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Abstract. Starting from the Weierstrass elliptic function, we study the associated Frobenius
structure, incorporating the perspective of derived categories, particularly that of homological
mirror symmetry. Given a deformation of the Weierstrass elliptic function, we construct a
primitive form normalized to be compatible with the period map for integral cycles, and obtain
a Frobenius structure whose Frobenius potential is defined over the rational numbers. We also
construct a Frobenius structure using elliptic Weyl group invariants (as opposed to Jacobi
group invariants), and establish an isomorphism between these two Frobenius structures. We
further examine the relationship between the degree of the Lyashko–Looijenga map modulo
the modular group and the number of full exceptional collections up to the braid group action
and translations, as well as the associated Gamma-integral structure.

1. Introduction

A Frobenius manifold is a complex manifold equipped with a structure of a graded Frobe-
nius algebra on its tangent sheaf satisfying certain flatness conditions. By mirror symmetry one
expects an isomorphism between a Frobenius manifold arising from the Gromov–Witten theory
and another Frobenius manifold arising from deformation theory, thereby establishing deep con-
nections between mathematical objects of different origins. The notion of a Frobenius manifold
originates from the flat structure by K. Saito [Sa1] in his study of primitive forms, introduced
as a framework to describe the period integrals and the monodromy associated to universal un-
foldings of singularities in a unified manner. Subsequently, this differential-geometric structure
was axiomatized by B. Dubrovin [Du1] in the context of integrable systems arising from two-
dimensional topological field theories. It is also important that the flat structure first appeared
in the study of the invariant ring of a finite reflection group and its orbit space [Sa4, SYS] and
its regular subspace coincides with the domain for period mappings of (the Gelfand–Leray form
associated to) a primitive form on cycles in the Milnor fiber. This approach has been extended
to affine Weyl groups [DZ], elliptic Weyl groups [Sat1] and Jacobi groups [Be1, Be2]. More-
over, for several classes it has been verified that Frobenius structures obtained in this way are
isomorphic to those arising from primitive forms (see [SatTa, IST]). In particular, the period
mapping associated with a primitive form plays an important role in proving the isomorphism
of Frobenius structures between that arising from deformation theory and that arising from the
corresponding Weyl group invariant theory [ShTa]. In this paper, since we also discuss Weyl
group invariants, we have emphasized some of their background. However, what is important
here is that there are essentially three different ways to construct a Frobenius structure.

In contrast, there are also three types of realizations of derived categories: those based on
coherent sheaves over algebraic varieties, those based on Floer homology of symplectic mani-
folds, and those based on representations of algebras. Several variants of the homological mirror
symmetry conjecture proposed by Kontsevich [Kon] claim equivalences among those categories
mentioned above and categorical notions such as full exceptional collections, spherical objects,
and auto-equivalence groups have been interpreted as counterparts of monodromy phenomena in
the geometric side. Moreover, at this intersection of mirror symmetry and categorical methods,
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T. Bridgeland [B] introduced the notion of stability conditions for triangulated categories, con-
sisting of tuples of a group homomorphism from the Grothendieck group to C and an R-graded
family of full additive subcategories satisfying certain conditions, and showed that the set of sta-
bility conditions has a structure of a complex manifold. Since the manifold can be regarded as a
formulation of (the universal covering of) the complexified Kähler moduli space, it is natural to
expect that if the category is smooth and proper then it is equipped with a Frobenius structure
(in fact, more strongly, with a tt∗-geometry). Under this expectation, especially for the cases of
the smooth algebraic varieties, it is conjectured by Dubrovin [Du3] that the Frobenius structure
above is semi-simple if and only if the bounded derived category of coherent sheaves has a full
exceptional collection, and that the monodromy data of the semi-simple Frobenius structure are
compatible with numerical data of the full exceptional collection. Dubrovin’s conjecture has
evolved into Gamma conjecture II (Galkin–Golyshev–Iritani [GGI]) and the refined Dubrovin
conjecture (Cotti–Dubrovin–Guzzetti [CDG]).

