Special volume in honor of the life
and mathematics of Wolfgang Ebeling
DOT: 10.5427/jsing.2026.30k

Journal of Singularities
Volume 30 (2026), 255-299

FROBENIUS MANIFOLD FOR THE NODAL QUIVER

ATSUKI NAKAGO, YUUKI SHIRAISHI, AND ATSUSHI TAKAHASHI

In Memory of Professor Wolfgang Ebeling

ABSTRACT. Starting from the Weierstrass elliptic function, we study the associated Frobenius
structure, incorporating the perspective of derived categories, particularly that of homological
mirror symmetry. Given a deformation of the Weierstrass elliptic function, we construct a
primitive form normalized to be compatible with the period map for integral cycles, and obtain
a Frobenius structure whose Frobenius potential is defined over the rational numbers. We also
construct a Frobenius structure using elliptic Weyl group invariants (as opposed to Jacobi
group invariants), and establish an isomorphism between these two Frobenius structures. We
further examine the relationship between the degree of the Lyashko—Looijenga map modulo
the modular group and the number of full exceptional collections up to the braid group action
and translations, as well as the associated Gamma-integral structure.

1. INTRODUCTION

A Frobenius manifold is a complex manifold equipped with a structure of a graded Frobe-
nius algebra on its tangent sheaf satisfying certain flatness conditions. By mirror symmetry one
expects an isomorphism between a Frobenius manifold arising from the Gromov—Witten theory
and another Frobenius manifold arising from deformation theory, thereby establishing deep con-
nections between mathematical objects of different origins. The notion of a Frobenius manifold
originates from the flat structure by K. Saito [Sal] in his study of primitive forms, introduced
as a framework to describe the period integrals and the monodromy associated to universal un-
foldings of singularities in a unified manner. Subsequently, this differential-geometric structure
was axiomatized by B. Dubrovin [Dul] in the context of integrable systems arising from two-
dimensional topological field theories. It is also important that the flat structure first appeared
in the study of the invariant ring of a finite reflection group and its orbit space [Sa4, SYS] and
its regular subspace coincides with the domain for period mappings of (the Gelfand-Leray form
associated to) a primitive form on cycles in the Milnor fiber. This approach has been extended
to affine Weyl groups [DZ], elliptic Weyl groups [Satl] and Jacobi groups [Bel, Be2]. More-
over, for several classes it has been verified that Frobenius structures obtained in this way are
isomorphic to those arising from primitive forms (see [SatTa, IST]). In particular, the period
mapping associated with a primitive form plays an important role in proving the isomorphism
of Frobenius structures between that arising from deformation theory and that arising from the
corresponding Weyl group invariant theory [ShTa]. In this paper, since we also discuss Weyl
group invariants, we have emphasized some of their background. However, what is important
here is that there are essentially three different ways to construct a Frobenius structure.

In contrast, there are also three types of realizations of derived categories: those based on
coherent sheaves over algebraic varieties, those based on Floer homology of symplectic mani-
folds, and those based on representations of algebras. Several variants of the homological mirror
symmetry conjecture proposed by Kontsevich [Kon] claim equivalences among those categories
mentioned above and categorical notions such as full exceptional collections, spherical objects,
and auto-equivalence groups have been interpreted as counterparts of monodromy phenomena in
the geometric side. Moreover, at this intersection of mirror symmetry and categorical methods,
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T. Bridgeland [B] introduced the notion of stability conditions for triangulated categories, con-
sisting of tuples of a group homomorphism from the Grothendieck group to C and an R-graded
family of full additive subcategories satisfying certain conditions, and showed that the set of sta-
bility conditions has a structure of a complex manifold. Since the manifold can be regarded as a
formulation of (the universal covering of) the complexified Kahler moduli space, it is natural to
expect that if the category is smooth and proper then it is equipped with a Frobenius structure
(in fact, more strongly, with a tt*-geometry). Under this expectation, especially for the cases of
the smooth algebraic varieties, it is conjectured by Dubrovin [Du3] that the Frobenius structure
above is semi-simple if and only if the bounded derived category of coherent sheaves has a full
exceptional collection, and that the monodromy data of the semi-simple Frobenius structure are
compatible with numerical data of the full exceptional collection. Dubrovin’s conjecture has
evolved into Gamma conjecture II (Galkin—Golyshev-Iritani [GGI]) and the refined Dubrovin
conjecture (Cotti-Dubrovin—Guzzetti [CDG]).

Thus, while both classical and homological mirror symmetry aim at understanding deforma-
tion theory and monodromy, no unified framework directly connecting the two has yet been
established. In particular, making precise the construction that derives classical mirror symme-
try from homological mirror symmetry remains a major open problem in current research on
mirror symmetry. Therefore, the goal here is, setting aside for the moment the direct categorical
construction of a Frobenius structure on the space of stability conditions, to focus instead on
the background and expectations coming from mirror symmetry, and to verify all possible con-
sistencies, in a special case where most quantities can be computed by means of elliptic function
theory and the elliptic Weyl group (In the case of affine ADE types, we refer the reader to
[IST, STW, Tal, OST)).

In this paper, starting from the Weierstrass p-function, we study the associated Frobenius
structure, incorporating the perspective of derived categories, in particular that of homological
mirror symmetry. Given a deformation of the Weierstrass p-function, we construct a primitive
form normalized to be compatible with the period map for integral cycles and obtain a Frobenius
structure whose Frobenius potential is defined over rational numbers. We also construct a
Frobenius structure using elliptic Weyl group invariants (as opposed to Jacobi group invariants),
and establish an isomorphism between these two Frobenius structures. We further examine the
relationship between the degree of the Lyashko-Looijenga map modulo the modular group and
the number of full exceptional collections up to the braid group action and translations, as well
as the associated Gamma-integral structure.

The contents of this paper are as follows: First, in Section 2, we organize Weierstrass -
function and its basic identities. We also prepare a minimal set of tools for the nodal quiver and
its derived category, which will be used later. This serves as a preliminary bridge connecting
deformation theory, Weyl group invariant theory, and category theory.

In Section 3, we describe a triangulated category D, which is one of the main subjects of consid-
eration, in three ways and analyze their internal structures based on the categorical equivalence
among them. Specifically, we consider the partially wrapped Fukaya category PW(S}, M, ¢) of
the marked bordered torus with two marked points on one boundary (S}, M) and the line field
¢ giving a constant foliation, the derived category D’coh(Ag) of the Auslander sheaf Ag associ-
ated to the nodal cubic curve E, and the derived category D*mod(CQ/I) of finite-dimensional
representations of the nodal quiver (Q,I). The equivalence D’coh(Ag) = PW(Si, M, /) is the
homological mirror symmetry in this context, but what is more important is the triadic relation
that includes the equivalence with D*mod(CQ/I). When discussing properties of triangulated
categories that do not depend on a particular construction, we shall, for simplicity, denote any
one of these triangulated categories by D. Since concrete descriptions are more accessible, it
is often taken to be D = D’mod(CQ/I). Based on these equivalences, we determine the left
action on FEC(D)/Z3, the set of full exceptional collections up to translations, by the subgroup
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B(D) of the auto-equivalence group Aut(D) generated by twist functors associated to excep-
tional cycles (including spherical objects). We show that this action can be identified with the
mutation action of braid groups and is transitive. Furthermore, for the space Stab(D) of stability
conditions for D = PW(S}, M, ¢), using the results of Haiden—Katzarkov—Kontsevich [HKK] and
Takeda [Tak] we see that the universal covering of M = C x C* x H is isomorphic to Stab(D).
Here M is the parameter space in deformation theory, which will be described later, on which a
Frobenius structure is constructed via a primitive form. In addition, by comparing the Serre di-
mension on Stab(D) with the global dimension function, we show that there is no Serre-invariant
stability condition, which will be an important observation for the later consistency with the
Lyashko-Looijenga map.

In the first half of Section 4, letting s = (s1, $2,7) € M, we consider the universal unfolding
F(z;s) of the Weierstrass p-function which gives (S1,M). The critical points of F(z;s) are the
three half-periodic points and do not collide with each other. Therefore, the three corresponding
critical values are distinct on M and serve as canonical coordinates. It is shown that, by using
the basic identities in Section 2, 2w/—1dz gives a primitive form with minimal exponent 0.
The line field ¢ coincides with the one obtained from the primitive form. As a result, we
obtain a semi-simple Frobenius structure on M of rank 3 and dimension 1, whose potential
and intersection form can be expressed concretely using Eisenstein series. Furthermore, from
classical elliptic function theory, we see that the Lyashko—Looijenga map, a map sending points
in M to corresponding tuples of three critical values in the configuration space Conf(C,3) of
three points in C, induces the isomorphism LLYY : M/SL(2; Z) — Conf(C, 3). It is important
that the degree of LLY agrees with the number of orbits (= 1) of the braid group action on
FEC(D)/Z3. From the viewpoint of period mappings, if we take a basis of the relative homology
group in the domain M"Y the complement of the zeros of the discriminant, and consider the
period integral along the path associated to the critical value, its derivative gives a flat section
of the Levi-Civita connection with respect to the intersection form g. Indeed, we can take the
coordinates (z, 7) corresponding to two particular period integrals and an additional function ¢,
determined uniquely up to a constant and naturally coincides with the coordinates of a suitable
subspace on which the elliptic Weyl group acts, so that d¢, dx, dT make g a constant matrix.

In the second half, we then develop the theory of the elliptic Weyl group invariants associated
to D = D’mod(CQ/I). Namely, we first derive the elliptic root system (of type A(1 L ) from
D, especially the elliptic Weyl group W as a reflection group on the Grothendieck group Ko (D).
Since the radical of this root system is of rank 2, we enlarge the root lattice so that the exten-
sion I of the intersection form I is non-degenerate. The hyperbolic extension W of the elliptic
Weyl group W is defined as the reflection group with respect to I. We shall explain the actions
of W and SL(2;Z) on a suitable subspace E of the space of group homomorphisms from the
enlarged root lattice to C. This construction matches the deformation theory of the Weierstrass
- functlon namely, in relation to t the fundamental group and period mappings. We introduce
the WW-invariants Y1, Y2 and the W -anti-invariant J using theta functions and the Weierstrass
o function. These are generators in the Chevalley-type theorem (Proposition 4.29), and the
intersection form, the unit vector field, and the Euler vector field turn out to be identical to
those from the deformation theory above. Therefore, the two Frobenius structures from different
constructions are globally isomorphic by the uniqueness theorem (Proposition 4.7). The advan-
tage of the elliptic Weyl group W rather than the Jacobi group is that the assertion about the
W-anti-invariant in the Chevalley-type theorem is correctly stated, namely, the discriminant is
expressed as the square J2 of the W -anti-invariant J and is a monic cubic polynomial in the
W-invariant y1 of maximal degree, and hence is consistent with the Lyashko-Looijenga map.

In the final Section, Section 5, we introduce the analogue of Iritani’s gamma integral struc-
ture for a "smooth proper non-commutative algebraic variety” D = D’coh(Ag) and compare
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this with the monodromy data on the geometric side. More precisely, we define the character-
istic class map chr from Ky(D) to the Hochschild homology group HHe(D) as a matrix with
respect to specific bases. By evaluating the asymptotic expansion of the exponential periods
along relative cycles at appropriate points and directions, and using the fact that their deriva-
tives coincide with the flat solutions of the first structure connection, we find that the Stokes
matrix is equal to the Euler matrix of the full exceptional collection, and the central connection
matrix is given by (27)~!/2chp. This embodies the correspondence proposed in the (refined)
Dubrovin conjecture and the Gamma Conjecture 1T (the relationship between semi-simplicity of
a Frobenius structure and full exceptional collections in a derived category) in the case of the
non-commutative resolution D’coh(Ag) of nodal cubic E.
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2. PRELIMINARIES

2.1. Weierstrass elliptic functions. For the definitions and basic properties of the Weierstrass
p- and (-functions, together with Legendre’s relation, see [WW, Chapter 20] or [Mu] (see also
[U] for an exposition in Japanese).

Let p(z;w1,ws) be the Weierstrass gp-function defined by

1 1 1
p(z;wr,we) = =+ ( X):ZQ ((Z T — ) _HWQ)Q) ,
m,n)c

(m,n)#(0,0)

and set

~ 1
plz;71) = m{p(z, 1,7),

which satisfies

1 05(z 1)\ > o 1 - 1
(2m/—1)2 ( 92 ) = 49(%7)° - EEZL(T)@(% )+ ﬁEﬁ(T)’ (2.1a)
L O0ET) o2 - Ly, (2.1b)

2ry—1)2 022 24

Here E4(7) and Es(7) are Eisenstein series defined as

E, (1) =14 240 Z os(n)e[nt], FEg(t)=1-—504 Z os(n)e[nt],
n=1

n=1
where o9;_1(n) := de d*~1 and e[-] := e2mV/=1(=)
Similarly, let {(z;w1,w2) be the Weierstrass (-function and set
~ 1
C(z;7) = ———=((#;1,7),

(2nv/-1)2

which satisfies —9¢(z;7)/0z = 9(z;T) and

Cle+ 1) = 8(aim) = ~ 5 Ba(r). Lot i) = {(esm) = — ) = 5.
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due to Legendre’s relation where
Ey(r):=1—24 Z o1(n)e[nt].
n=1

It is well known that (for example, see [Zag, Proposition 15])

1 3E2(T) o 1

/T or 1 (Ex(7)? — Eu(1)), (2.3a)
1 8E4(T) - 1
/I o 3 (Eo(T)E4(T) — E6(1)), (2.3b)
zﬂ\lm 3%6;7) = % (E2(r)Es(r) — Ea(1)?) . (2.3¢)
Lemma 2.1.
1 PEy(r) 1 9Ey(r) 3 ( 1 0By(n)\®
(2ny/—1)3 Or3 Es(7) (2my/—1)2 072 2 (27‘(\/?1 or ) ' (24)
Proof. It follows from (2.3) by direct calculation. O
Note that equations (2.1a) and (2.1b) are rewritten in terms of p(z;7) and Es(7) as
1 o (- 1 2
vy (5 (3 - 1520 )
3 2
=4 (i) =y Ban)) + Bar) (i) - ) )
1 OBs(r) (-, 1 1 1 9°Ey(r)
o1 or <W’T) B uEZ(T)> TS anyTE o2 (5
1 0% [ 1
m@ (@(Zﬂ') - 12E2(7'))
=6 (i)~ 5 Bar)) + Bar) (i)~ )] + 55 P (2
Lemma 2.2. We have
1 0+
727“/_—15«2;7)
ST P T+ B ) = g )+ (<) = )z ) ),
(2.6)
equivalently,
1 0 ~ 1
om/ 107 (—C(Zﬂ') - 12E2(7')Z>
~ 1 . 1 1 1 a (- 1
=_ (—C(zm’) - 12E2(T)Z> (p(z;T) - 12E2(T)) + 3 @ny/ 1) 0z (p(z;T) - 12E2(T)) .
(2.7)

Proof. By (2.2), it is easy to see that the LHS minus RHS is an elliptic function. We see that
at z = 0 its principal part and its constant term vanish by direct calculation. O
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Corollary 2.3. We have

1 0p(z7) - 1 o e 1 0p(z;7)
271_\/?17 =2p(z 7-)2 + —Ex(1)p(z;7) 36E4(T) ( C(z;7) 12E2(T)Z) 9,
(2.8)
equivalently,

o (B - )

=9 (5(,2,7') - 112E2(T)) + %Eg(r) (5(2,7') — lEQ(T)) + iZw\l/jl 6%7(7-)

- (G - e) 2 (5 - E)) - @9)

Proof. By differentiating both sides of (2.6) and (2.7) with respect to z, we obtain the statements.
O

2.2. Nodal quiver and its representations. For the definitions and basic properties of a
quiver and its path algebra, see [ASS].

