Journal of Singularities received 14 October 2010

_ in revised form 19 December 2011
Volume 4 (2012), 23-34 DOIL: 10.5427 /jsing.2012.4b

IRREDUCIBILITY CRITERION FOR QUASI-ORDINARY POLYNOMIALS

ABDALLAH ASSI

ABSTRACT. Using the notion of approximate roots and that of generalized Newton sets, we
give a local criterion for a quasi ordinary polynomial to be irreducible. Such a criterion is
useful in the study of singularities of quasi-ordinary hypersurfaces. It generalizes the criterion
given by S.S. Abhyankar for algebraic plane curves.

INTRODUCTION

Let K be an algebraically closed field of characteristic zero, and let R = K[[z1, ..., z.]] = K][[z]]
be the ring of formal power series in x1,...,7, over K. Let F' = y™ + ay(z)y" ' + ...+ an(x)
be a nonzero polynomial of R[y], and suppose that F' is irreducible in R[y]. Suppose that
e = 1 and let g be a nonzero polynomial of R[y], then define the intersection multiplicity
of F with ¢, denoted int(F,g), to be the xz-order of the y resultant of F' and g. The set of
int(F, g),g € Rly|, defines a semigroup, denoted I'(F). Tt is well known that a set of generators
of I'(F') can be computed from polynomials having maximal contact with F' (see [1]), namely,
there exist g, ..., gn such that n,int(F, g1),...,int(F, g,) generate I'(F') and for all 1 < k < h,
the Newton-Puiseux expansion of g coincides with that of ' up to a characteristic exponent of
F. In [1], Abhyankar introduced a special set of polynomials called the approximate roots of F.
These polynomials have the advantage that they can be calculated from the equation of F' by
using the Tschirnhausen transform. Suppose that e > 2 and that the y-discriminant of f, denoted
by D, (F), is of the form =", ... e u(zy, ..., z.), where Ni,..., N, € N and u is a unit in R
(such a polynomial is called quasi-ordinary polynomial). By the Abhyankar-Jung Theorem (see

[2]), the roots of F'(z,y) = 0 are all in K[[z],...,z2]], in particular there exists a power series
Y, oste) =D cne ot tbe € K[[t1,. .., te]] such that F(¢7, ..., ¢, y(t1,...,t.)) = 0 and
the other roots of F(t7,...,t",y) = 0 are the conjugates of y(ti,...,t.) with respect to the nth
roots of unity in K. Given a polynomial g of R[y], we define the order of g to be the leading
exponent with respect to the lexicographical order of the smallest homogeneous component of
g(th, ...t y(t1,...,t.)). The set of orders of polynomials of R[y] defines a semigroup, denoted
I'(F). Tt turns out that, as in the curve case, there exists a set of approximate roots of F' whose
orders generate I'(F') (see [6], [8]). Furthermore,

(*) these approximate roots of F' are quasi-ordinary and irreducible
In Section 4. we introduce the notion of generalized Newton set of a polynomial with respect to
a set of polynomials and a set of elements of N¢, and we define the notion of the straightness of
such a set. It turns out that

(**) F is straight with respect to its set of approximate roots and the set of generators of its
semigroup.
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The main result of the paper is that the two properties above, together with some numerical
conditions, characterize irreducible quasi-ordinary polynomials (see Theorem 5.1.).

Note that if e = 1, then any nonzero element of K|[z]][y] is quasi-ordinary, in particular our
results generalize those of Abhyankar given in [3].

The paper is organized as follows: in Section 1 we discuss the main properties of an irreducible
quasi-ordinary polynomial F. In Section 2 we introduce the notion of approximate roots of
a polynomial in one variable over a commutative ring with unity. By [6], the orders of the
approximate roots together with the canonical basis of (nZ)¢ give a set of generators of the
semigroup of F. We recall this property in Section 3. Sections 4 and 5 are devoted to the
irreducibility criterion: in Section 4 we introduce the notion of generalized Newton polygon,
and we define the notion of straightness of a polynomial with respect to a set of polynomials,
then we use these notions in Section 5 in order to decide if a given quasi-ordinary polynomial is
irreducible. We finally end the paper with some examples in Section 6.

Acknowledgements. The author would like to thank the referee for helpful comments and
suggestions on the original manuscript.