Thus, while both classical and homological mirror symmetry aim at understanding deforma-
tion theory and monodromy, no unified framework directly connecting the two has yet been
established. In particular, making precise the construction that derives classical mirror symme-
try from homological mirror symmetry remains a major open problem in current research on
mirror symmetry. Therefore, the goal here is, setting aside for the moment the direct categorical
construction of a Frobenius structure on the space of stability conditions, to focus instead on
the background and expectations coming from mirror symmetry, and to verify all possible con-
sistencies, in a special case where most quantities can be computed by means of elliptic function
theory and the elliptic Weyl group (In the case of affine ADE types, we refer the reader to
[IST, STW, Ta1, OST]).

In this paper, starting from the Weierstrass ℘-function, we study the associated Frobenius
structure, incorporating the perspective of derived categories, in particular that of homological
mirror symmetry. Given a deformation of the Weierstrass ℘-function, we construct a primitive
form normalized to be compatible with the period map for integral cycles and obtain a Frobenius
structure whose Frobenius potential is defined over rational numbers. We also construct a
Frobenius structure using elliptic Weyl group invariants (as opposed to Jacobi group invariants),
and establish an isomorphism between these two Frobenius structures. We further examine the
relationship between the degree of the Lyashko–Looijenga map modulo the modular group and
the number of full exceptional collections up to the braid group action and translations, as well
as the associated Gamma-integral structure.

The contents of this paper are as follows: First, in Section 2, we organize Weierstrass ℘-
function and its basic identities. We also prepare a minimal set of tools for the nodal quiver and
its derived category, which will be used later. This serves as a preliminary bridge connecting
deformation theory, Weyl group invariant theory, and category theory.

In Section 3, we describe a triangulated category D, which is one of the main subjects of consid-
eration, in three ways and analyze their internal structures based on the categorical equivalence
among them. Specifically, we consider the partially wrapped Fukaya category PW(S11,M, `) of
the marked bordered torus with two marked points on one boundary (S11,M) and the line field
` giving a constant foliation, the derived category Dbcoh(AE) of the Auslander sheaf AE associ-
ated to the nodal cubic curve E, and the derived category Dbmod(CQ/I) of finite-dimensional
representations of the nodal quiver (Q, I). The equivalence Dbcoh(AE) ∼= PW(S11,M, `) is the
homological mirror symmetry in this context, but what is more important is the triadic relation
that includes the equivalence with Dbmod(CQ/I). When discussing properties of triangulated
categories that do not depend on a particular construction, we shall, for simplicity, denote any
one of these triangulated categories by D. Since concrete descriptions are more accessible, it
is often taken to be D = Dbmod(CQ/I). Based on these equivalences, we determine the left
action on FEC(D)/Z3, the set of full exceptional collections up to translations, by the subgroup
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B(D) of the auto-equivalence group Aut(D) generated by twist functors associated to excep-
tional cycles (including spherical objects). We show that this action can be identified with the
mutation action of braid groups and is transitive. Furthermore, for the space Stab(D) of stability
conditions for D = PW(S11,M, `), using the results of Haiden–Katzarkov–Kontsevich [HKK] and
Takeda [Tak] we see that the universal covering of M = C × C∗ × H is isomorphic to Stab(D).
Here M is the parameter space in deformation theory, which will be described later, on which a
Frobenius structure is constructed via a primitive form. In addition, by comparing the Serre di-
mension on Stab(D) with the global dimension function, we show that there is no Serre-invariant
stability condition, which will be an important observation for the later consistency with the
Lyashko–Looijenga map.

In the first half of Section 4, letting s = (s1, s2, τ) ∈ M , we consider the universal unfolding
F (z; s) of the Weierstrass ℘-function which gives (S11,M). The critical points of F (z; s) are the
three half-periodic points and do not collide with each other. Therefore, the three corresponding
critical values are distinct on M and serve as canonical coordinates. It is shown that, by using
the basic identities in Section 2, 2π

√
−1dz gives a primitive form with minimal exponent 0.