Definition 2.4. Let (Q,I) be the quiver with relations given by the following:
[e5] a9
Q: e —<eoe—<eo = (a0, Pfrag), (2.10)
1 "2 B3

which we call the nodal quiver.

Let CQ/I be the path algebra of the nodal quiver, which is a finite dimensional basic C-
algebra of global dimension 2. It is also gentle in the sense of [AS, Section 1.1]. Namely, the
algebra CQ/I satisfies the following conditions:

(i) For each vertex v of @), there are at most two arrows starting at v and at most two
arrows ending at v.
(ii) For each arrow « in @, there is at most one arrow S such that a8 ¢ I, and at most one
arrow 7 such that ya ¢ I.
(iii) For each arrow « in @, there is at most one arrow (3 such that a8 € I, and at most one
arrow 7y such that ya € 1.
(iv) The ideal I is generated by paths of length 2.

Denote by mod(CQ/I) the abelian category of finite dimensional CQ/I-modules and by
D’mod(CQ/I) the bounded derived category of mod(CQ/I). The category D’mod(CQ/I) has
a structure of a C-linear triangulated category, whose translation functor is denoted by [1]. For
p € Z the p-times composition of [1] will be denoted by [p].

To simplify the notation, we write D’mod(CQ/I) as D from now on. Let D’mod(C) be the
bounded derived category of complexes of finite dimensional C-modules. Derived categories of
an abelian category have canonical differential graded (dg) enhancements. Therefore, we have
the RHom functor

RHomyp(—, —) : D x D — D’mod(C),
with the property that for all X,Y € D the cohomology group of the complex RHomp(X,Y)
(called the RHom complex) satisfies H?(RHomp(X,Y)) = Homp(X,Y[p]) for all p € Z. We
also have functorial mapping cones for all morphisms in D.

Definition 2.5. Let 7 be a C-linear enhanced triangulated category. Denote by [1] its transla-
tion functor and by RHomy its RHom functor.
(i) An object E € T is called indecomposable if E is nonzero and F = X @Y for some
X, Y € T then X or Y is the zero object.
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(ii) An object E € T is called exceptional if RHomy(E, E) = C - idg in D’mod(C). If an
object is exceptional then it is indecomposable.

(iii) A sequence £ = (E4,..., E,) of exceptional objects Ey,...,E, € T is called an excep-
tional collection if RHomy(E;, E;) 2 0 in D’mod(C) if i > j.

(iv) An exceptional collection & is called full if the smallest full triangulated subcategory
(Ei1,...,E,) of T containing F, ..., E, is equivalent to 7.

(v) Two full exceptional collections & = (E1,..., Ey), & = (EY,...,E},) in T are said to
be isomorphic if E; 2 Ej for alli=1,...,pu.

(vi) A full exceptional collection £ = (E4,..., E,) is called strong if RHomy (E;, E;) is iso-
morphic in D’mod(C) to a complex concentrated in degree zero, equivalently,
Homy (E;, E;[p]) = 0 for all p # 0.

Let S(1),5(2),5(3) be the simple CQ/I-modules given by

S1): C——]m0——=0, S2): 0——C——0, SB): 0——0—=C,
and P(1), P(2), P(3) the projective CQ/I-modules defined by

1 1 10
(5) (6) . (68)

PB): 0 —=20—=C, P(2): O:;C(:);(Cz, P(1): C—=C?—=xC?%.

0

1
These CQ/I-modules S(1), S(2), S(3), P(1), P(2), P(3) are exceptional in D. In D, the se-
quence (S(1),5(2),5(3)) is a full exceptional collection, which is not strong, and the sequence
(P(3),P(2),P(1)) is a full strong exceptional collection (see [ASS, Section III.2] and [Bo, Sec-
tions 5, 7]).

Definition 2.6. Let T be a C-linear triangulated category with the translation functor [1].

(i) Consider the free abelian group F with generators {[X]|X € T} and the subgroup Fj
of F' generated by [X] — [Y]+ [Z] for all exact triangles X — Y — Z — X[1]in T.
The Grothendieck group Ko(T) is defined as the quotient group F/Fj.

(ii) Assume that T is of finite type, namely, Z dimec Hom7 (X, Y[p]) < oo forall X, Y € T.

PEZL
The Euler form x1 : Ko(T) x Ko(T) — Z is the Z-bilinear form defined as

X7 (X1, [Y]) := ) (~1)? dimc Hom7 (X, Y[p]), X,Y €D,
pEL

(iii) An auto-equivalence ® of T is an exact functor ® : 7 — T which is also an equivalence
of 7. Denote by Aut(7) the group of auto-equivalences of T.

(iv) Assume that T is of finite type. A Serre functor S is an auto-equivalence of T with
bi-functorial isomorphisms Hom(X,Y) = Hom (Y, S(X))* for all X, Y € T.

The notion of Serre functors is introduced by Bondal-Kapranov [BK, Section 3] and several
properties are given there. If a Serre functor exists, it is unique up to canonical isomorphism
which commutes with the above bi-functorial isomorphisms. Therefore, it is usually referred to
as the Serre functor of 7 and is denoted by S7. It is also known that the Serre functor Sy
commutes with any auto-equivalence of 7, namely, S7 o0 ® = & o Sy for any ® € Aut(7).

The key properties used in this paper are listed below:

Proposition 2.7. Let T be a C-linear triangulated category of finite type with a full exceptional
collection (E1, ..., E,).
(i) The Serre functor St exists.
(i) The subset {[E1],...,[E.]} of Ko(T) forms a Z-basis of Ko(T).
(iii) Let [S7] be the automorphism of Ko(T) induced by St. We have [St] = x7'xF.
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Proof. The first statement follows from [BK, Corollary 3.5]. For each X € T we have the
following collection of exact triangles

0= X4 —— X, Xy — X=X
AN / N /
Ty, v
o
with Y; € (E;). Therefore, Ko(T @KO @Z ;]. By definitions of S7 and the
i=1
Euler form y7, we have x7([E;], [E;]) = x7([E;], [ST]([Ei])). It follows that [S7] = x7'xF. O

In particular, with respect to the Z-bases {[S(1)], [S(2)], [S(3)]} and {[P(3)], [P(2)], [P(1)]} of
Ko(D), the Euler form yp is represented by the matrices

1 -2 2 12 2
o 1 -2|, (o1 2],
0 0 1 00 1

respectively.

Lemma 2.8 ([BuKa, Lemma 5.4]). The CQ/I-modules E+ and E_ defined by

E+=«:$C$c, E,:C#C#C. (2.11)

are exceptional, of projective dimension two, and satisfy Sp(E+) = E+[2]. O

3. MARKED BORDERED SURFACE ASSOCIATED TO F' AND HOMOLOGICAL MIRROR SYMMETRY

3.1. Holomorphic function F'. Consider the complex manifolds M = C x C* x H with the
coordinate system (s1,s2,7) and C x M with the coordinate system (z;s1, $2,7). To make the
subsequent computations and references to the formulas more readable, sometimes we denote
2my/—17 by s3 and (2;s1,52,7) by (2;s).

Let X be the quotient of C x M under the group action (z; s1, $2,7) — (2 +m+n7; s, S2,7),
m,n € Z, and p the natural projection X — M;

p: X — M, [(z;51,82,7)] — (81,82,7).
Let F : X — P! be a holomorphic map given by
F = F(z;8) = F(z; 51,82, 7) 1= 520(2;7) + 51,
and X° the space obtained by removing from & the zero section of p, namely,
X=X\ {[(0;51,82,7)] € X | (s1,82,7) € M},

and we denote the restrictions of p and F to X° by the same symbols p and F, respectively.
Note that X° = X \ F~1(c0), in other words, F defines a holomorphic function on X°.

We consider the real blow-up of the point at infinity co in P* = CU {oo}, which we denote by
Dy = CU{e2™V"10.50|0 < 0 < 1}. Define a compact oriented smooth manifold with boundary
X as the fiber product of X and Dy.. Let p: X — M be the composition of the natural map
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X — X and the map p: X — M.

X 5Dy

|l
Pl ox £, p!

7|

M

Note that for each point s € M the fiber P 1(s) is the torus with a single boundary component
and the restriction of F' to p~1(s) is a double cover of the disk Dy, branched over 3 points.

3.2. Homological mirror symmetry.

Definition 3.1. (cf. [CHS, Section 4.1]) Let (S, M, ) be a triple of a real surface S of genus
1 with 1 boundary component, a set M of two marked points on the boundary S} and the line
field ¢ € T'(S1,P(T'S})) giving a constant foliation on Si. Denote by PW(S1, M, ¢) the partially
wrapped Fukaya category associated to the tuple (S, M, /).

Note that for each s € M we can identify S} and M with p~*(s) and Fﬁl(—l - 00).

Set
=5 (57). am=s(55r). am=s(57). (3.1)

Then we have é3(v/—1) =0, é3(v/—1) € Ry and &;(v/—1) = —eé3(+v/—1).
Choose sufficiently small €,0 € Ry and fix a base point sy := (—1,€e”m9,\/—1) e M.
Consider an ordered system (ps, p2,p1) of paths p; : [0,1] — D, with

t
pz<t) = 526277\/79 (\/ - ) —1 + ﬁ

and set L; = F;ﬂl (pi) C Si. Note that L; defines a class in H; (S, S\ M;Z). For clarity, we
provide a picture in Figure 1 below.

3 +v-1

-

4

1+

~

1
2

FIGURE 1. This shows how Ls, Ly, L; are arranged in Sj. The two points
indicated by black dots on the boundary are the marked points.
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Proposition 3.2 ([LP, Section 2.3] and also [HKK, Section 3.4]). Let the notation be as above.
There exists an equivalence of triangulated categories

PW(S, M, ¢) = D’mod(CQ/I) (3.2)
which sends L; to P(i) fori=1,2,3.

Proof. Consider the sequence of arcs £ = (Ls, L2, L1) in S} (in Figure 1). As in [CHS, Sec-
tion 4.1], we first perform the real blow-up of S} at the intersection points of Ly, L, L3. This
replaces the points by boundary circles parametrizing the outgoing directions of arcs. The re-

sult is a surface S} whose boundary contains two additional circles. On the blown-up surface

—

Si, each arc L; acquires two boundary endpoints lying on the additional circles. Morphisms
in the partially wrapped Fukaya category are then defined as follows: Since ¢ gives a con-
stant foliation, gradings of the arcs and morphisms between them can be chosen to be zero.
For ¢ > j, the space Fuk(L)(L;, L;) is the C-vector space whose basis consists of the homo-

topy classes of embedded boundary paths on S} running counterclockwise from an endpoint
of L; to an endpoint of L;. For i = j, Fuk(£)(L;,L;) = C-idz,. The composition maps
me : Fuk(L)(L;, Li) x Fuk(L)(L;, Lj) — Fuk(L)(L;, L) are defined through the concatena-
tions of boundary paths in Eigure 2.

Moreover, each region of S\ |J; L; contains exactly one marked point. Therefore, every higher
A-operation my with k # 2 vanishes, and the only nontrivial compositions are msy, defined as
above. This gives the standard model of the partially wrapped Fukaya category in this case; see
[CHS, Section 4.1].

V=1 1+v/—1
2 2
Ly Ls
L,
_1 1
2 2
v
2
FIGURE 2.

The category PW(Si, M, /) is defined as the category of twisted complexes over Fuk(L),
which is independent of the particular choice of £ as a triangulated category. In particular, £
becomes a full strong exceptional collection in PW(S}, M, ¢). Calculating morphisms and their
compositions according to the above rules, it turns out that the functor

PW(SI, M, ) — D’mod(CQ/I), L — Hompyyst pe)(Ls @ Ly & Ly, L)

is an equivalence of triangulated categories. O
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Definition 3.3 ([BD, Section 2, Section 7]). Let E C P? be a nodal Weierstra8 cubic curve

over C given by the equation 2923 = 23 + 2022 and Z C Og the ideal sheaf of the singular point

[1:0:0] € E. Denote by v : P! — E the normalization of E where we choose coordinates on
P! in such a way that v=1([1 : 0: 0]) = {c0 := [1: 0],0 := [0 : 1]}. The Auslander sheaf of E
is the sheaf of Og-algebras Ag := Endg(Z ® Og). Denote by coh(Ag) the abelian category of
coherent left Ag-modules and by D°coh(Ag) the bounded derived category of coh(Ag).

According to [BD, Section 7], the derived category D’coh(Ag) plays the role of the subcat-
egory of compact objects of a categorical resolution of D’coh(E) in the sense of Kuznetsov—
Lunts [KL, Definition 1.3]:

. Perf(E)
Dbcoh(Ag) / IN (3.3)
D’coh(E)

where the pair (7%, 7.) forms an adjoint pair of exact functors, which is given by

L
™ =(Z®Og)®E —, 7 :=RHomu,(ZP® Og,—).