1. THE SEMIGROUP OF A QUASI-ORDINARY POLYNOMIAL

Let K be an algebraically closed field of characteristic zero, and let R = K][[z1, ..., z.]] (denoted
by K[[z]]) be the ring of formal power series in 1, ..., 2. over K. Let F = y" +a(z)y" ' +...+
an(z) be a nonzero polynomial of R[y] and assume, after a possible change of variables, that
a1(z) = 0. Suppose that the discriminant of F is of the form z*..... aolNeu(zy, ..., z.), where
Ni,...,N. € N and u(z) is a unit in R. We call F' a quasi-ordinary polynomial. It follows
from the Abhyankar-Jung Theorem (see [2]) that there exists a formal power series y(f) =
y(ti,...,te) € K][[t1,...,tc]] (denoted by K][t]]) such that F(¢7,...,t2,y(t)) = 0. Furthermore,

if F'is an irreducible polynomial, then we have:

n
Py, iy = [[—ywit,... wit.))
i=1
where (wi, ... wl)1<;<n are distinct elements of (U,,)¢, U,, being the group of nth roots of unity
in K.
Suppose that F' is irreducible and let y(¢) be as above. Write y(t) = Zp cpt? and define
the support of y(t), denoted Supp(y(t)), to be the set {p|c, # 0}. Obviously the support of
y(wity,. .., wete) does not depend on wy, ..., w. € U,. We denote it by Supp(F') and we call it
the support of F. Given a,b € N¢ we say that a < b (resp. a < b) if a < b coordinate-wise (resp.
a < b coordinate-wise and a # b). By [9], there exists a finite sequence of elements in Supp(F),
denoted my, ..., mp, such that
)mp <mg <...<my. .
ii) If p € Supp(F), then p € (nZ)° + 3 .. ne MiZ.
iil) m; ¢ (RZ)° + 3, ;myZ foralli=1,... h.
The set of elements of this sequence is called the set of characteristic exponents of F', or the
m-sequence associated with F.

Let glex be the well-ordering on N° defined as follows: a <gieq 5 if and only if |o] = Zle a; <

1Bl =>"5_, Bi or |a| =|8| and o <e; B (where lex denotes the lexicographical order).

Definition 1.1. Let u = }_ ¢,t” in K[[t]|] be a nonzero formal power series. We denote by
In(u) the initial form of u: if u = ug + ug41 + ... denotes the decomposition of u into a sum
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of homogeneous components, then In(u) = ug. We set Oi(u) = d and we call it the t-order
of u. We denote by expgie.(u) the greatest exponent of u with respect to glex. We denote by
incogieq (u) the coefficient Cexp,op ()5 and we call it the initial coefficient of u. We finally set

Mgiez(u) = incogieq (u)f“’glw(“), and we call it the initial monomial of w.

Remark 1.2. Let u(t) € K[[t]] be a nonzero formal power series, and let In(u) be the initial
form of u. Let < be a well-ordering on N° and define the leading exponent of u to be the leading
exponent of In(u) with respect to <. If < is not the lexicographical order, then we get a different
notion of leading exponent (resp. initial coefficient, resp. initial monomial) of u. Note that if
In(u) is a monomial, then these notions do not depend on the choice of <.

Denote by Root(f) the set of n roots of F(t7,...,t2,y) = 0 introduced above and let y(t) be an
element of this set. We have the following;:

Lemma 1.3. (See [9], paragraph 5.) In(y(¢) —z(t)) is a monomial for all z(t) € Root(f)—{y(t)}.
Furthermore, {exp ., (y(t) — 2(1))|2(t) € Root(f) — {y(t)}} = {ma,...,mn}.

Let g be a nonzero element of R[y]. The order of g with respect to F', denoted Ogicr(F, g), is
defined to be expgiez(9(tT, ..., t2,y(t)). Note that it does not depend on the choice of the root
y(t) of F(t7,...,t2,y) = 0. The set {Ogiex(F, 9)|lg € Rlyl, g ¢ (F')} defines a subsemigroup of
Z°. We call it the semigroup associated with F' and we denote it by I'(F') (see [6], [8],[10], and
[11] for the several definitions of the semigroup of F').

Let mq = (m},...,m§) be the canonical basis of (nZ)°. Let I, be the unit e x e matrix,
and let D1 = n® and for all 1 < i < h, let D;11 be the ged of the (e, e) minors of the matrix
(nle,miT,...,;m;T) (where T denotes the transpose of a matrix). Since m; ¢ (nZ)® +2 i myZ
for all 1 < i < h, then D;y1 < D;. We call (Dy,...,Dp41) the D-sequence associated with F
and we denote it by GCDM(m}, ..., m§, ma,...,my). We define the sequence (e;)1<i<n to be

%

e; = for all 1 < i < h, and we call it the e-sequence associated with F'.
i+1

Let Fy = K((z)) and let Fi, = Fp_q1 (2" ..... xe" ) for all k=1,...,h. In particular we have:

1 e 1 e
m my my my

FogFlgFggth:Fo(,IlT ..... T .o, Ien)

Proposition 1.4. With the notations above, we have the following:

i) If y(z) is a root of F(z,y) =0, then Fj, = K((y(x))).

ii) For all k =1,...,h, Fy is an algebraic extension of degree e; of Fj_1.

iii) For all k = 1,...,h, Fy is an algebraic extension of degree ey.ex_1. .. .. ey of Fy.
D e

iv) n= degy(F) =€..... e L . In particular Dy, = n®"1.

