%1(0,6).

(2) Assume that (0,00) is a second order ridge point relative to v1 and not a sub-parabolic
point relative to Vo over Whitney umbrella. Then the front of g at distance 1/]£1(0,6p)|
is locally diffeomorphic to a cuspidal butterfly at n(0,6q)/%1(0,00).

Proof. We shall prove the assertion (1). The proof of the assertion (2) is similar and we omit
the detail. We set g = go7: R x S — R? and g'(r,0) = g(r,0) + ta(r,0) (t # 0). Then
gt is the parallel surface of § at distance ¢, whose image is the front of g at distance |t|. The
principal radii of §* are given by

1 1

— =——1. 4.1

We consider two parallel surfaces of §: one is at distance tg = 1//1(0,6) by g, and

the other is at distance t; # tg by §°*. We remark that g% is the parallel surface of it at
distance 1/1(0,60) — t; = 1/&(0,60). Now suppose that §'*(0,6p) is a first order ridge
point relative to \7? and a sub-parabolic point relative to \751, that is,

VIR(0,00) =0, (V1)?&1(0,600) #0, and VEE(0,60) =0, (4.2)

and that det(Hess #%'(0,60)) > 0 (resp. < 0). Then it follows from Theorem that g'o is
locally diffeomorphic to a cuspidal lips (resp. cuspidal beaks) at gt (0, 6p).

63



Since the lines of curvature on all parallel surfaces correspond to one another (cf. [6]
p. 121, see also [26] p. 159), it follows that ¥i* (resp. Vi') is parallel to ¥; (resp. r?vy) at
(0,6p). This and (4.1]) show that the condition (4.2]) holds if and only if

V171(0,00) =0, V2&1(0,00) #0, and 7%V971(0,6,) = 0.

These conditions are equivalent to that (0,6p) is a first order ridge point relative to v; and
a sub-parabolic point relative to v, over Whitney umbrella. Moreover, it follows from
that the sign of det(Hess #{*(0,6p)) is the same as the sign of det(Hess &, (0, 6p)). Thus we
have completed the proof. O

We obtain criteria for the cuspidal edge, the swallowtail, the cuspidal lips, the cuspidal
beaks, and the cuspidal butterfly of fronts of Whitney umbrella, and the criterion for the
cuspidal edge of caustics of Whitney umbrella except at singular point of Whitney umbrella
(Table [1f). Finding a normal form of the caustic there is an open problem.

Table 1: Criteria for singularities of caustics and fronts of Whitney umbrella.

\ | caustic | front
no ridges — non singular cuspidal edge
1-ridges | not sub-parabolic || cuspidal edge swallowtail
sub-parabolic — cuspidal lips or beaks if CPC is Morse
2-ridges | not sub-parabolic — cuspidal butterfly

Example 4.4. Let g be given in the normal form of Whitney umbrella determined by
coefficients

(@20, a11,ao2, aso, az1, a2, aos3,b3) = (0,0,1,0,1,-1,0,0).

Then we obtain

1n(0,6) = (0, —sin#, cos ),
£1(0,0) = —sinftan¥,
I'3(0) = 3cos® fsinf — 3cos® fsin? 6,
I'3(0) = 2cos® fsin 6 + sin® 0,
I'4(0) = —3cos® 0 + 3 cos® fsin§ — 3 cos” Hsin? O + 12 cos? fsin? 6 + 3sin 6.

We set k = 1/v/2. The CPC line ¥, and the exceptional set X = 7~1(0,0) meet at two
points (r,0) = (0,47/4). Therefore, the front of g at distance v/2 has two singular points on
C} at

n(0,7/4) n(0, —mw/4)

W2 0,1,-1) and —2 T 9,21, 1).

a0 na) ¢ ) and Ty )
Conditions I's, I'j, and I'y are shown in Table From Table |2| it follows that (0,7/4)
is the first order ridge point relative to v; and not sub-parabolic point relative to vy over
Whitney umbrella, and (0, —7/4) is neither the ridge point relative to ¥ nor sub-parabolic
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Table 2: Conditions for points to be the ridge or sub-parabolic point.
I3(0) T1'5(0) T'4(0)
0=m/4 0 3/2 3/2
0=—-m/4 =3/2 3/4 —

point relative to Vo over Whitney umbrella. Hence, the front of g at distance /2 is locally
diffeomorphic to the swallowtail at (0,1, —1). Moreover, this front is locally diffeomorphic to

the cuspidal edge at (0,—1,—1). The picture of this front is shown in Figure 4l The thick
circle in Figure [d]is Cj.

swallowtail

cuspidal edge = o g«é@
Figure. 4: The front of Whitney umbrella g as in Example at distance v/2.
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