Furthermore, as shown in [BD, Theorem 2|, the functor 7* is fully faithful.
Define M3, My, M; € COh(AE) by

L O L Z/*O]pl(—l)> L (V*O]pl)
Ma = (O[LO:O])7 Mz = (V*Opl(l) o M= v,Op1 )

Proposition 3.4 ([BD, Section 7]). There exists an equivalence of triangulated categories
DPcoh(Ag) = DPmod(CQ/T) (3.4)
which sends M; to P(i) fori=1,2,3.

Proof. The sequence (Ms, Mo, M1) is a full strong exceptional collection in D’coh(Ag), whose
morphism spaces are given by

Hompbeoh(ag) (Ms; M2) = Cr1 o & Ca1 0,
Hompbeon(ag) (Ma, M1) = Cag oo @ Cag,
Homecoh(.AE) (MSv Ml) - (C'TQ,OO O T1,00 (&5) (Cx2,0 © 1,0,

such that o o 0 21,0 = 22,0 © 21,00 = 0. In particular, the endomorphism algebra
Endpbcon(ag)(Ms & Mo @ M)
is isomorphic to the path algebra CQ/I of the nodal quiver (Q,I) and the functor
Dbcoh(Ag) = D’mod(CQ/I), M — Hompcon(ag) (Msz & Mz & My, M)

is an equivalence of triangulated categories. Il
Corollary 3.5. There exist triangulated equivalences:

DPcoh(Ag) = D’mod(CQ/I) = PW(S], M, ), M; s P(i) — L;. (3.5)

O

We will continue to denote P’mod(CQ/I) by D to simplify the notation, though due to the
categorical equivalence discussed above, one may use D’coh(Ag) or PW(SI, M, ¢) as D.



266 ATSUKI NAKAGO, YUUKI SHIRAISHI, AND ATSUSHI TAKAHASHI

3.3. Braid group action on FEC(D). Denote by FEC(D) the set of isomorphism classes of
full exceptional collections in D and by Aut(D) the group of auto-equivalences of D. Note that
the group Aut(D) acts on FEC(D) from the left by

D& = (B(Ey), D(Bs), B(E3)), @ € Aut(D), € = (Ey, B, E3) € FEC(D).

The Artin braid group Bs on 3-strands is a group presented by the following generators and
relations:

B3 := (01,02 | 010201 = 020102).
The groups Bz and Z? act on FEC(D) from the right by mutations [BP]:
E-01:=(Lp,Es,F1,E3), & -09:=(F,Lg,E3,E>),
£ o7 = (B2 Rp,Er,E3), &-03':=(FE1, E3,Rp,E»),
E - (n1,n2,n3) := (B1[n1], E2[na], E3[ns]), (n1,n2,n3) € Z3,
where Lg, FE;y1, R, E; for i = 1,2 are defined by the following exact triangles
L, Eiv1 — RHomp(E;, Eiy1) ® B; — Eiy1 — Lp, B[l

REe,. Ei[-1] — E; — RHomp(E;, Ei11)" ® Eip1 — RE; . Ei

Note that on FEC(D) the left action of Aut(D) and the right action of Bs commute, namely,

(®-&)- 0= (€ -0)forall ® € Aut(D) and o € B;. If £ € FEC(D) is strong, the actions of
Aut(D) and Bs preserve the property of being strong.

Proposition 3.6. Let £ = (Fy, Es, E3) be a full strongly exceptional collection in D. The
endomorphism algebra Endp () := Homp(A, A), A := FE1 @ E> ® E3 is isomorphic to the path
algebra CQ/I of the nodal quiver (Q,I).

Proof. Since & is a full strongly exceptional collection, the endomorphism algebra Endp(E)
is derived equivalent to the path algebra CQ/I of the nodal quiver (Q,I). Since CQ/I is a
finite-dimensional gentle algebra, Endp(€) is also a gentle algebra by [SZ, Corollary 1.2].
Suppose that [E;] = [;[P(3)] +m;[P(2)] 4+ n;[P(1)] for some l;,m;,n; € Z in the Grothendieck

group Ko(D). Since E; is exceptional, we have xp([E;], [E:]) = (I; + m; +n;)? = 1 and hence
l; + m; +n; = £1. Since the full exceptional collection (E7, Fa, Es3) is strong,

xo([Ei], [E]) = dim Homp(E;, E;) > 0 and xp([E],[E;]) =0 if i <.
Therefore, for i < j we have

dim Homp (E;, E;) = xo([Eil, [Ej]) + xo([E], [Ei])
= o+t o)+ my ) = 2.

Since Endp(€) is gentle, this calculation implies that Endp (&) is isomorphic to CQ/I. O

Definition 3.7 ([SeTh, Definition 2.14]). An object S € D is m-spherical if the following holds
(i) RHomp(S,S) = C & C[—m)],
(ii) For the Serre functor Sp of D, Sp(S) = S[m].

A spherical object gives an auto-equivalence as follows.

Proposition 3.8 ([SeTh, Theorem 2.10]). Let S € D be an m-spherical object. There exists an
auto-equivalence Ts € Aut(D) given by the following exact triangle

Ts(X)[~1] — RHomp(S, X)® S — X — Ts(X), X €D.
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In particular, Ts induces an automorphism [Ts| € Autz(Ko(D), xp) satisfying
[Ts(X)] = [X] = x([S], [X][S], X €D.

O
Proposition 3.9. Let & = (Ey, Es, E3) be the full strongly exceptional collection
(P(3),P(2),P(1)) and set
Ci = CiooT1,00 + Ci0%1,0 € Homp(E;, Eiy1), i=1,2,
for (¢i 005 Cio) € (C*)2. An object S; ., € D defined by the following exact triangle
E; =5 By — Sie, — Ei[1] (3.6)
is 1-spherical. Moreover, we have
RHomp(S1,¢,,52,¢,) = C. (3.7)
Proof. 1t follows from direct calculation using the hom-functors. (|

Note that S; ., = S; ¢ if ¢, = ¢ ¢; for some ¢ € C*.
Set S; :=S;.1 by choosing (¢; 0, ¢i0) = (1,1). By (3.7), we have
Corollary 3.10. The correspondence o; — Tgil, 1 = 1,2 yields a surjective group homomor-
phism
By — (Tg!, Ty C Aut(D).

Proof. Tt is a direct consequence of Seidel-Thomas [SeTh, Theorem 2.17]. O

The right Bs-action on FEC(D) can be represented by left Aut(D)-action in the following
way.
Proposition 3.11. Let & = (E1, Eq, F3) be the full strongly exceptional collection
(P(3),P(2),P(1)). In FEC(D), we have
TSV E=E- O'i_l

Proof. We give a proof only for the case when ¢ = 1 since the case when i = 2 can be shown in
a similar manner. Note that & - afl = (B2, RE,E1, E3). By applying the functor Homp(—, E))
0 (3.6), we have

C[-1] if k=12,

0 if k=3.

Therefore, Ts, , (F1) = Cone(S1,¢, [~1] — E1) = Es and Ts, , (E3) = E3. On the other hand,
(3.6) and the isomorphism Rp, E; = Cone(E; — E$?) show that

RHomp(Ts, ,, (E2), Re, E1) = C.

]?{HOIII'D(SLC1 s Ek) = {

Since both Ts, , - & and € - 0'1_1 are full exceptional collections, the above computation yields

Ts, ., (E2) = Rp,Er. Thus we have Ts, , - £ =€ - 07" in FEC(D). O
Define elements «, d1, 2 € Ko(D) by

o= [Ey] =[P(3)] = [P(2)] + [P(1)], (3.8)

o= [S1] = [P(2)] = [P3)], 02 :=[52] = [P(1)] - [P(2)]. (3.9)

With respect to the Z-basis {«a, d1,02} of Ko(D), the Euler form yp is represented by

1
0
0—10
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The definition of the Serre functor implies that [S3] = id,p) since

10 0 10 0 1 0 0
Spl=xp'xb=10 0 -1||0 0 -1]=(0 -1 0
01 0/\o 1 o0 0 0 -1

With respect to the basis {«, d1, 2} of Ko(D), the automorphisms induced by TS_11 and TS_; are
represented by the following matrices

100 1 0 0
Ts1=(0 1 1], [Tg'1=10 1 o0]. (3.10)
00 1 0 -1 1

Hence, restricting these automorphisms to Zd, ® Zd>, we have a group homomorphism
(Tg,!, Tg,') — Autz(Ko(D), xp) — Autz(Z6) & Zdz, xplzs,025,) = SL(2; Z),

which is surjective. Thus we have the following commutative diagram of short exact sequences:

{1} —— ((102)%) Bs SL(2;Z) —— {1}

l J{Cor. 3.10 H

(1} —— ((Ts,Ts,)"%) —— (T3}, Tg)) —— SL(2Z) — {1}

Proposition 3.12. The group homomorphism By — <T§11,T5721> is an isomorphism.
Proof. Note that & - (0201)% = Sp[—2] - € for any £ € FEC(D) (cf. [Bo, Assertion 4.2]) and
hence Sp(P(k))[—2] = (T5,'Ts")3(P(k)) = (Ts, Ts,) >(P(k)). Since

(TslTsz)s(SLCl) = 851(00116(SD(T51T52)3(P(3))[—2} i> SD(T51T52)S(P(Q))[—Q]))[Q]
851(51,0/1)[2} = Sl,c’l[l] Z Sla

where ¢} := Sp(Ts,Ts,)(c1)[—2] € Homp(P(3), P(2)), the map ((6102)%) — ((Ts,Ts,)"°) is
an isomorphism. Thus we have Bz = (T L T, 1y, O

I

Definition 3.13 (Broomhead—Pauksztello-Ploog [BPP, Definition 4.2]). For any integer n > 2,
a sequence (E1,..., E,) of objects of D is an exceptional n-cycle if
(i) E; is exceptional for all i =1,...,n,
(ii) there are integers k; such that Sp(F;) = E;1[k;] foralli =1,...,n where E, ; := E},
(iii) RHomp(E;, Ej) = 0 unless j =¢ or i+ 1.

If (Ey,...,E,) is an exceptional n-cycle, so is (Es, ..., E,, E1).

A spherical object S can be thought of as an exceptional 1-cycle. As the following proposition
shows, the above definition provides a natural generalization of spherical objects and their twist
functors.

Proposition 3.14 ([BPP, Theorem 4.5]). For any integer n > 2 and an exceptional n-cycle
E, = (E,...,E,), the functor Ty, : D — D defined by the following exact triangle

T, (X)[-1] — EPRHomp(E;, X) @ B; — X — Tp, (X)
=1

is an equivalence. O
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The above functor Tg, is called the twist functor associated to the n-cycle E, = (E, ..., E,),
which induces an automorphism [Tg,] € Autz(Ko(D), xp) given by

[Te.J([X]) = [X] = ZXD([EiL [(XDIE]-

Definition 3.15. Define a group B(D) as follows:
B(D) := (T, | E« = (E1,. .., Ey,); an exceptional n-cycle,n > 1).
As already mentioned, by an exceptional 1-cycle we mean an m-spherical object for some

m € Z. For any C-linear triangulated category T, we denote by Sph,,(7) the set of m-spherical
objects in T .

Remark 3.16. In [OST], the group generated by the twist functors associated to 1-spherical
objects has been considered. However, in general situations, including the one treated in this
paper, it is more natural to consider the group B(D) defined above. Note that in the case of
[OST], these groups coincide.

In order to understand B(D), we begin by classifying exceptional cycles.

Proposition 3.17 (See also [O2, Proposition 3.8]). Let n > 2. A sequence E, = (E1,...,Ey)
of objects of D is an exceptional n-cycle if and only if n =2 and E, = (B4, E_) or (E_,Ey})
up to translations, where E4 and E_ are defined in Lemma 2.8.

In particular, we have

Tie, m ) =Sy 1]
Proof. We begin by proving the sufficiency.
Lemma 3.18. The sequence (E4+, E_) and (E_, Ey) are exceptional 2-cycles.

Proof. We only need to show that (E, E_) is an exceptional 2-cycle. Lemma 2.8 shows that
E., E_ are exceptional objects satisfying Sp(F+) = E+[2]. The third condition is automatically
satisfied since n = 2. O

Lemma 3.19. Let T g, p_) be the twist functor associated to the 2-cycle (E,, E_). We have
Tp,.m_) = Sp'[1]:
Proof. By a direct calculation based on the definitions of the twist functor and left mutation
functor (see [Ku, Remark 2.8]), it is easy to see that T, p )(Ey) = E_[-1] 2 S5 (E4)[1] and
T(E+’E7)}El = Ls,(g,)- It turns out that Tip, g ) = 551[1} by the argument of [Su, Section
T

3. O
Lemma 3.20. If an exceptional n-cycle exists in D, then n = 2.

Proof. Without loss of generality, we may assume that an exceptional n-cycle of the form F, =
(B,Sp(E),...,Sp " (E)) exists. Since E is exceptional and [S3] = idk,(p), we have

n—1 n—1
[T5.)([Sp(E)) = [Sp(E)] = D x(Sp(E)], [Sp(E))Sp(E)] = [Sp(E)] — D _[Sh(E)].
i=0 1=0
Therefore,
[Te.J([E] + [Sp(E)] + - + [SpH(B)) = (1 = n)([E] + [Sp(E)] + - + [Sp ' (E)])-
It follows that [T, ] is an automorphism only if 1 —n = £1 and hence n = 2. O

Note that (Sp[—1])? itself is not a translation. Especially, the object (Sp[—1])%(L;) is an
arc having a subarc that wraps once around the boundary. Though [(Sp[—1])?(L;)] = [Li] in
Ko(D), the object (Sp[—1])2(L;) is never isomorphic to L; up to translations in D.
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Lemma 3.21. Suppose that (E,Sp(E)) is an exceptional 2-cycle. Then E is isomorphic to E
or E_ wup to translation.