" Dpt1 Dpy
Proof. . ii), iii), and iv) are obvious. For a proof of i) see [9], Paragraph 5. O

Remark 1.5. (see [9]) Conversely, let N € N* and let Y'(¢) = >_ ¢,t? € K[[t]], and suppose
that there exists a finite sequence of elements m/, ..., m}, of Supp(Y (¢)) such that the following
holds:

iy mi <mh <...<myp,.

i) If p € Supp(Y'(2)), then p € (NZ)® + 3 ¢ e M5 L

iil) m; ¢ (NZ)® + 32, ;mjZ for alli=1,... ]
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Let F(z,y) be the minimal polynomial of Y (z% ) = o cpz¥ . Ifdeg,(F) = N, then Fo(Y(z7v)) =

m’1 m’§ m'l, m'e, _
Fo(xlN1 ..... xeNl ey X LAl xeTh) In particular, for all Z(t) € Root(F), In(Y (£)—Z(t)) =
a’.t™, where ' € K* and 1 < k < ’. This implies that D, (F) = a.z*(1 +u(z)), where a € K*

and u(0) = 0, i.e. F' is a quasi-ordinary polynomial.

The result of Proposition 1.4. has also the following interpretation: let My = (nZ)¢ and let
M; = (nZ)° + Z;‘=1 m;Z for all 1 < ¢ < h. Then My € My C --- C My, C Z°. In particular,
since My and Z° are free abelian groups of rank e, then for all 1 < ¢ < h, M; is a free abelian
group of rank e. Furthermore, e; is the index of the lattice M;_q in M;.

Let 1 <i < handlet vy,---,v. be a basis of M;, and recall that D;;1 is the determinant of the
matrix (v],---,vl). We have the following:

r Ve

Proposition 1.6. Let v be a nonzero element of Z° and let D be the ged of the (e, e) mi-

nors of the matrix (v7,...,v7,v7). Then D is also the ged of the (e,e) minors of the matrix
(nle,mT .- mT vT). With these notations, we have the following:

i) v € M; if and only if D= Diy.

D; . ~ D;
ii) 51 2w € M; and if D;1q > D then for all 1 < k < D“,k;.v ¢ M.

In particular, since m;11 ¢ M;, then D10 > D;y1, e;o1miy1 € M;, and km;yy ¢ M; for all
1<k< €ii1-
Proof. . i) Forallk =1,...,e, let Dy be the determinant of the matrix (v7 ... Jol ot vgﬂ, ..
If D= D;;1 then D;yq divid~es ﬁk. In particular the Cramer system vy + ...+ Aeve = v has
Dy,
i+1
ALy .-+ Ae such that v = Ajuy + ... + Aeve, but (Aq,...; ) is the unique solution to the (e, e)
Dy

the unique solution Ay = € Z. Conversely, if v € M;, then there exist unique integers

system aiv1; + ...+ a.v. = v, in particular A\ =

for all kK = 1,...,e. This proves that
i i+1
D = D;1.
D; — .
ii) Let the notations be as in i) and let 1 < k < —51 . Let D be the ged of the (e, e) minors
_ - ~ D;
of the matrix [v7,--- 0T, (k.v)T]. Clearly D = ged(kDy,- - ,kDe, Diy1). If k = DH’ then

_ D D
D= gcd(DiHEl, e ,Di+1§, D;+1) = D;11, which implies by i) that k.v € M;. Suppose that

. D; — L . .
D;y1 > Dandthat 1 <k < T—H If kv € M;, then D = D, 11, which implies that D;;; divides

gcd(k:ﬁl, oo kD., kD;y1) = k.D. This is a contradiction because k.D < Diy1.
|

The following result will be used later in the paper:

Corollary 1.7. Let the notations be as in Remark 1.5., i.e. N € N*, Y(t) = >_ cpt? € K[[t]],
and there exists a finite sequence of elements mj,. .., m}, of Supp(Y (¢)) such that the following
holds:

iy mi <mbh<...<myp,.

i) If p € Supp(Y'(t)) then p € (NZ)® + 3, e MiZ.

iii) m] ¢ (NZ)° + Y, _,m/Z for all i =1,..., 1.

.,veT).
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Let F(z,y) be the minimal polynomial of Y (z%) = o cpz® over K((z)) and suppose that
deg,F = N. Let m € N®, m},, <giex m, and let Y (t) = Y (£) +cmt™, ¢ € K*. Let finally F(z,y)
be the minimal polynomial of ¥ (z¥) over K((z)). We have the following:

1) deg,(F) > N and deg,(F) = N if and only if m € My, = (NZ)¢ + " m/Z.

2) If m € mj, + N¢, then F is quasi-ordinary.
Proof. . 1) Let (D = N€,...,Dpyq = N 1) be the D-sequence associated with F'. We have
deg,FF > N.[Fo(Y(z~)),Fy] > N, and m € My, if and only if Fjy = Fo(Y(zV)), and this
holds if and only if deg, (F) = N.

2) If m € My (vesp. m ¢ My ), then Y (x) and mf, ..., mj, (vesp. Y (z) and mi,...,mj,,my, | =
m) satisfy the conditions of Remark 1.5., and F' is quasi-ordinary.

O
D; . :
Let d; = D for all 1 < ¢ < h+ 1. In particular d; = n and dp+1 = 1. The sequence
h+1
(d1,dsg,...,dps1) is called the ged-sequence of F or the d-sequence associated with F. Let
(rdy - ,r§) = (mf, -+ ,m§) be the canonical basis of (nZ)¢ and define the sequence (ry)1<k<n

by ry = m; and:

Tk41 = €kTk + ME41 — Mk
forall1 <k < h—1. Wecall (r$,--- ,r§,r1,- -+ ,71) the r-sequence associated with F. Note that
each of the sequences (my)1<k<pn and (7x)1<k<n determines the other. More precisely mq = 4
and ridp = midy + Z?:z(mj —my_1)d; (resp. my =1 — Z?;ll(ej —1)r;) forall2 <k <h.In
particular My, = (nZ)®+ 25:1 m;Z = (nZ)° —|—Z§:1 r;Z for all k =1,..., h. It also follows that

GCDM(rg, -+« ,r&,r1,-++ ,rp) = GCDM(m}, - -+ ,m&, my,- -+ ,my), in particular, the results of
Proposition 1.6. hold if we replace (mq,--- ,my) by (r1,--+ 7).
Corollary 1.8. (see also [6], Lemma 3.3.) Let (rg,---,7§,71,- -+ ,71) be the r-sequence associ-

ated with F'. For all 1 < k < h — 1, we have:
1) red < Tk+1dk+1.
11) epry € Myp_q.
ili) For all 1 <i < eg,iry ¢ Mg_1.

Proof. . This results from Proposition 1.6. and the equalities above. (]

Let ¢(t) = (t],...,t2,Y(¢)) and 9 (¢) = (t{,...,t%, Z(t)) be two nonzero elements of K[[¢]]¢*.

" Ve 1 Yer

1
We define the contact between ¢ and 1, denoted cyiex (¢, 1), to be the element —exp,.,. (Y(ty,...,t)—
pq

Z(H,... ).
We define the contact between F' and ¢, denoted cgeq(F, ¢), to be the maximal element of

{cgrea (@, (87, - 10, y(D))|y(2) € Root(f)}-

Let g = y™ + by(z)y™ ! + ... + bm(z) be a nonzero polynomial of R[y]. Suppose that g
is an irreducible quasi-ordinary polynomial and let ¥(t) = (t7*,...,t7*, Z(t)) be a root of
g7, ..., t7,y) = 0. We define the contact between F' and g, denoted cgier(F, g), to be the
contact between F' and 1. Note that this definition does not depend on the choice of the root
Z(t) of g, and that if F.g is a quasi-ordinary polynomial, then In(F(¢(t)) = Myea(F((2))). In
this case, the contact cgeq(F, g) coincides with the notion of contact introduced in [4] and [12].
The following Proposition generalizes a well known result for plane curves. It calculates the
order Ogier(F, g) in terms of the contact cger(F, g) and the characteristic sequences of . When
F.g is quasi-ordinary, this result has been proved in [12], Proposition 2.14 and Proposition 5.9.
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Proposition 1.9. Let g = y™ + by(z)y™ ' + ... + by(z) be an irreducible quasi-ordinary
polynomial of R[y| and suppose that m < n. If ¢ = cgiex(F, g) then we have the following:
i) If nc <giex m1, then Ogier(F, g) = nime.
ii) Otherwise, let 1 < ¢ < h — 1 be the smallest integer such that my <glex NC <glew Mg+,
m

m .
then Ogieq(F,g) = (rqdq + (nc — mg)dg41) - P In particular Ogieq (F, g) <glew Tq+1Rg+1 - P

Proof. . The proof is technical. It uses the same arguments as in the case of plane curves (see
also [12], Proposition 5.9.). We shall consequently omit the details.
O

2. G-ADIC EXPANSIONS

Let S be a commutative ring with unity and let S[y] be the ring of polynomials in y with
coefficients in S. Let f = y™ +a;y™" ' + ...+ a, be a monic polynomial of S[y] of degree n > 0

in y. Let d € N and suppose that d divides n. Let g be a monic polynomial of S[y] of degree %
in y. There exist unique polynomials a;(y),...,aq(y) € S[y] such that:

d
F=g"+> aily)g™"
=1

and for all 1 <i < d, degy(a;(y)) < % = deg, g (where deg, denotes the y-degree). The equation

above is called the g-adic expansion of f. Assume that d is a unit in S. The Tschirnhausen

transform of f with respect to g, denoted 7¢(g), is defined to be 74(g) = g + d~'a;. Note that

7¢(g) = g if and only if a; = 0. By [1], 74(g9) = g if and only if deg, (f — g%) <n — % If one of

these equivalent conditions is satisfied, then the polynomial g is called a d-th approximate root

of f. By [1], there exists a unique d-th approximate root of f. We denote it by Appa(f).