Proof. Since [S3] = id,(p), there exists an integer k such that S3(E) = E[2k]. By definition
of T(g, g_), we have the following exact triangle

T(E+’E7)(E)[—1] — RHomp(FE,,E)® Ey ® RHomp(F_,E)® E_ — FE — T(E+}E7)(E).
By Lemma 3.19, we have Homp (E,T(g, g_)(E)) = Homp(E, SEI(E)[H) and
Homp (E, Sy (E)[1]) = Homp(S5%(E)[1], E)* = Homp(E[1 — 2k], E)* =0,

which implies that the above exact triangle splits. It then follows from the Krull-Schmidt
property that E = E, or E= E_ up to translations. ([l

Thus we have finished the proof of the proposition. O
Next, we consider spherical objects.
Proposition 3.22. Suppose S is an m-spherical object in D. Then m = 1.
Proof. By definition of T{g, g_) and Lemma 3.19, we have the following exact triangle
S[—m] — RHomp(E4,S) ® Ey @ RHomp(E_,S)® E_ — S — S[1 — m)|.

If m # 1, then the morphism S — S[1 —m] is zero; then S = E. or E_ up to translations due
to the Krull-Schmidt property of D, which contradicts the fact that Sp(E+) = E+[2]. (I

Proposition 3.23. We have
B(D) = <T(2E+,E,)’ Tsyers Tsypen |Clvc? € ((C*)2>
Proof. The set Sph; (D) of 1-spherical objects in D is characterized as follows:

Lemma 3.24 ([BD, Corollary 2] and also [02, Lemma 4.1]). Let Perf(E) be the derived category
of perfect complexes of sheaves on the nodal cubic curve E defined in Definition 8.3. The fully
faithful functor 7 : Perf(E) — D in the diagram (3.3) induces a bijection between the sets of
1-spherical objects:
Sph, (D) = «*(Sph, (Perf(E))).
[l

It follows from [BD, Proposition 11] that for any smooth point v([c10 : c10]) € E with
[€1,00 : €1,0] € P1\ {00, 0}, we have
T (Coler,eicra) = Stieroercr o)
It is known that Pic’(E) 2 C* and by [BD, Propositions 11 and 13] the element
Lie; et ) € Pic"(E)

corresponding to [¢] ., : €| o] € P!\ {c0,0} = C* is mapped by 7* to the complex of CQ/I-

modules
€1,00T1,00
C/1,09”1,0 (T2,00 T2,0)
P(3) ———> P(2)® P(2) ———5 P(1),
where the middle term is of degree zero. Furthermore, a direct computation shows that

T (Liey ey o)) = Ty, S2,e0(—1]  for some ¢, 2 € (C*)2.

Lemma 3.25 ([BuKr, Proposition 4.13, Proposition 4.2]). Let the notations be as above. Con-
sider the subgroup of Aut(Perf(E)) given by

<TCV([E1YOO;C110])7T£[C/1 wich o] ‘ [01,00 : 01,0]7 [Cll,oo : C/I,O] ePp' \ {O0,0}>.

This subgroup acts transitively on the set Sphy (Perf(E)) up to translations. O
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Putting these together, we obtain the statement of the proposition. O

Let Autget (FEC(D)/Z3) be the automorphism group of the set FEC(D)/Z? (modulo trans-
lations) and consider the following group homomorphism:

prec : Aut(D) — Autset(FEC(D)/Z3). (3.11)

Proposition 3.26 (cf. [O1, Theorem C]). Let Outc.aig(CQ/I) be the group of outer automor-
phisms of CQ/I defined by
Outc.-alg(CQ/I) := Autc-aig(CQ/I)/Innc (CQ/T)
where Autc_aig(CQ/I) is the automorphism group of the C-algebra CQ/I and Innc(CQ/I) is
the normal subgroup of Autc.aig(CQ/I) consisting of inner automorphisms.
(i) We have
Out(c_alg((CQ/I) >~ (C* x (C*) X (Z/QZ).
(ii) We have the following short exact sequence of groups
{1} — Outc.ag(CQ/T) x Z[1] — Aut(D) "5 By — {1}, (3.12)
where Oute(CQ/I) is naturally identified with the subgroup
{® € Aut(D) | ®(mod(CQ/I)) = mod(CQ/I), ®(P(i)) = P(i),i =1,2,3}.

Proof. (i) Since CQ/I is a basic finite dimensional C-algebra, any C-algebra automorphism maps
a complete set of primitive idempotents to a complete set of primitive idempotents and, up to
inner automorphisms, fixes them. Therefore, in determining the outer automorphism group
Outc.alg(CQ/I), we may assume that any C-algebra automorphism ¢ € Autc.aig(CQ/I) fixes
the primitive idempotents e1, e2, e3 associated to vertices 1, 2,3 of @), which is determined by its
action on the arrows ay, as, 51, 82. Hence we may write

p(ar) = drio0 + ¢1261,  B(B1) = Phrc1 + biaf1,
plag) = @102 + ¢, B(Ba) = ¢3102 + 93202,
for some ((¢}), (¢2:)) € GL(2;C)?, which must satisfy

ij ij
¢}1¢31 = (15%2‘25%2 = ﬁb%lﬁb%l = ¢%2¢%2 =0.
Solving these equations yields
¢%2 = (25%1 = Qﬁz = ¢§1 =0 or ¢%1 = ¢%2 = ¢%1 = ¢§2 =0.
Thus, the subgroup of Autc.ale(CQ/I) fixing e1, es, e3 is generated by:

(a) the subgroup generated by the scaling transformations of the arrows a1, 1, @z, 82 given

by {((¢11: 632), (611, 635))} = (C)? x (C*)?,

(b) an involution that exchanges a; with 81 and ag with By, while preserving the relations.

Note that the involution exchanges ¢1, with ¢l, and ¢, with ¢3,. As a result, the group is a
nontrivial semidirect product
((C*)2 X ((C*)Q) x (Z./27).

Any inner automorphism fixing ej, eq, e3 is given by the element of the form

3
u=> e, 1 eC,

i=1
which acts on the arrows as

g @041, B1 @/817 o %042, B ﬁﬁz

1 P1 o o
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It is obvious that this action is trivial if and only if ¥ = 15 = 3. Hence, the image of the
subgroup under the natural map Innc_aig(CQ/I) — Autcag(CQ/I) is C*xC* C (C*)?x (C*)?,
the product of the diagonals of each (C*)? factor in (C*)? x (C*)2.

(ii) The statement follows from [O2, Proposition 5.3]. Since CQ/I = P(3) @ P(2) & P(1)
in mod(CQ/I), the identification of Outc.aig(CQ/I) follows from [Ch, Proposition 2.4] and
references therein. Indeed, it is clear that Tgl’cng1 1, TschTS; ! belong to Ker(prrc) and they
respect P(3), P(2) and P(1), and a direct calculation yields

Tsl,cngll(xLoo) = T1 00, Tsl,cngll(SUl,o) =10,
TSl,cngll (%2,00) = €1,0072,00; Tsl,clTil(fz,o) = ¢1,072,0,
TSQ,CQTS_; (72,00) = €2,00%1,005 TSQ,CQTS_;(%LO) = C2,071,0,

TSQ,CQTS_;(@,OO) = T2 00, TSQ,@T;‘,l(UUz,o) = @20,

which generate the subgroup C* x C* of Outc.alg(CQ/I). Note also that (Sp[—2]) o (Ts,Ts,)?
is of order 2, which maps E to E_ and belongs to Ker(prgc), which gives the generator of the
subgroup Z/2Z of Outc.aig(CQ/I). O

We are interested in classifying exceptional objects in D.

Proposition 3.27. The following holds for exceptional objects and complete exceptional se-
quences.

(i) If E € D is an exceptional object and E 2 Ey[k] for any k € Z, then there exists a full
exceptional collection (E1, Es, E3) with By = E.
(ii) The right Bs-action on FEC(D)/Z3 is transitive.

Proof. A geometric description based on categorical equivalence D = PW(S}, M, ¢) is useful for
the classification of exceptional cases.

Lemma 3.28 ([HKK, Theorem 4.3] and [CS, Lemma 2.1 (1)]). Let E be an exceptional object
in D. The corresponding object L in PW(Si, M, £) under the equivalence D = PW(S}, M, /) is
an arc connecting two connected components of S} \ Ml without self-intersections. (|

Lemma 3.29 ([O2, Proposition 3.8]). Let E be an exceptional object in D and let L be the
corresponding arc. L is homotopic to a part of the boundary OS} if and only if E satisfies
(Sp[—1])?(E) = E[2]. Otherwise, L is non-boundary, and cutting along L yields a sphere with
two boundary components, each containing one marked point. ([

Based on these two lemmas, the first statement is given by [CS, Proposition 4.11].

The second statement is shown by Chang-Haiden—Schroll [CHS, Corollary 5.3]. What is
crucial is that the braid group Bs = prrc(B(D)) is identified with the mapping class group of
Si, the orientation preserving diffeomorphisms S} — S} fixing S} modulo isotopy. Also, that
the left action of pprc(B(D)) and the right action of Bj are identified (recall Proposition 3.11)
plays an important role. Il

Corollary 3.30. An exceptional object E is uniquely determined by [E] € Ko(D) up to the
actions of 83 and [2]. O

3.4. Space of Bridgeland stability conditions. For background on stability conditions, see
[B]. The result of Haiden-Katzarkov—Kontsevich, when applied to the present setting, yields the
following:

Proposition 3.31 ([HKK, Theorem 5.3]). There exists an injective holomorphic map from the
universal covering UCov(M) of M to Stab(D) whose image is open and closed, thus a connected
component of Stab(D). O
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Proposition 3.32 ([Tak, Lemma 62 and Lemma 67] (see also [HW, Remark 4.6])). The injective
map UCov(M) — Stab(D) is an isomorphism of complex manifolds. The stability function
is given by the exponential period integrals associated to F with the primitive form given in
Corollary 4.6 (see Section 5 and put u = 1), on which the auto-equivalences (Sp[—1])? and [2]
act trivially. O

3.5. Serre dimension and the global dimension function.

Definition 3.33 ([KOT, Definition 2.4] (see also [EL, Proposition 6.13])). The upper Serre
dimension Sdim D and the lower Serre dimension Sdim D of D are given by

Sdim D := lim M, Sdim D := lim M. (3.13)
t—00 t t——o00 t
where )
hi(Sp) = nll_{rgo - log szim(g Homop (G, S (G)[m])e™™, (3.14)
me

and G is a split generator of D.
Remark 3.34. The entropy function h¢(Sp) does not depend on the choice of a split generator.

Definition 3.35 ([IQ, Q1]). For a stability condition o = (Z,P) on D, the global dimension
gldim o of ¢ is given by

gldim o := sup {¢2 — ¢1| Homp (A1, Az) # 0 for A, € P(¢;)} € R U {oo}. (3.15)
Proposition 3.36.
Sdim D= inf gldim o =2.
oEStab(D)

Proof. There exists o satisfying gldim ¢ = 2 [Q2, Corollary 5.13]. If we take P(3) & P(2) ¢
P(1)® E+ @ E_ as G, we easily obtain the inequality Sdim D > 2 since Sp(F1) = Ex[2]. O

Corollary 3.37. There is no Sp-invariant stability condition on D.

Proof. Taking P(3) @ P(2) ® P(1) & S1,c, as G, it is easy to show that Sdim D < 1 since
Sp(S1,¢,) = S1,¢,[1]. Therefore, we have Sdim D < 1 < Sdim D = 2. The statement follows
from [KP, Proposition 6.17]. O

Remark 3.38. Consider the set SODs(D) of all semiorthogonal decompositions for D consisting of
admissible subcategories equipped with Gepner type stability conditions with respect to the Serre
functor Sp (see [Tod, Definition 2.3] for Gepner type stability conditions). Note that if a stability
condition is of Gepner type with respect to Sp, then it is Sp-invariant. We expect Stab(D) to
have a stratification indexed by the set SODs(D) (this will be discussed in a separate paper).
Note that there is a natural inclusion FEC(D)/Z3 C SODs(D). Since the derived category of the
Kronecker quiver, the semi-orthogonal complement of an exceptional object E with E 2 E4[k]
for any k € Z, does not admit any Gepner type stability condition with respect to Sp and
neither does E+ by [Su, Corollary 3.4], it turns out that FEC(D)/Z? = SODs(D). Therefore,
it is naturally explained in a categorical way that the universal covering of the configuration
space Conf(C, 3), which is Stab(D), admits a stratification indexed by FEC(D)/Z3, called the
“Stokes region” (see Hertling—Roucairol [HR, Definition 3.10]), together with the discussion on
the Lyashko—Looijenga map explained later.

For a real number 0 < a < 2, set

=<
e
I
OO =
O = Q
—Q Q
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With respect to the Z-basis {[P(3)], [P(2)],[P(1)]} of Ko(D), we have [Sp| = (11_)1112 Xa 'xF. Since
the characteristic polynomial of x; 'x7 is

(t—1)(t* = (a® = 3a®> + 2)t + 1),
the eigenvalues are

(a? —2a—2)(a—1) £a(a—2)y/(a+1)(a—3)
5 .
Examining the behavior of the phases of the eigenvalues as the parameter a varies from 0 to
2 shows that they change monotonically from 0 to 0,£1/2. Therefore, based on the idea of
Cecotti—Vafa [CV] (see also Balnojan—Hertling [BH]), it is natural to consider the “exponents”
for D to be 0, 1/2 and 1 (shifted so that the smallest one is 0), and hence the “dimension” of D
to be 1. The "exponents” here are rational numbers, analogues of those ¢ with H?>2(V') # 0 for
a smooth proper Deligne-Mumford stack V.
These ”exponents” and “dimension” are consistent with those of the Frobenius structure
discussed later, but the ”dimension” differs from 2, the upper Serre dimension Sdim D (and

hence the infimum Sin£ o) gldim o of the global dimension function) computed above, although
geSta

they coincide in nice cases. On the other hand, if we regard Sdim D as the “dimension”, it is
consistent with the variance formula (see Hertling [Hel], Ebeling-T [ET] and references therein)
for the “exponents” under the assumption that the “first Chern class of D” is numerically zero
as in the discussion of the gamma integral structure later:

1\N° L, /1) 1
_Z Z) ==—.3.92
(-3) +e+(5) =522

where 3 in the RHS is the dimension of the total Hochschild homology group HH,e (D) of D which
is isomorphic to Ky(D) ®z C. Understanding this discrepancy remains a challenge for future
work.

t=1,

4. FROBENIUS STRUCTURE

Recall that M = C x C* x H with the coordinate system s = (s1,82,7), C x M with the
coordinate system (z;s1, $2,7), X is the quotient of C x M under the group action

(25 81,82, 7) = (z+m +nt; $1,82,7), m,n €7,
and p the natural projection X — M;
p: X — M, |[(z;s1,52,7)]— (s1,82,7).
Here X is the space obtained by removing from X the zero section of p, namely,
X=X\ {[(0;51,82,7)] € X | (s1,82,7) € M},
and F': X° — C is a holomorphic map given by
F = F(z;8) = F(z; 51,82, 7) == 520(2;7) + 51.
It is important that the critical set C of F' relative to M is given by
2520}:{(2;5)6X0 %, 1—;7,72-},

and hence the map p|¢ : C — M is an unramified covering map of degree three. Therefore, the

O\ r-algebra
OF
p*OC = p*OX°/<a)
z

is semi-simple at any point s € M. See Proposition 4.4 below for a more precise statement.

z =

C = {(z;s)exo




FROBENIUS MANIFOLD FOR THE NODAL QUIVER 275

4.1. Kodaira—Spencer map. Recall that s3 = 27v/—17.

Proposition 4.1. The Oy;-linear map

0 oF
KS: Tar — p+Oc, s, = [88‘:| )

is an tsomorphism.