Letn =dy > ds > -+ > dj, be a sequence of integers such that d; 1 divides d; for all 1 < i < h—1,
d; . . . .

and set ¢; = A 1<t<h-—1and ey =+4o0c0. Forall 1 < < h, let g; be a monic polynomial
it+1

of S[y] of degree dﬁ iny. Set G=(g1,...,9n) and let B = {0 = (01,...,0,) € N"0<; <e;

for all 1 <i < h}. Then f can be uniquely written as f = Z ag.gg where QQ = gfl ..... gzh and

0B
ag € S for all § € B. We call this expansion the G-adic expansion of f.

3. GENERATORS OF THE SEMIGROUP OF F

Let the notations be as in Sections 1. and 2., in particular F = y" + aa(2)y" 2 + ... + a,(x) is
an irreducible quasi-ordinary polynomial of R[y] = K[[z]][y]. We have the following:

Theorem 3.1. (see [6], [8]) Let the notations be as above, and let dy = n, ..., dp,dp+1 = 1 be the

ged-sequence of F. The dg-th approximate root Appg, (F') is an irreducible quasi-ordinary poly-

nomial for all k = 1,..., h. Furthermore, cyc.(F, Appy, (F)) = M and Ogiex(F, Appy, (F)) =
n

Tk-

Let G = (g1,---,9n,gn+1) be the di-th approximate roots of F, 1 < k < h+ 1, and recall that
9G1=1Y, ghy1 = F. Let B(G) = {0 = (01,...,04,0n1) € N0, 1 < +00 and 0 < ), < ey for
all 1 <k < h}.
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Lemma 3.2. (sce [8], (2.3)) Given two elements §',6% € B(G) and two elements 7',9% € N¢,
if O, = 03, and 8" # 6, then Y05, y)rh + Xy, Ohre # Yisy v + ey O

Let F'(z,y) be a monic polynomial of R[y] and let

= 0
F= Z co(z)gh.. ... gzh It
0€B(G)

be the G-adic expansion of F. Let Suppg(F) = {8 € B(G)|cy # 0} and let B'(G) = {8 €
Suppg(F)|0hs1 = 0}. Clearly F divides F if and only if B'(G) = 0. Otherwise, by Lemma

3.2., there is a unique 6 € Suppg(F) such that Oges (F, F) = Ogieq(F, M (cy, (g))g1 ,,,,, gzg) =

. — 1 h
Ogiex(F, M(cq, (z))) + 2?21 Opri. We set Mg(F) = Mgiex(co, (g))gfo ..... gzg and we call it the
G-initial monomial of F. This leds to the following proposition:

Proposition 3.3. (see also [6], [8]) With the notations above, r{, ..., 75,71, ..., 7, generate I'(F).

Lemma 3.4. (see also [6], Prop. 2.3. or [11], Lemmas 7.4. and 7.5.) Let F' be a non zero polyno-
mial of R[y]. If deg, (F) < dﬁ for some 1 < k < h, then Oyiep(F, F) €< 18, 18,71, ..o Th1 >

More precisely, there are unique 63, - -+, 6§,01,- - ,0x_1 € Nsuch that Oge, (F, F) = Y5, 0iri+
Zf;ll 0jr; where 0 < 0; <ej; forall 1 <j<k-—1

Proof. . Let the notations be as above, and let

- 0n On
F= Y co@al'.-. .90,
e

I
e

be the G-adic expansion of F. Since deg, (F) < dﬁ’ then for all § € Supp(F), Ok = -+ = 0,
A G
This implies the result.

4. GENERALIZED NEWTON SETS

Let n € Nyn > 1 and let ry = (r,...,7§) be the canonical basis of (nZ)¢. Let 11 < ... <}, be
a sequence of elements of N¢. Set D; = n® and for all 1 < k < h, let Dy41 be the GCD of the
e X e minors of the e x (e + k) matrix (nl., (r1)T,..., (rg)T). Suppose that n®~1 divides Dy, for
all 1 <k < h+1and that Dy = n°~! and also that D; > Dy > ... > Dp41, in such a way

D
that if we set di = n and d = _kl forall2<k<h+1,thendy =n>dy>...>dps1 = 1.
n

Forall1 < k < h+1, let g be a monic polynomial of degree dﬁ inyandset G = (g1, -+, 9h, 9h+1),
k
r=(ry,...,m,). Let H be a nonzero polynomial of R[y], and let

On
H= Z co(z)g .. ... gh P
9eB(G)

di .
where B(G) = {0 = (01,...,0h,0n11)|0h41 < +o0 and 0 < §; < p V1 < i < h}, be the G-adic
’L+1

expansion of H. Let Suppg(H) = {0 € B(G)|cp # 0} and let B'(G) = {8 € Suppg(H)|0h11 =
0}. Suppose that B'(G) # 0. Given § € B'(G), if 7, = expg,(co(z)), we shall associate with

the monomial cg(z)g?". .. .. g% the e-tuple
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e h
< (4 0): (ro,m) >=Y vo,mh+ D ;7).
i=1 j=1

We set Ng(H) = {< (v,,0), (rg,7) >,0 € B'(G)}, and we call it the G-Newton set of H. By
Lemma 3.2., there is a unique §° € B'(G) such that if Ygo = €XPgieq(coo(2)), then:

< (leO,QO), (fovﬁ) >= mingler (NQ(H))
where ming,., means the minimal element with respect to the well-ordering glex. We set
fO(r,G, H) =
< (leo,Qo), (rg,r) > and we call it the formal order of H with respect to (r,G). We also

set Mg(H) = Mgyiez(cgo (g)).gf? ..... gzg and we call it the initial monomial of H with respect to
(r,G). If B'(GQ) = 0, then we set fO(r, G, H) = (+00,...,+00). Note that this holds if and only
if gp41 divides H.