Proof. Since p,.Oxo is an O)ps-algebra generated by ©(z;s) and 9¢(z;s)/0z, its quotient by the
ideal (OF/0z) = (0p(z;8)/0z) is a free Op-module of rank 3 generated by [1], [§(z;s)] and
[©(2;8)?], since by (2.1a) and (2.1b) both (9%(2;s)/02)% and 92p(2;s)/02? are polynomials in
©(z;s). The statement follows from the equation (2.8). O

Definition 4.2. Define an Oj;-bilinear product o : Tas X Tar — T as

o 9 .. ([oF oF
b5, C0s; O ([asi ast'

Definition 4.3. The holomorphic vector fields e, E € T'(M, Tps) defined as
e:=KS™([1]), E:=KS ([F]),

are called the unit vector field and the Euler vector field, respectively.

It is obvious but important that

OF (z;8) L _ . OF(zs) 1 0F(z5s)
881 - ]-7 F(Z,S) = 51 851 + 282 852 )
and hence
Y I )
T 8817 181 2 2882'

Proposition 4.4. The holomorphic functions ui(s), ua(s), us(s) € T'(M, Op) defined as
ui(s) = s1 + s3¢;(1), (recall (3.1) for the definition of &(T) )

form a coordinate system on M. Moreover, we have

e= i—f—i—ki E—ui—kui—i-u 0 0 oi—é--i 1,7 =1,2,3
ouq 8u2 8U3, 18u 28 3au3 6ui 6Uj - Uaujv yJ = 1, 4,9,

where 6;; is the Kronecker delta.

Proof. We have C = C; UCs U C3 where

Cr = {(;s) GXO}, Co = {(1;T;s> EXO}, Cyi={(5:5) e},

i(s). Therefore the statement holds. O
Note that u; # u; if i # j since €;(7) # e;(7) if ¢ # j.

4.2. Pairing 17 and its flat coordinates. Define a symmetric Oy;-bilinear form
n:TMXTM—>OMby

OF (z;8) OF (2;8) OF(z;8) OF (z;8)
(5 ) = 5 R eyl = 2T § P B

0si’ s, 2my/—1 Jorgs gmlﬁ—laFa(é =) RE

It is quite important that 7 is not an invariant of F' but depends on the particular choice of a
holomorphic volume form 27+/—1dz.
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By direct calculation using the facts that ¢(z;7) = 1/(27v/—12)% + (holomorphic) near z = 0,
(2.1) and (2.8), we have

0 1

0
(,7 (57 5)) _ (o 2 L) Ey(r)
0s; 8sj 1 %82E2 (7_) %82 1 OFE> (1)

22xy/—1 Ot

Therefore, considering the following coordinate transformation

t1:=s81+ ESQEQ(T), to := 89, t3:=s3=21vV—1T, (41)

we obtain the constant matrix

00 1
o 0
A — =)= 2
(mi5) (n(ati,at)) (1) 2 8

In terms of this coordinate system (¢1,t9,7) of M, F is rewritten as

- 1
F(z;t) = t3 (p(z;T) — 12E2(T)> + 1.
We have

OF(z;t) OF(z;t) 1 0F(z;t)
———= =1, F(zt)=t —t 4.2
ah  FEY) =t g (4.2)
and the unit vector field e and the Euler vector field E are given by
0 0 1.0
=—, FE:=t
= oy ot T2t

In order to define the notion of a primitive form, it is necessary to define a Saito structure
associated to F', namely, a tuple consisting of the filtered de Rham cohomology group Hpr with
the increasing filtration Hgf), k € Z, the Gaufi-Manin connection V on Hr and the higher residue
pairing Kz on H . In this paper, we omit the details about those objects and refer the interested
reader to [SaTal. In the setting of this paper, Milanov constructs the triple (Hp,V, Kr) and
shows that any “prime form” in the sense of Dubrovin [Dul, Lecture 5] is a primitive form [M].

As in [IST, Lemma 5.2], the equation (4.2) and the following proposition show that

uV o %[271'\/ 1dz] = ZC’“V o [2mv/—1dz], i,j =1,2,3,

mi Bty

0
where C’fj is the structure coeffcients of the product of — and

o, 8(2’ and then imply that

2m/—1dz gives a primitive form in an elementary way.
Proposition 4.5. We have
OF (z;t) OF(zt)

Oty Ot
3F( t)  to OF (z:¢) 2 1 3E2( ) OF (z;t) OF(z;t)
— _ 2R L)
6t3 2 2(7) 8t2 2 27‘1’\/ 87’ 8t1 +¢272(2’, ) 82 ’

OF (z;t) OF(z;t)

Oty Ot
B é 1 OEy(7) 0F(25t) g 1 0?Fs(1) OF (2;t) b das(zit) OF (z;t)
Lory—1 o0r otz 6 (2ny—1)2 o2 0k S PR
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OF (z;t) OF(z;t)
ots Oty
t3 1 O?Ey (1) OF (2; t) t3 1 O3Eq(T) OF (2;t)
12 (2m/—1)2 972 oty 24 (2my/—1)3 ard ot

where

2a(at) =2 (~sm) = Balr): ) dualast) = 2

OF(2;t)

+ ¢3,3(Z;t) 82 5

1 9
227r\/— or

$33(2;t) :tg(%r\/l_—l)zaaﬁ (‘&ZW) ﬁEz( 7) )

(—&zn) - 112E2<T>z) |

which satisfy
Opaa(z;t)  O°F(z;t)  0¢as(zit)  0°F(zt)  Ogss(zit)  02F(zt)

0z o 81520152 ’ 0z o 8t28t3 ’ 0z o 8t38t3
Proof. Tt can be shown by direct computation using equations (2.5a), (2.5b), (2.7), (2.9) and
(2.4). Although it is not difficult, it is technical, so we will summarize the computation in
Section 6.1. O

Corollary 4.6. The class (g := [2m\/—1dz] of the differential form 2m+/—1dz in the 0-th filtered
de Rham cohomology group KI(;O) is a primitive form with the minimal exponent 0. In particular,
the tuple (o,m,e, E) defines a (globally) semi-simple Frobenius structure on M of rank 3 and

dimension 1, whose Frobenius potential F is

F(ty,ta, 2V —17) := 7t2 2/ —17) + tit3 —

E
24152 2(7)-

O

The intersection form g of the Frobenius structure is a non-degenerate symmetric Ops-bilinear
form g : Q}, x Q, — Oy, which is defined, in terms of the Frobenius potential and flat
coordinates, by

3

ia 0*F Iy _
g(dts dts) Z e <8ta8tb>’ (n7) == (mi) "

It is calculated as

4 1 *Bx(r) B3 1 3E2(7') t
TREe/IR 0 TSyl o '
. . = t OF
(gldti, dty)) = |~ 1 2Bl %tl—ét%EzH 3tz
t 3t 0
1 272

There is a uniqueness of the Frobenius structure, which may be known for experts. See [DZ,
Theorem 2.1], [Satl, Proposition 5.2] and [ShTa, Theorem 7.1] for the analogous statements.

Proposition 4.7. A Frobenius structure on M of rank three and of dimension one with the
following e and E is uniquely determined by the intersection form g:

e poy 91,0
"ot Yot, T 20ty

Proof. We use the following relation between the product o and the intersection form g.

Lemma 4.8. Denote by I‘Zj the contravariant component of the Levi—Civita connection v for
the intersection form g on Q};. Namely,

W%_g@mvgﬁ-)
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Then, we have
3

i =acp, of =3 nmna‘batf;f - (4.3)
where dj is a rational number defined by E(t;) _ djtj, namely, di =1, do =1/2 and d3 = 0.
Proof. See [Dul, Lemma 3.4] and apply d = 1. O
It is obvious that C’,ij can be reconstructed from the intersection form if j # 3. However,
i3 ¢ ia, 30 O°F ;
Cy = agz:ln n SOt dik, (Kronecker’s delta). (4.4)

Therefore, 93F /0t;0t;0t, for all i,j,k =1,...,3 can be uniquely reconstructed from the inter-

section form g. O
The discriminant locus Dp is the subset of M defined as

OF (z;s)
0z

which is explicitly given in terms of the Euler vector field as the zero locus of the holomorphic

function det(E o —):

Dy = {s €M |F(zs) =

Oforsomez},

det(E o —)
= 3 @E (1) + @ 1 0Ex(7) - ﬁ 1 O*Es(T)
Loy 4 2ry/=1 91  24(2m/—1)%> Or2

- 1 _ 1 ~ 1
(1 + 8@ - HE0)) (b + @) - 5E0)) (h+B(E) - 5 EBa(r) )
= Ui1u2Us.
Up to a non-zero constant multiple, it is equal to det(g(dt;, dt;)).
Let Conf(C, 3) be the configuration space of three distinct points on C and denote by [(u1, ug, u3)]

the point of Conf(C, 3) consisting of {u,us,usz} C C.
Definition 4.9. The Lyashko—Looijenga map LL : M — Conf(C,3) is a holomorphic map
defined as
LL(s) := [(u1, u2, u3)],
where u;’s are canonical coordinates defined in Proposition 4.4, namely,

~ - 1
u; = 81 + s%ei(r) =t + t% (ei(r) — 12EQ(T)) , 1=1,23.

For the general theory of the Lyashko—Looijenga map for Frobenius manifolds (or F-manifolds),
we refer the reader to [He2, Section 3.5].

For v = (i Z) € SL(2;Z), we can define the action of v on M as follows:

( ) So ar +b
- (81,82, 7):= | s .
Y 1,92, 1’CT+d7CT+d

Proposition 4.10. The Lyashko—Looijenga map LL induces the isomorphism
LL*9 : M/SL(2;Z) — Conf(C, 3).
In particular, we have
deg LL™Y = 1 = #(B3\(FEC(D)/Z°)) = #((FEC(D)/Z%)/ By)

where B3\(FEC(D)/Z3) means the quotient with respect to the left Bz = prrc(B(D))-action and
(FEC(D)/Z3)/Bs does the quotient with respect to the right Bs-action.



FROBENIUS MANIFOLD FOR THE NODAL QUIVER 279

Proof. By Proposition 3.11, we have #((FEC(D)/Z3)/Bs) = #(Bs\(FEC(D)/Z?)). The con-
figuration space Conf(C,3) can be identified with the space of the monic cubic polynomials
(x—uq)(x—usz)(x—wus). In other words, there is a one to one correspondence between [(u, uz, u3)]
and coefficients of the monic cubic polynomial. Therefore, under the identification, the image of
the map LL is given by
1 1 1

(3517 357 — 4—8S§E4(T), —478818421E4(T) + 864ng6(7)> (4.5)
and is invariant under the SL(2; Z)-action. Therefore, this map LL induces the map LL9. The
isomorphism LLY is nothing but the classical theory of elliptic functions. In particular, our case
is the Jacobi inversion problem of elliptic curves with a quadratic term in the cubic polynomial

which gives rise to the translation by s;. Hence LL% is an isomorphism between 3-dimensional
complex manifolds. See [Zac] and references therein for example. O

Let M™% := M\Dp and F; (0) := {(2;8) € X° | F(z;s) = 0} for a point s € M. Fix a point
s = (81, 82,7) € M9, then the relative homology long exact sequence yields the following short
exact sequence:

0 — Hy(p~'(s); Z) — Hi(p~'(s), Fs 1 (0); 2) 2> Ho(FSH(0);Z) — 0, (4.6)

where Hy denotes the 0-th reduced homology group. Since dF(z;8)/0z # 0 for s € M"Y,
F71(0) = {(x;8), (—m;8)} for some x # 1/2,1/2 4 7/2,7/2 (mod Z + Zr).

For s = sq defined in Subsection 3.2, by moving along the real axis from 0 to +o00, we construct
a homeomorphism between Fs_ol (0) and F_ (1-00). Thus, we obtain an isomorphism

Hi(p™(s0), Fog (0); Z) = Hy(5 " (s0), Fay (0); Z) = Hi(p " (s0), Fay (1-00); Z) & Hy (S, 51 \ M Z).

S0
In particular, the class of the path in C from —z to x that encircles the origin 0 in a clockwise direction
is identified with .. Together with the isomorphism Hi(p~'(so);Z) = H1(Si;Z), we have
Hi(p~"(s0), Fay (0, 2) = Za ® 261 & 233,  Ho(Fa,'(0);2) = Z([a] — [~a]) = Zda,

where §; and Jy are the homology classes of the longitude and the meridian of S}. Under
the natural identification Ko(D) = Hi(p'(so), F5,'(0);Z), the basis a,d1,d, are identified
with the ones in (3.8) and (3.9). Here, it is also useful to take another Z-basis {a1, s, as}
of Hy(p~*(s0), Fy5,*(0); Z) where
(65} ::afél, Qg 1= 7C¥+61+52, Qg = [5(3)]:(-1752

Under the identification Hy(p~'(so), Fi, ' (0); Z) = H:(Si,0S7 \ M; Z), this corresponds to the
cycles represented by the dashed lines in Figure 3 below.

For v, € Hi(p~'(s0), F5,'(0); Z), define a symmetric Z-bilinear form I to be the restriction

of the intersection form Iz on ﬁo(Fs’ol(O); Z) as

I(v,7') = Ig,(07,07).
Let UCou(M"9) be the universal cover of M. Identify Hi(p~*(so), F5,'(0); Z) with the
space of global horizontal sections of U H,(p~*(s), F;1(0); ).
seUCov(MTe9)
Lemma 4.11 ([Sal, Section 5 and Section 3.4], [Ta2, Section 5] and [ShTa, Section 5]). We
have the following:

(i) For each horizontal section « of the local system U Hy(p~(s), F;1(0); Z), we have
SeMreg
1

21v/—1dz € Sol(V),
o _1’Y7T z ol(V)
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FiGURE 3. Cycles representing aq, asg, as.

where V is the Levi-Civita connection for the intersection form g and
Sol(V) :={¢ € Opgres | Vdip = 0}. Indeed,

/ dz = [z]" , = 2z, dz =1, dz =T,
a 81 02

which belong to Sol(V).
(ii) There exists an Oppreq-isomorphism

Q}wrag >~ O]V[Teg ®([jM7veg dSOl(%),

where dSol(V) is the image of Sol(V) in QL jreq under the differential d.
(iii) Forvy,7" € Hi(p~'(s0), Fy,'(0);: Z), we have

g (d (/7 2m/fldz> d (L 2ﬂﬁdz)> _ Iy,

where v, in the left-hand side are corresponding global horizontal sections.

In particular, there exists ¢ € Sol(%) such that {d¢,dx,dr} forms a Cpyreq-basis of dSol(%)
and g has the following matriz representation with respect to this basis:

1 1
g=————1(0 =1 0
Crv=-12\; ¢ o
Proof. See [Ta2, Section 6.10]. O

Remark 4.12. In [ShTa] and [Ta2], F is a function in three variables, so the coefficient (27/—1) 2
was necessary in front of the integral. However, since we are now dealing with a function in one
variable as F, as the weight decreases by one, the coefficient becomes (27/—1)~*.

By Lemma 4.11, we have the following map:
UCov(M™) — CxCxH, s~ (¢,,7).
and the period mapping:
UCov(M"™) — Homy (H:(p~ " (so), Fy,'(0); Z), C).

The period domain becomes E° introduced later in (4.26) since « is not a vanishing cycle and
hence the period map cannot be extended to x € 27Z + 2Zr.
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4.3. Elliptic Weyl group. In this subsection, we introduce the elliptic Weyl group W of type
A(ll’l)* and its extension W by SL(2;Z) and describe their actions on suitable domains.

Definition 4.13. A root system R of rank p is a tuple (N, I, A,.) where N is a free Z-module
of rank u, I : N x N' — Z is a symmetric Z-bilinear form, and A, is a subset of A, called the
set of real roots, satisfying the following properties:
(i) N =ZA,..
(if) For each a € Ay, I(a, ) = 2.
(iii) For each o € A, define a reflection r, € Autz(N,I) by r4(\) := XA — I(a, A)a. Then,
Ta(Are) = Are-

Definition 4.14. The group W(R) := (r, | a € A,.) is called the Weyl group of R.

Definition 4.15. Let R = (N, I,A,.) be a root system of rank p. A subset B = {a1,...,a,}
of A is a root basis if A.. = Wp - B where Wg 1= (r4,,...,7a,) C W(R).

Definition 4.16. Let R = (N,I,A,.) be a root system of rank . An element ¢ € W(R)

is called a Cozeter element of R if there exists a root basis B = {a,...,a,} such that

C=Ta; - -Ta,-
Note that we have W = W(R) and N = ZB by the above definitions.

Remark 4.17. Voigt [V] gave the notion of a root basis under the condition A/ = ZB, but the

root basis here must satisfy generally stronger condition A,.. = Wg - B.

Definition 4.18 (Saito [Sa3, Section 5.3]). A pair (R,c) of a root system R and a Coxeter
element ¢ of R is called a generalized oot system.

Remark 4.19. The reason for considering the Coxeter elements above is as follows. There exist
generalized root systems whose sets of real roots coincide with those of type D,,, but whose
Coxeter elements differ from the classical ones. Such generalized root systems arise from the
generalized root system of affine type A, , equipped with the corresponding involution, for
suitable integers (p, q) satisfying p + ¢ = p.

More precisely, the pair consisting of the generalized root system of affine type A, , and
its associated involution corresponds to the family of Laurent polynomials considered in [DZ],
whose deformation parameters are restricted so as to be invariant under the induced involution.
From this pair of the family and the involution, one can associate a corresponding marked
bordered orbi-surface. According to [BSW], one can then construct the partially wrapped Fukaya
category C associated with this marked bordered orbi-surface (under a suitable choice of line
field). Applying the results of [STW] to the category C, we obtain a new generalized root system
whose set of real roots, determined by exceptional objects, is isomorphic to the usual one of
type D,,, but whose Coxeter element, induced by the Coxeter functor S¢[—1], differs from the
classical Coxeter element of type D,, (see [Ta3]).

In particular, by an appropriate choice of (p,q) in this construction, we can realize quasi-
Coxeter elements of type D in the sense of [Klu] and [V]. Therefore, in our setting, we refer
to all of them simply as Coxeter elements, since from the categorical viewpoint of deriving
generalized root systems, quasi-Coxeter elements arise just as naturally as the classical ones.

Applying [STW, Proposition 2.10] to our case, we can have the following generalized root
system (N,I,A,.,c) from D. As a matter of fact, the condition in [STW, Proposition 2.10]
that any exceptional object can be completed to a full exceptional collection, must be dropped.
In other words, all exceptional objects should not necessarily be real roots. Note that we have
[E+] =[E_] = a ¢ A, and this reflect that « is not a vanishing cycle (see Lemma 4.11 (i) and
x # 0 there). Moreover, the set of real roots can be given by the Bz x (Z[1])3-orbit of the full
exceptional collection (S(1),5(2),5(3)) :

N = Ko(D) =Zo D L6 © Loy = Loy © Loy D Zas,
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where oy = [S(1)] = o — 01, az := [S(2)] = —a + 01 + 02, ag = [S(3)] = a — da.

2 -2 2
(I(ai, aj)) i= (x(o, ) + x(aj,0)) = [ =2 2 =2
2 -2 2

W = Tay,Tas, Tag) C Autz (N, ).
Ao :i=W{ar,ag,a3} = {fa—(p+ 1)1 — (¢ + 1)d2 | p,q € Z, pq € 2Z}.
¢:=[Sp[-1]] = ToyTasTas = Ta-
Remark 4.20. As islexlpiained later in (4.17), reflection hyperplanes corresponding to simple
T T

roots aq, ag, i3 are —,

5 5 % respectively.

Remark 4.21. The matrix (I(cy, «;)) is not a generalized Cartan matrix and the group W is not
a Coxeter group.

The subgroup H := (1, 72) of W generated by
T1(a, 81,02) = TayTas (@, 01,02) = (o — 261, 01, 02), (4.7)
To(at, 01,02) := TayTa, (@, 01,02) = (a0 — 202, 1, 02).
is a free abelian group of rank 2 and we have the following short exact sequence:
{1} — H— W — Z/2Z — {1}.
More precisely, we have

W = (ra,,m1,72|ra2=1, TayTiTa, = Tl i=1,2) (4.9)

> (r,ro,ra|ri =12 =1, r2 =1, (rirar3)® = 1) (4.10)
Consider the following free abelian group of rank 5
N =N & Zki ® Ly = Za ® L6 ® Ly & Lk, & Lks,

and the symmetric Z-bilinear form I defined by

Ha,a) =2, I(o,6,):=0, I(a,8):=0, I(a,k):=0, I(aks):=0,
f(51,51) = 0, f(él,ég) = O, f(él,m) = ]., f((sl,lig) = 0, f(52752) = 0,

I(52, lﬁ)l) = 0, I(ég,lﬁg) = 71, I(Hl,lil) = 0, I(Iil,IQQ) = 0, I(K/Q,K/Q) = 0.

We identify the lattice (N, I) with the sub-lattice (N ® 0 0, I|vaoso) of (N, ).

Remark 4.22. When considering the SL(2; Z)-action later, it is more convenient to consider the
matrix representation of I with respect to the Z-basis {k1, k2, a, d2, 61}, which is given by:

0 0 0 0 1
o0 0 -1 0
I=fo 0o 2 0 o (4.11)
0 -1 0 0 0
1 0 0 0 0
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Define the hyperbolic extension W of the Weyl group W by

W= (75| B € Ave) C Autz(N, 1), 75(A) :=A—I(8, )8, reN.
Explicitly, we have

Ta, (@, 01,02, K1, K2) = (—a + 201,01, 02, k1 + o — 01, Ka),
ffaz(a,tsl,ag,ﬁl,ﬁig) e (—Ol—|— 201 + 202, 01,09, k1 + o — 01 — g, ko — . + I1 —|—52)

?a3(a7617527H17K’2) - (*05 + 2523517623 K1, K2 — & + 62),

It is important that 7, ¢ W= (Tays Tavss Taug ) -
We have

c(a, 01,02, K1, K2) i= Ta; TayTas (@0, 01,02, K1, Ka) = (—a, 61,02, K1 — 2, Ko — 01)

and hence ¢? belongs to the center of W.
It is interesting to observe the relationship between this group and a certain fundamental

group.

Proposition 4.23. Consider the complex manifold M := C x C x H with the coordinate system
(s1,82,7), and the holomorphic function A given by

A= (81 + S%gl(’r)) (81 =+ Sggg(T)) (81 —+ Sggg(T)) .
The groups 1 (M \ {A = 0}, %) and W have presentations by generators and relations as follows

(M \ {A =0}, %) = (a1, a9, a3 | a;(a1aza3)? = (arasa3)?a;, i =1,2,3), (4.12)

W = (71, 72,73 |77 = 1, 73(T17273)% = (T17273) 7, i =1,2,3). (4.13)
Proof. Consider the projection
CxCxH—CxH (s1,82,7) (s2,7).

and intersections of its fibers with A = 0. Then the bifurcation set is so = 0. A fiber with sy # 0
contains three counterclockwise loops a; (i = 1,2, 3) with a common generic marked point * (one
may take sg as x), where each a; encircles —s3¢;(7). Along a rotation around sp = 0, three points
—53¢;(7) rotate twice around s; = 0 without any permutations. This rotation induces a double
full twist ((o102)3)? on a;, where ((0102)3)?(a;) = (a1a2a3)?a;(arazaz)~2. By the Zariski-Van
Kampen method, these a; form generators for and the relations

a; = ((0102)3)2(%‘) = (a1a2a3)2ai(a1a2a3)_2

are exactly the ones for the fundamental group m (M \ {A = 0}, %). g

Remark 4.24. The complement M \ {A = 0} is a K(, 1)-space. The group (4.13) is called the
elliptic Artin group of type Agl’l)* (cf. [SaTak] for the origin of the name “elliptic Artin group”).
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The restriction to the subspace N of the action of 1% yields the surjective group homomor-
phism W — W. Moreover, we have the following commutative diagram

{1}

{1} —— K :=(®*) — H:=(71,72) —— H = {11, n) —— {1}

1)
|
#,

| %
|

{1} —— K := (%) w {1} >

7/27 —— 7,)27.
| |
1

{1} {1}

where

T1(a, 01,02, K1, K2) = Ta,Tay (@, 01, 02, K1, K2) = (v — 261,01, 02, k1 + o — 81 — 82, kg — 01),
To(a, 01,02, K1, K2) = Ta,Ta, (@, 01,02, K1, K2) = (a0 — 202,01, 02, k1 + 02, ko — a + 61 + 02),
which satisfies
TiTeTy Ty L =2
Let (—, —) denote the natural pairing between N@7C and Homz(j\?, C), and {«V,dy,d2, 1,02}
a C-basis of Homg (N, C) such that the values of the pairing between bases are given by
() =2, (01,d1) =1, (62,d2) =1, (k1,c1) =1, (ka,c2)=1,

and zero otherwise. Let (z,w1,ws, @', @) denote a system of coordinates associated to the basis
above. Set

IT := {[h] € PHomz (N, C) | I(h, h) = 0, V—1(w @5 — Wiws) > 0}

where we denote by the same letter I the symmetric C-bilinear form induced by I on Homgz (A, C)
and w; := (d;,h), i = 1,2, and

E := {za" + dy + 7ds + ¢cy € Homz(N,C) | (¢,x,7) € C x C x H},
where 7 1= wy/w.
Proposition 4.25. The correspondence
zaV +di + 1dy + e > [waV +di + Tdy + (¢T — 2)ey + dea)
gives the isomorphism of complex manifold between E and II.

Proof. The coefficient ¢7 — 2% of ¢; comes from I(h, h) = 0. The coefficient 1 of d fixes the
ambiguity of the projection II — E and is clearly holomorphic. The correspondence is also
holomorphic. These yield the proposition. U

We extend the action on Ko(D) to N so that it is Z-linear and I-invariant. Recall (3.10) for
SL(2; Z)-action on Ko(D). Under the expression (4.11) of I, it is straightforward to see that we
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have the following matrix representation of the action:

QUL O O O
o O O

0 : (ﬁ Z)ESL(Q;Z). (4.14)

—C a

oSO~ OO

Therefore, the space Homz(/v ,C) admits the SL(2;Z)-action defined by

N y(h)) == (v"Y(N\),h), XEN, heHomzWN,C), v SL(2;Z), (4.15)

which is explicitly written as

Yza +widi + wads + ¢'c1 + pea
= [za" + (cwz + dw1)dy + (aws + bwi)ds + (ag’ + bd)cy + (cd’ + do)ca], (4.16)

a b
for v = (c d) € SL(2;Z).
We shall often identify E with C x C x H, namely, identify an element
zaV +di + 7dy + dcy € Homz(./\~f, C)

with a point (¢, z,7) € C x C x H, and write (¢,z,7) € E for simplicity.
By Proposition 4.25 and (4.16), we obtain the SL(2;Z)-action on E, which is given by

cr? x at + b)

V(¢ 2,7) = (qS— ct+d er+d er+d

The natural action of W on the space E is given by

N @(h)) = (@ "(N\),h), NEN, heE, @weW.