Let f = y" + ai1(z)y" ' + ... + a,(z) be a quasi-ordinary polynomial of R[y] and let d €
N,d > 1 be a divisor of n. Let g be a monic polynomial of R[y] of degree % in y and let

f=9%+ai(z,y)9% + ...+ aq(z,y) be the g-adic expansion of f. We associate with f the set
of points:

{(fO(r, G, ag), (d — K)fO(r,G, g)),k=0,...,d} C N® x N¢

We denote this set by GNS(f,r, G, g) and we call it the generalized Newton set of f with respect
to (r,G, g) (note that, since oy = 1, then fO(r, G, ap) = 0 € N¢).

Definition 4.1. We say that f is straight with respect to (r, G, g) if the following holds:

i) 0(r, G, aq) = dfO(r,G, g) and fO(r, G, aq) << (7,,0), (rg,r) > for all & € Ng(aq —
Mg(aq)).

ii) For all 1 <k <d—1, and for all § € Ng(aw), kfO(r,G, g) << (197@’ (rg,1) >.
We say that f is strictly straight with respect to (r,G,g) if the inequality in ii) is a strict
inequality.

Example 4.2. i) Let f = (y* — 23)? — 2%y + 2'% € K[[z]][y], and let o = 4,71 = 6,72 = 13,
G= (91 =9y9=vy?>—a%g3 = f), r = (r1,rm2): f = g3 — 2°g; is the go-expansion of f.
Furthermore, fO(r,G,g2) = 2 = 13, fO(r,G,2°g1 + %) = 5rg +r; = 26 < 10rg = 40.
In particular, GNS(f,r,G,g2) = {(0,26),(26,0)}, and f is strictly straight with respect to
(r,G, g2). Note that f is irreducible, and that I'(f) =< 4,6,13 >.

ii) Let f be as ini), and let 79 = 4,7y = 10,79 = 13. f G = (91 =y, 92 = y* — 23,93 = f) and
r = (10, 13), then GNS(f,r, G, g2) = {(0,26), (30 = 5r9 + 71,0)}, in particular, f is not straight
with respect to (r, G, g2).

5. The criterion

Let f = y™ + a1(2)y" ' + ... + an(x) be a nonzero quasi-ordinary polynomial of R[y] and
assume, after possibly a change of variables, that ai(z) = 0. Let ry = (r{,...,75) be the
canonical basis of (nZ)¢ and let D1 = n®, d; = n. Let g1 = y be the d;-th approximate root
of f and set 71 = expg,(an(z)). Let Dy be the ged of the (e,e) minors of the e x (e + 1)

il - Similarly we shall

D
matrix (nl.,m7). We set dy = —2, g2 = App,, (f), and e; =
71671 2 dQ d2
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construct rg, gk, dk+1, €, k > 2 as follows: given (r1,...,rg—1) and (di,...,dx), let gi be the
di-th approximate root of f, and let

f=g +B5g+. .+ 55
1 e

be the gi-adic expansion of f. We set r, = fO(fk,Qk,ijk), where (2—0,...,;—0) denotes the
k k
canonical basis of (EZ)e, rk = (T—l,...,rk_l) and G* = (g1,....,gx—1). We also set Dy =
dy; dy; dy;
. . T T o Dk+1 o dk .
the ged of the (e, e) minors of the matrix [nle,ry,... 7], drp1 = ——5, and e = . With
ne- k+1

these notations we have the following:

Theorem 5.1. The quasi-ordinary polynomial f is irreducible if and only if the following holds:
i) There is an integer h such that dp11 = 1.
ii) g1, -+, gpn are irreducible quasi-ordinary polynomials.
iii) Forall 1 <k <h—1,rpdp < rg1dps1.
iv) For all 2 < k < h + 1, gy is strictly straight with respect to (ﬁk,Qk7gk,1).