Explicitly, we have

;:Oll (¢,$,T) = (¢7 -+ 177-)’ (417&)
Tay(¢y2,7) = (¢ -2z +1+7,—x+1+7,7), (4.17b)
Tas (6,2, 7) = (¢ =22+ 7, —x +7,7), (4.17¢)
and hence we have
(¢ z,7)=(p+ 1Lz +1,7), (4.17d)
T2, 7) = (p+ 20 — 141,20+ 7,7), (4.17¢)
77 (¢, 2, 7) = (¢ + 2nx + 0’7 +m —n,z +m+n71,7), (4.17f)
E(¢7m77—) = (¢+ 17 —13,7'). (417g)

Remark 4.26. Let us summarize the relationships among the groups that have appeared so far.
The group W which fits into the following commutative diagram of short exact sequences is the
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natural generalization of the extended affine Weyl group introduced by Dubrovin—Zhang [DZ]:

{1} {1}

|
{1} — 5 7Z=K T w {1}
{1} By /Vf w {1}~
SL(2;Z) ——= SL(2;2)
| |
{1} {1}

Since it is more convenient to study the W-invariants and the SL(2;Z)-action on them via the
variable e”ﬁ‘b, namely, by passing to the quotient by Z rather than by lifting the action to
Bs, we do not develop the precise definition of W or the corresponding invariant theory in this
paper.

It is also important that W acts trivially on the third component 7, and for each root
a—(p+1)5 — (¢+ 1)d2 € A, the reflection hyperplane in E defined by

{h € E|(a— pd; — qd2, h) = 0}
is given by C x {(z,7) e CxH |z =8 + 27} cCx C x H.
From these explicit forms of the W-action, we see the following

Proposition 4.27 ([Sa2, Section 3.5]). Let
E := {za” + di + 7dy € Homz(N,C) | (z,7) € C x H},

and consider the natural projection map E — E, (¢, z,7) — (z,7).
(i) The following diagrams commute:

WxE —> WxE HxE —— H

| |

E—E

BN — x

x &
E

(ii) The action ofﬁ on E is properly discontinuous and fixed point free.

(iii) The complex manifold E/K is the trivial C*-bundle over E and the complex manifold
E/ﬁ is a principal C*-bundle over E/H.

(iv) The action ofW on E is properly discontinuous.

(v) Let L be the line bundle over BJH associated to E/H, which is as a set, a union
L=E/HUE/H. The finite group W/fi: = W/H = 7Z/27 acts equivariantly on both L
and E/H.

(vi) For each T € H, the degree of the Chern class of the line bundle L|g_ is —1 where
E, :=C/(Z + Zr) is the fiber of the natural projection E/H — H over 7 € H.

—

d
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4.4. Elliptic Weyl group invariant theory and Frobenius structures. The purpose of
this subsection is to show an isomorphism of Frobenius structures on M between the one con-
structed from the deformation theory of F with the primitive form [27y/—1dz] and the one
constructed from the invariant theory of an elliptic Weyl group W. The relation between the
Weierstrass elliptic functions and the theta functions will play important roles and relate these
two constructions. _ B
The holomorphic function e™~1¢ on E is K-invariant and the action of 7" € H = H/K

on e™V~1% ig calculated as

2
T (e 7T‘/7415) (=)™ e [T;'r +nx} g™V 10,

Define a Z-graded algebra S over I'(H, Oy) by
S:=@P Sk Sk:=T(E/HOL "))
k=0

Note that Sy, is the set of H-invariant holomorphic functions on E satisfying the degree condition
1 Oy(¢=,7)
T/ —1 e

Therefore, an element y(¢, x, 7) € Sy is described as a product y(¢, z, 7) = y(z, T)ek”“/jw where
y(x,7) is a holomorphic function satisfying

:k'y(¢,$77), y((;ﬁ,x,T) € Sk:'

’I’L2
(Y, ) = (~)Hm e [—’“2 _ m} y(@,7).

Since the group W/ﬁ acts equivariantly on both IE/}NI and the line bundle L, it induces
a natural action on S,. Denote by £ Sinv (resp. S, ™) the set of W/ H-invariant (resp. anti-
invariant) elements of Sy, the set of W -invariant (resp. anti-invariant) holomorphic functions on
E satisfying the above degree condition. Set

[eS) )

inv ,__ inv —inv ,__ —inv

s @, s @S
k=0 k=0

Naturally, S™V is a T'(H, Og)-algebra and S~ is an S™-module.
Consider the theta function

=3  (3) ()

which satisfies 911 (—z;7) = —911(z; 7) and

b

Y11(x+m+nr;7) = (—=1)"""e [—n;T - nx] Y11(z;7), m,n € Z. (4.18)
Define y; € Si™, y, € Si™V, y3 € S = I'(H, Og) and J € S; ™ by
Y1 = W@(u’c;ﬂekﬁ], Y2 gigo’g { } ;Y3 i=2my/—1r, (4.19)
3
e B, 3]
where S
11(0;7) = ~ or -
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Then we have
dy1 A dya A dys = (2 —1)3Tdo A dx A dr.

Remark 4.28. The reason why we choose y1,y2 and J as in (4.19) and (4.20) will be shown in
(4.21) and explained around (4.25).

The following proposition highlights the importance of considering invariants with respect
to the elliptic Weyl group rather than the Jacobi group. Otherwise, the discriminant does not
become a cubic polynomial in the invariant with the highest degree.

Proposition 4.29 (Chevalley type theorem, see [Sa2, Section 4.5] and references therein). The
following hold:
(i) The Z-graded algebra S is an algebra over I'(H, Oy) generated by y1,y2, J with the
unique relation

1 1
J*=yi - @EAL(T)Z/M/% + @Eta(T)y%- (4.21)

(ii) The Z-graded algebra S™ is a polynomial algebra over T'(H, Og) generated by yi,ys.
(ili) The S™ -module S~ is free of rank one generated by J .
(iv) The zero locus of J on E is equal to the union of the reflection hyperplanes Hg, B € Ay..

Moreover,
1 1911(2$;T)e |:3¢:|
27/ —1)3 2011 (z;7) |2

and it has the following product formula

J = (27“/1_71)3~63”\/?1¢-H(l+e[n7+w])(1+e[n7‘—x])

T el ) oD (e[+2) )
S re DT (e[ (vrg) ) (1+e](neg)r=4])-

n=1

J =

Remark 4.30. Up to a non-zero constant multiple the function 11 (2z;7) is the denominator of
the affine A;-type with a3 = o — 01 and s = —a + §;1 + d2 as the simple roots. Since a ¢ A,.,
the infinite product obtained by dividing ©11(2x;7) by Y11 (x;7) appears as J.

Remark 4.31. Since the line bundle L is negative relative to H, the zero section of the line bundle
L can be blown down to H, The blow-down space L. = E/H UH is isomorphic to Spec(S). Note
also that for each 7 € H the Z-graded C-algebra S gives an embedding of an elliptic curve E,
into the weighted projective space P(1,2,3).

Proof. For (i), see [Sa2, Section A.11]. (ii) and (iii) are direct consequence of (i). As for the
proof of (iv), we have

1911($;T)3 < 1o} N({E )) 1 1911(2.’13;7’)

g | —aoelzT) ) = ;

¥11(0;7)3 &vp (2my/—1)2 V11(;7)
which can be checked by using (4.18). The last part follows from the Jacobi’s triple product
formula (see [Mu, Proposition 14.1])

911 (z;7) = vV—Te [5 (e [g} —e [-%D ﬁ (1—e[nr]) (1 —efnr+2]) (1 —efnr —al).

n=1
(4.22)
O



FROBENIUS MANIFOLD FOR THE NODAL QUIVER 289

Recall briefly the relationship between the Weierstrass elliptic functions and the theta function
Y11 (x; 7), which will be used later. The Weierstrass o-function satisfies the identity

o(z;1,7) = e%Eﬂﬂwz 71911(30; 7)

01,(0;7)
which can be checked by using (4.18) together with the Legendre’s relation. Then
_g(x;T) - 1—12E2(7')x = —(27“/1?1)28(1 log Y11 (x;7),
and hence
- 1 1 02
pla;7) — EEQ(T) = —m@ log 911 (x; 7).

Moreover, it follows from the heat equation (see [Mu, Section 13])

1 0 1 1 0?
%7\/?157911(96;7-) = imﬁﬁn(wﬂ'), (4.23)
that
4 11(0;7) 03911 (z;7)
Es(1) = L= "0 T) = ———— L 4.24
0= e 0 O ] 2

where we used the fact that in terms of the Dedekind’s eta function one has

3P2(0) = 5 g oen(r). ) i=e [ 7] [T (= efur).

n=1

and ¥7;(0;7) = —27n(7)3 by (4.22). It is also important that

J11 (ﬁJ%) 1 cr? 1 91 (7)) [1 a b
= - = —— ‘e |=¢|, € SL(2;7Z),
7, (0:2288) o2 (o~ 5a)) = ranomeled] (¢ n) s
(4.25)

+
which is one of the reasons why we normalized y;, y2 and J in terms of ¥}, (0; 7). The equation
(2.7) is also a direct consequence of the heat equation (4.23).
Let

E° = E\{heE|(a+2kd +20,h) =0, k,l €Z} (4.26)
= {zaV 4 dy 4 7dy + ¢cy € Homz(N,C) | (¢, 2,7) € C x (C\ (Z + Z7)) x H}(4.27)
Define a complex manifold E// W as
E//W := Specan(5™).
Due to Proposition 4.29, E//W = C x C x H. Then we have
CxC*xH~E/W CE/W CE//W ~C x C x H.

Note that E/W = (C2 — {(0,0)}) x H.

We have M = C x C* x H = EO/W as complex manifolds. From now on, we shall con-
struct a Frobenius structure on the tangent bundle of IE// W via the invariant theory of W and
the intersection form and compare this Frobenius structure restricted to M with the one in
Corollary 4.6.

Consider the W-invariant holomorphic functions t1, to,t3 on E defined by

1 1911(1"7')2 ~ 1 —
= gy + —Fo(r) = — 7)) — —E V=19
t1(¢7 Zz, T) Y1 + 12 Q(T)yQ 19/11(07 7_)2 @(Z‘, T) 12 2(7—) €
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_ 1 @r)dn(eT) - ?9'11(56;7)2627rm¢
(2mv/=1) 11(0;7)? ’

Mz 1) o=
t2(¢71'77—) =Yz = ,1150.7_56 \/71(1)7 t3(¢,$,7’) =Y = 2y 717‘3
11\Mh

which forms a global coordinate system on E//W.

Remark 4.32. The holomorphic functions ¢4, ty are good invariants in the sense of [Sat2], namely,
their higher derivatives with respect to x and ¢ vanish at = 0.

Since N @z C can be identified with the cotangent space of HomZ(N C) at 0, it turns out
that I induces the W-invariant non- degenerate symmetric bilinear form on the cotangent sheaf
Q5 on E in the following way:

Proposition 4.33. Define a symmetric Og-bilinear form gy; : Q% X Q]1E — Of by the following
matriz representation with respect to the Og-basis {d, dx, dr}:

SO S 8 ! (1) (4.28)
ARNCEVE Tl PR |
Then gy is W -invariant.
Proof. This is clear from (4.17). O
Therefore, gy; naturally induces the non-degenerate symmetric Og Vi -bilinear form on QE oz

which we shall denote by the same symbol gy

Proposition 4.34. The non-degenerate symmetric OE//W -bilinear form gg; on QE//W s given
by
t4 1 OEx(r) 3 1 9Ex(r) ¢
gzmﬁ ar? 8 2my/—1 0T 1
—(dt;. dt:)) = OF
(g7 (dti, dt;)) §227r\1/7 827(7) sty — $t3Ey(T) it
t 1ty 0

In particular, each entry is at most linear in t; and the new symmetric OE//W-bilinear form ng;
on QL defined by

E//W
0 0 1
Dgeo (dty, dt
e e R L
1 10 0

is non-degenerate.

Proof. The proof is done by direct calculation using identities of theta functions and p-functions.
1 oty 1 Ot

= (dty, dt 27y/—1) = t1, g (dta, dt: 27/ — , g (dts,dts) =0,
gy (dty, dtg) = N 8¢(7T 1) =t1, gy (dta,dts) = V=T (%(W 1) = —ta, gy (dts,dts)
1 1 Oty Ot 1 Oty Ot
gy (dta, dta) = S 2R 22
2 (27/—1)2 9z Ox (2nv/—=1)2 87 9¢
_ 1 1 ﬂ11<z;7>262,ﬁ¢ 1 1 97y (@ 7)1 (e T) 9110 T)V1a (w5 7)? 2nV=To
2 (2nv/—=1)2 9, (0;7)2 2 (2my/—1)2 994(0;7)2 97,(0;7)3
= L leE (r)
= 2 1 3 22 (7T),
1 1 oty Ot 1 oty Ot 1 oty Ot
gy (dty, dta) = _7771724_771724_ L2z

2 (27v/=1)2 0z Oz (2m/=1)2 o1 9¢ (2m/=1)2 9¢ Ot
1 oty Oty
=12 "%z oz

1 20tz 0
2 (2 f)22axa

(Plaim) - 55 B2(0) + 5 (Ptaim) - 5 B2()



FROBENIUS MANIFOLD FOR THE NODAL QUIVER 291

B QW\lﬁ 20t (@(z ) — iEZ( )) ;%} gai (5(1;7) - %EQ(T))

= & (Bl - f—zEz<r>) + szm( (aim) = <= Ba(r))

Ll (~Twin - iEW)z) 2 (faim) - iEzm) 13 2 (8taim) - iErz(r))
2 12 ox 12 2 27r\/7 BT
_ lp 1 9By
- 8 227\'\/jl ar
gy (dty,dty) = L %%JrZil 91 ot
2 (27y/—=1)2 9z Oz (2rv/=1)2 o1 0¢

1 1

= s (e 52 (e - ) - B2 (s - SEe))

Lot CEDE %E2(7)>2 + 2t} (Bleim) = - Ba(n)) 5 — 2 (Baim) = 5 B2(n)

3
+4t —
2 27y/—1 Ot

= 213 (i) - iE2<f>)3 - %Ez(‘r) (ptaim) - %Ez(f)f

4 1 1 a 1
w21 s (<Ein) - g Ee) (5win) - ) 2 (B - )
1 1 8 1 1 o 1
(5, G = 5 Em) #2656 n) = B (M) g - (P T) —  Fa()
ts 1 8% Eq ()

12 (2rv/=1)2 o012
O

Let V be the Levi-Civita connection for gy on Q]% and consider the contravariant components
of the Christoffel symbols

T4 = goo (dtiﬁ%dt]—) i k=1,2,3.
Let g% := gy (dt;, dt;). Tt follows from the definition that for i, j,k = 1,2,3
g%

Oty

Z gTik = Z g (4.29D)

and I‘}f’ = 0 since t3 = 2my/—17 is flat with respect to V.

=TIy +17, (4.29a)

Proposition 4.35. We have

82 Es (1 OFE> (T
.. 0 (1) 0 .. _lt3 (QW\}jl)Q 6:2( ) t2 27r\1/7 825 ) 0
(Flj) =10 1 of, (F2j) = t22ﬂ\1/— 8]%2,57) _thEQ( ) 0]:>
_i 4 1 3 Es (1) 43 1 9% Eo (1)
i 120y e RlermvaE i
_ 1 1 9% Es(7) 1 1 9Es(1)
(F3 ) t2 (271'\/7)2 5:2 t2 21/ —1 027' 0f>
0 0
In particular, for alli,j, k =1,2,3,
ary
k=0

oty

Proof. Except for F}Cz and Fil, the calculations can be easily carried out using the result of
Proposition 4.34 and the equation (4.29a). Since we have

O (Vu(z7)\ _ duler) dy(er) 2V (z;7) i 1
35 (30070) ~ o 910 ~ OV g (G + E0e).
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we obtain I'1? = 0 and I'}? = — 113 o \1ﬁ 8%(7) by using (2.7) and the result of Proposition 4.34.
Hence I'! = 0 and I'3' = —143 zw\lﬁ 6]3827(7) by (4.29a). The remaining I'}?> and T'3! can be
derived from (4.29b). O

Define the unit vector field and the Euler vector field as the holomorphic vector fields
e, b e F(IE//W, E//W)

given by
L0 _0 L, 19,0 1,0
Tom on U T amy106 Mon T 2"6n

The non-degenerate symmetric O

-bilinear form 7y on 0L given in Proposition 4.34

E//W /W
induces the one on Tg 1 which we denote by the same symbol 7. Define the product o on
Tsyw by
o 0 )
8—7% o a—tj = ; C’ija—tk,
where

3 =
0 0
k ka ka
Cz]: E U7 <8t 8t )CJ , Cj = 2].—‘52 a=2.
a=1 a=3

Okj
Corollary 4.36. The tuple (o, n5;, ¢, E) defines a Frobenius structure on IE//W 2 CxCxH of
rank 3 and dimension 1, whose intersection form g on Q%//W 18
_B 1 9BEa(r) 131 9Bx(n)
12 (2my/=1)2 97 8 2;my/—1 OT 1
; ) = t OFE> (1
(gldtsdr) = | 4 3 omm 1 iap ey b,
t ta 0

Therefore, the Frobenius manifold restricted on M is isomorphic to the one in Corollary 4.6. 0O

5. GAMMA INTEGRAL STRUCTURE
Based on the gamma integral structure of Iritani [I, Section 2.4], we define a map
chr : Ko(D) — HH.(D)
by the following matrix representation with respect to the basis {[P(3)], [P(2)], [P(1)]}

1 0 0 1 0 0 1 1 0 1 1 0
chr := (0 r(}) 0) : (0 -1 0 ) : (1 -1 1) = (\/E VT NG ) .
0o 0 1 0 0 2m/—1 0o 1 1 0 2my/=1 2my/—1

and the identification HH, (D) = H%°(P!;C) @ C® H*1(P*; C), where the (normalized) degree
operator (), defined by

o

acts diagonally on the right hand side. Here the middle summand C can be considered as a
“twisted sector” (of the form H %’%) coming from the non-commutative resolution of the nodal
cubic E, the non-commutative algebraic variety whose category of coherent sheaves is coh(Ag).
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It is important that, as the analogue in our setting of results of [I, Proposition 2.10], we have

1 2 2

1 -1 1
<(2W)échr> -e[Q]-((%)échr): —22 —23 —12 =Xp' XD

1 T 1 1 1 2 2
(1Ch1“) -e {Q} - (1Ch1“) =10 1 2] =xp.
(2m)2 2 (2m)z 00 1

Note that the bifurcation set B C M is empty. In particular, the Frobenius structure on M
is semi-simple at any point.

By mirror symmetry, it is expected that Stab(D) should be equipped with a Frobenius struc-
ture. As explained above, just as there are three types of descriptions of derived categories,
there are also three different constructions of Frobenius structures, from the Gromov—Witten
theory, the deformation theory with a choice of a primitive form, and the invariant theory
of Weyl groups. Under this expectation, especially in the case of the smooth algebraic va-
rieties, Dubrovin [Du3] conjectured that the Frobenius structure above is semi-simple if and
only if the bounded derived category of coherent sheaves has a full exceptional collection, and
that the monodromy data of the semi-simple Frobenius structure is compatible with numer-
ical data of the full exceptional collection. Dubrovin’s conjecture has since been refined to
Gamma Conjecture I (Galkin—Golyshev-Iritani [GGI]) and the refined Dubrovin conjecture
(Cotti-Dubrovin—-Guzzetti [CDG]).

Unfortunately, the Gromov—Witten theory for non-commutative algebraic varieties has not
been constructed yet. However, if it is made, it is also very natural from the perspective of mirror
symmetry to expect that the Frobenius structure in this paper should be isomorphic to the one
obtained from the “Gromov-Witten theory for a non-commutative resolution of E mentioned
above”. Indeed, we have the following analogy for the above conjectures:

Proposition 5.1. Choose a point on M and an admissible line [,

(i) There is a full exceptional collection (Ey, E2, E3) such that the Stokes matriz S of the
Frobenius structure is given by S = (xp([E:], [E;]))-

(i) The central connection matriz of the Frobenius structure is given by (2m)~1/?

Chp.
Remark 5.2. The statement does not depend on the choice of a point on M and an admissible
line ! due to [Du2, Isomonodromicity Theorem (second part)] and the compatibility of the two
braid group actions: the one on the set of pairs of Stokes and central connection matrices and
the one on the set of full exceptional collections.

Proof. Fix a point t € M such that u € Ryq, t2 € Ryg and 7 € /—1R5g. Choose as a full

exceptional collection (P(3), P(2), P(1)), or equivalently (L3, La, L1), and denote by (s, ¥2,71)
the corresponding elements in the Grothendieck group, identified with Hy(p—*(t), F'y 1(—|—<>o); 7).

Since 2my/—1dz is a primitive form, for any v € H; (ﬁfl(t),Ft_l(+oo); Z), the exterior deriv-
ative of the exponential period

d (ué / e~ e (27T\/jd2)>
¥

is flat with respect to the first structure connection. Therefore, by computing the behavior as
u — 400 of

3
an,(_u)g (u;/ 6”3”(%&@)), i,j=1,2,3,
a=1 a i
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and comparing it with the fundamental matrix at u = oo in the sense of [Dul, Theorem 2.1], we

obtain chr. Indeed, we have

e
—u? / —=g (2mV/—1dz) = —2my/—11- ur — 2/ —171t, +13) cuTT 4 O(u~
1

2

u? / / -z (2nV/—1dz) = 2Tty -u"t = 2y/7toty - u"2 + O(u™?),

u*%/ e (2nv—1dz) = 2my/—1- wT =2/~ 1t cuT? + O(u*%),
3
and hence
0 1 -1 0 -1 0
o= 1|= 10|, —a=|1]|=|-v7], 1=|1 |+~ 0
-1 0 -1 0 0 21/ —1

6. APPENDIX

6.1. Proof of Proposition 4.5. It follows that
OF (z;t) OF (z;t)
oty ots

= 4t§ (g?(z; T) — %E2(T))2

IS S SO U NP Sy SO S W B SEC) (G0
= 2= (i) = 5B ) — 538 (B ) = a0 ) = 2 g T
- 1 a 1
o2 (—<<z;r> - EEg(v)z) = (5(2;7) - —Ew)) :
-~ OF(z;t) iz . OF (z;t) t2 1 OEx(7) 0F (z; t) Tl r) — 1 s OF(z;t)
=z dts 2E2<> Bty 2 2xy/—1 Ot oty ( (=) 12E2( )) 0z
and
22 (7. L, o (ota L _ 9%F(zt)
= (<8 - S Pan) =2 (8 ) - S Fa(n)) = o
It follows that
OF (z;t) OF (z;t)
Oto Otg
1 1 o
= 23 (e - S an) P (5im) = S B2()
_ 3 (s L 3 .3 sy _ L 2 8 1 eB(n) (. . 1
= (p(m) 12E2(r>) + 2By () (p(z,r) 12E2<T>) b P St (p(m) 12E2<T>>
1 ~ 1 o 1
~263 (B(aim) = B0 (<Seim) = L Ba(0)2) o (Bim) = o Ba(m).
_ t2 1 9By(7) [, 1 ﬁ 1 82 E5 (1) 1 2] 1 2
- 2 2my/—1 oT (p(z,‘r) - 12E2(T)) B 6 (277\/?1)2 or2 +t (2r \/7)2 ( (p(z ™= EZ(T)))
1 ~ 1 o 1
~26} (8(:i7) = - Ba(n)) (<) - S5 Ba(n)z ) - (Bim) - S5 Ea(n))
_ _ﬁ L 9Ba(r) OF(z3t) § 1 82 Eqo(7) OF (2;t)
- 4 2m/—=1 Or Oto 6 (2mv/—1)2 o712 oty
1 4] 1 1 ~ 1 OF(z;t
t2 (7(277@)2 — (8 = B2 =2 (857 = S Ea(m) (<8 - EE2(T)2)) ;z )
_ t2 1 9BEx(r) OF(zt) ﬁ 1 82 Eqy(1) OF (2;t)
- 4 27/—1 0T Oto 6 (2my/—1)2 ar?2 otq
w2122 D (Cim) - ez ) 2T
2 2wy/—1 0T 2 Oz ’
and
8 ~ 1 B 1 o (. 1 _ 82 F(z;t)
= (m—% — (—qz,ﬂ - EEz(T)Z)) =ty (p(w) - BEw)) =G,

(M

);
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It follows that
OF(z;t) OF (2;t)
ot ot

- (i (s )’

= it (ot - %E2(7))4 ECICEDE 1—12E2(r>)3 +h (

1 OE>(T)
2my/—1 o1

+ 2 Ba(n?) (i) - 1—12E2(T>)2

th 1 9Ea(7) 1 aEz(T))Z
4 2mwy/—1 or 27/ — or

(4 (o - %EQ(T)) + Ba(r) (Bzim) = S Ban)) +

it (< - =m2) (2 (sm - Lme))’

3 1 8% Ey (T 1 t3 1 8% By (T
- -2 2D (517 - oman)) - 2 2(1)
(2rv/=1)2 or2 24 (2my/—1)3 o713

3 (=S — - Ba(m=) 3 (8zim) - - Ba()

1 1 OE>(T) )
227y/—1 Ot

i+ 2

s (5m - 5mm) (2 (sen - 55m)) + Enm (2 (semn - 5mm))’
4 ~ _ 1 2 9 _ 1
t2ed (<Eim) = S Ea(m)2) (Bim) - Ba(n)) - (8xim) - —Fa())

4 1 o v 1 o [ 1
e e (8im) = S5 Ba(0)) o= (8zim) = - Ba())

v (~Gem - 2mn2) (2 (sim - £ mm))’

3 1 9%Eqo(r) OF(z;t)  t5 1 83 Ey(7) OF(2;t) + ba a(x:t) (‘?F(z t)
= ——= - = z;
12 (2nv/-1)2  or2 Bts 24 (27v/-1)3 073 ot 33

where, since (2.9) yields

2 .
o o20% (P(i7) = 3 B2(7)
- 2 -
~ Gz (CEm = 5 Ba(n)z) - Ly (8(z7) — fy Ba(n)

+(3(8(zm) = f5B2(n) + £ B2(n) - & (8(=i7) — 5 E2(m)
¢3,3(2;t) is given by
¢3,3(2; %)
B s (510 = 5520) 2 (50eim) - 5 E20) + Eman 2 (6m) - 5
283 (<8 - B2 (8 - 1) 3= - (8t = 5 B2n))

+22 (=) - —Ez<f>z)2 2 (steim) - 15 B2(m)

2
t3 1

(-

= B (en- 5me:) (pen - £Em) - S G (8zim) = B0 o (82im) = o))
(-
- (-

+22 (=& - —E2<T)z)2 = (8im) = 5 B2(n)

2( 2 1 1 11 oEy(n)
AN 7E2(T)z> ' (5E2(T) <Mz’7) 12 EQ(T)) Yoyt or >
t2 1 2

T2 (2ny/o1)2
2
121

2 (5(8im) - o B2(0) + 2 E2<T)- (Ptaim) - - B2()

(-eim = 5 Eaz) - s (8(aim) = B2 ()

N
= B (-8an - Srams) (fein - Sl ))2 -
2
2

-3 (-8 - S Ba(n)2) -2 (8(e7) - —Ezm)

M\»—‘/‘\

1 1 OEo(T) )
4 27/—1 o1

(

2 (s - 15 B2n)

z

Ea() (Bzim) = - Ba(0) +

2
C(z T) — —EQ(T z

(- )
—t3 ( =) - fE2(T)z>
4 (- )

+t 1 8?
2 (2nv/—1)3 9702

(5t = 55 Pan))
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2 1 2]
—ty———— —
27y/—1 o7

~t3 (~Eeim) - - Ba(n)z) -

(~Ten = SEamz) - (8im) - —Ba()
+§ﬁ% (8zim) - S B2()
@ﬁ% (~Ceim) - 55 Ba()

and

o (2 1 8?2 -~ L, _ 9%F(zt)
22 27(2mr1>2ﬁ(*““>*5 2(7)2) BT R
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