We shall first prove the following results:

Lemma 5.2. Let ¢ € K*. The quasi-ordinary polynomial F' =y~ —cz{"..... % is irreducible
in R[y] if and only if ged(N,aq,...,a.) = 1, or equivalently if and only if the ged of the (e, e)
minors of the matrix (N1, (ay,...,a.)T) is N1

Proof. . Let ¢ be an N-th root of ¢ in K and let d = ged(n,aq,...,a.). If d > 1, then
1 Qe

N L = oe S .. g
F=1],ao(ya—weéz ... xe? ), which is a contradiction. Conversely, let Y = éx ¥ ... .. rd €
1 1

K((z{,...,2&)). Then F is the minimal polynomial of Y over K((z)). In particular it is
irreducible. O

Proposition 5.3. Let F = ¢y~ + by(z)yV =2 + ... + by(z) be an irreducible quasi-ordinary
polynomial of degree N in y, and let (m},)1<k<p be the set of characteristic exponents of F.
Let also (d},)1<k<h/+1 (resp. (7}.)1<k<n’) be the d-sequence (resp. the r-sequence) of F. Let
F’ be a quasi-ordinary polynomial of R[y] and assume that F” is monic of degree N in y. If
1, dy <glew Oglex(F, F'), then F' is irreducible in R[y].

Proof. . Assume that F i is not irreducible and let F ' be an irreducible component of F " in
Rly]. Let C' = cgies(F, F') be the contact of F with F'. If m), <gep, NC, then deg,(F’) >
N = deg, (F') (see Corollary 1.7.), which is a contradiction. Finally NC' <., mj,, in particu-

- deg, (F"
lar, by Proposition 1.9., Oger(F, F') <giex 71, d}y/ M Since this is true for all irreducible
! / / ! degy(Fl) / ! . .
components of F’, then Oger(F, F) <giea rh,dh,T = r},,dy,, which contradicts the hy-
pothesis. 0

Proof of Theorem 5.1. Suppose first that f is irreducible. Condition i) follows from the results
of Section 1, condition ii) follows from Theorem 3.1., and condition iii) is nothing but Corollary
1.8.,i). Now for all 1 < k < h+1, g is an irreducible quasi-ordinary polynomial and ¢1, ..., gx—1
are the approximate roots of gx. In particular, to prove iv), it suffices to prove that f = gp41 is
strictly straight with respect to (r, G, gp). Let

f=gi+ 859+ + 8],
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be the gp,-adic expansion of f and let I'*~1(f) be the semigroup generated by v, ... 70 7, ... 7y 1.
We have the following;:

-For all 2 <i < h—1, Oges (Bl f) € T"1(f) (by Lemma 3.4.).

-Forall 0 < a <dp =ep,ar §Z Fh L(f) (by Corollary 1.8.).
It follows that for all 2 < ¢ < h —1 Oglea:(/é’ ,f) # dorp and for all 2 < ¢ # j < dp —

1, Ogiea(B; hf) + (dn — i)y # Ogle,;( h f) + (dn — 7)rh. Since Oglw(gh ,f) = rpdp, then
Oglez(ﬁdh,f) = rpdy, and .1y, < Oglex(ﬁ ,f) for all 2 < i < dj — 1. The other assertions follow
by a similar argument.

Conversely suppose that f satisfies the conditions i), ii), iii), and iv). We shall prove by induction
on h that f is irreducible. Suppose that h = 1, then f = y" + ax(2)y" 2 + ... + an(2),
G = (y,f), and r = r1 = expy.,(an(z)). Now condition iv) implies that i.expy.,(an(z)) <
equlew(az( z)) for all 2 < i < n — 1. Furthermore, Dy = n°~! by condition i). In particular
F = y"+ Mgyep(an(z)) is irreducible by Lemma 5.2. Since r1d; < Ogieq(F, f) = Ogiea(f — F, f),
then f is irreducible by Proposition 5.3.

Let A > 1 and assume that g is an irreducible quasi-ordinary polynomial for all 1 < k& < h. Let

my=rd,- ,m§=r§,m =r and for all 2 <i < h, let:
i—1
m; =r1; — Z(ek — Drg
k=1
_ h dn— 2 h . . . »
Let f = gh —i— B3 g, -+ Bg, be the gp-adic expansion of f and let Y'(2) = >_ Ypt? be a
root of g, (tlh e ,te ,y) = 0. Since the quasi-ordinary polynomial g, is irreducible, then the
1
m-sequence associated with gy, is (mO mO ™o , Mh-1 ). In particular,
dy, Tdy T dy dp
me m§ my mMh—1 n do dp—1, mn n
GCDM o e _ 76 1’“_7 " \e 1776—1'
(dh Vdydy’ dp, ) dp, dh(dh dp, (dh) dh) )

Note that, by Corollary 1.7., since deg, g, < n, then Y% =0.
h

Let A be an indeterminate and let

\) = Z}/ptdh'f’ + AT = y@dh) + AT
P

Let F(z,y,)\) be the minimal polynomial of y(zw,)) over K(A)((z)). Conditions i) and iii)
imply that the polynomial F' is an irreducible quasi-ordinary polynomial of K(\)[[z]][y], of
degree n in y. Furthermore, the m-sequence (resp. the r-sequence) associated with F' is

(mb,...,m§,my,-- ,my) (vesp. (rg,...,r§, 71, ,74)), and

1 e e e—1 e—1 e—1 _e—1
GCDM(mg,...,mG,my, -+ ymp—1,mp) = (0, dan®" "+ [ dp_1n®" ", dpn® ", n" 7).

m
Now an easy calculation shows that cgeq(F, gn) = —h, hence Ogyjes(F, gn) = rp. Furthermore,
n

n

if we denote by Y1(t) = Y (¢), Ya(2), - Yo (t) the set of roots of gp(t{",--- ,t* ,y) = 0, then
we have:

At ifk=1
aptdn e Poree Vi=Ye) g, L0 if k> 1.

Mgl@.l,( (t /\) (tdh ’tgh,)) _ {
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In particular, expglez (gh (t?[lv e 7t27 y(ia )‘)) =mp +dhenglez (Dy (gh)) = mh—’_zz;}(ek - ]')/r']C =
Th, finally, if a = az---a_, then:
h

gn(E7 - 2,y (E ) = AN u(t, A)

where u(t, A) is a unit in K(A)[[t]. Let Mgn (8], ) = c. 2o g gZ“ ', where G" = (g1,..., 1)

and ¢ € K*. We have:

e h—1
Ogtea(Mgn (85 ), F) = 6irs + Y by
=1 k=1

which is r,dp, by condition iv). By the same condition, the following hold:
- Ba, (7, -+ 7Y (¢, N)) = et (14 a(t, \)), where @(0,\) = 0 and € # 0.
- 7"hdh < englex(ﬂz = l(t?v T evY(t )‘)))
In particular f(#},--- %, y(t, \)) = (¢ + A\)t"™¥ uy (¢, \), where uy(¢,A) is a unit in K(\)[[¢]].
Finally rpdy < Ogiex(F(2z,y, —¢), f), which implies by Proposition 5.3. that f is irreducible.

6. EXAMPLES

Example 1: Let f = y® — 2zq20y* + 2323 — 2323 € K|[z1, 22]][y]. Then we have:

-D; =n? =8 =64,d, =n =8, r} = (8,0),72 = (0,8), g1 =Appy, (f) = y, and 71 =
Of,q1) = (2,2).

- Dy is the ged of the 2x 2 minors of the matrix (8-, (2,2)7), then Dy = 16 = 8.2, in particular

1.2
— 2322, then go=Appa,(f) = y* — r122. Let r2 = (;—0, ;—0, ;—1) =
2 d2 d3
((4,0),(0,4),(1,1)) and G* = (g1), then ro =fO(r?, G?, z3x3) = 3(4,0) + 2(0,4) = (12,8).

- D3 is the ged of the 2 x 2 minors of the matrix (81, (2,2)7,(12,8)T), then D3 = 8, in
particular dg = 1.

-Now GNP(go,72,G?) = {((0,0),4.(1,1)), ((4,4), (0,0))} and GNP(f, 7 = (r§,r¢,71,72),G> =
(91,92)) = {((0,0),2.(12,8)), ((24, 16), (0,0))}, then the strict straightness condition is verified.
Since g1 = y is irreducible, then so is go, but gs is quasi-ordinary and r1dy; < rads, then f is
irreducible. Note that mgy = T‘Q—(%—l)Tl = (12,8)—3(2,2) = (6,2)) is the second characteristic
exponent of f.

dy = 2. Since f = (y* — z129)?

Example 2 Let f =98 — 2z1200* + xle - xi‘x% — 2523 € K[[:rl,acg]][y] Then we have:

-D;=n*>=8%=64,dy =n =28, 1} =(8,0),r3 =(0,8), ¢ Appdl(f) =y, and r; = (2,2).
- Dy is the ged of the 2 x 2 minors of the matrlx (8]2,(2 2)T), then Dy = 16 = 8.2, in
particular dy = 2. Since f = (y* — z172)? — 223 — 2323, then go=Appa,(f) = y* — v122. Let
1,2
r? = (2—072—0, :l—l) = ((4,0),(0,4),(1,1)) and G* = (g1), then 7o =fO(r?, G* xx3) = 4(4,0) +
2 do do
2(0,4) = (16, 8).
- Dj is the ged of the 2 x 2 minors of the matrix (8 - I, (2,2)7,(16,8)T), then D3 = 16, in
particular d3 = dy = 2. In particular f is not irreducible. Note that in this example the strict
straightness condition is verified for f and gs.

Example 3: Let f = y® — 2zq20y* + 2323 — ;vly € K[[xl,xg]][y] Then we have:

-D;=n?=82=64,dy =n =28, 1} =(8,0),75 = (0,8), g1 =Appa, (f) =y, and r; = (3,2).

- Dy is the ged of the 2 x 2 minors of the matrix (815, (3,2)T), then Dy = 8, in particular
dy = 1.

- GNP(f7£2 = (T(lh T(2)7 rl)agz = (gl)) - {((07 0)7 8(37 2))7 ((& 0)7 5(3a 2))7 ((8’ 0)+(0
(3.(8,0) +2.(0,8),(0,0))} = {((0,0), (24,16)), ((8,0), (15,10)), ((8,8), (12,8)), ((24,1
Here the strict straightness is not verified, then f is not irreducible.
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