The line field ` coincides with the one obtained from the primitive form. As a result, we
obtain a semi-simple Frobenius structure on M of rank 3 and dimension 1, whose potential
and intersection form can be expressed concretely using Eisenstein series. Furthermore, from
classical elliptic function theory, we see that the Lyashko–Looijenga map, a map sending points
in M to corresponding tuples of three critical values in the configuration space Conf(C, 3) of
three points in C, induces the isomorphism LLalg : M/SL(2;Z) −→ Conf(C, 3). It is important
that the degree of LLalg agrees with the number of orbits (= 1) of the braid group action on
FEC(D)/Z3. From the viewpoint of period mappings, if we take a basis of the relative homology
group in the domain Mreg, the complement of the zeros of the discriminant, and consider the
period integral along the path associated to the critical value, its derivative gives a flat section
of the Levi-Civita connection with respect to the intersection form g. Indeed, we can take the
coordinates (x, τ) corresponding to two particular period integrals and an additional function φ,
determined uniquely up to a constant and naturally coincides with the coordinates of a suitable
subspace on which the elliptic Weyl group acts, so that dφ, dx, dτ make g a constant matrix.

In the second half, we then develop the theory of the elliptic Weyl group invariants associated
to D = Dbmod(CQ/I). Namely, we first derive the elliptic root system (of type A(1,1)∗

1 ) from
D, especially the elliptic Weyl group W as a reflection group on the Grothendieck group K0(D).
Since the radical of this root system is of rank 2, we enlarge the root lattice so that the exten-
sion Ĩ of the intersection form I is non-degenerate. The hyperbolic extension W̃ of the elliptic
Weyl group W is defined as the reflection group with respect to Ĩ. We shall explain the actions
of W̃ and SL(2;Z) on a suitable subspace Ẽ of the space of group homomorphisms from the
enlarged root lattice to C. This construction matches the deformation theory of the Weierstrass
℘-function, namely, in relation to the fundamental group and period mappings. We introduce
the W̃ -invariants y1, y2 and the W̃ -anti-invariant J using theta functions and the Weierstrass
℘̃ function. These are generators in the Chevalley-type theorem (Proposition 4.29), and the
intersection form, the unit vector field, and the Euler vector field turn out to be identical to
those from the deformation theory above. Therefore, the two Frobenius structures from different
constructions are globally isomorphic by the uniqueness theorem (Proposition 4.7). The advan-
tage of the elliptic Weyl group W̃ rather than the Jacobi group is that the assertion about the
W̃ -anti-invariant in the Chevalley-type theorem is correctly stated, namely, the discriminant is
expressed as the square J 2 of the W̃ -anti-invariant J and is a monic cubic polynomial in the
W̃ -invariant y1 of maximal degree, and hence is consistent with the Lyashko–Looijenga map.

In the final Section, Section 5, we introduce the analogue of Iritani’s gamma integral struc-
ture for a ”smooth proper non-commutative algebraic variety” D = Dbcoh(AE) and compare
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this with the monodromy data on the geometric side. More precisely, we define the character-
istic class map chΓ from K0(D) to the Hochschild homology group HH•(D) as a matrix with
respect to specific bases. By evaluating the asymptotic expansion of the exponential periods
along relative cycles at appropriate points and directions, and using the fact that their deriva-
tives coincide with the flat solutions of the first structure connection, we find that the Stokes
matrix is equal to the Euler matrix of the full exceptional collection, and the central connection
matrix is given by (2π)−1/2chΓ. This embodies the correspondence proposed in the (refined)
Dubrovin conjecture and the Gamma Conjecture II (the relationship between semi-simplicity of
a Frobenius structure and full exceptional collections in a derived category) in the case of the
non-commutative resolution Dbcoh(AE) of nodal cubic E.

Acknowledgements. A.T. would like to express his heartfelt gratitude to Professor Wolfgang
Ebeling, his long-standing research collaborator and co-author. His dedication greatly shaped
the depth of our work. It is with great respect and sorrow that we honor his memory through this
paper. Y.S. and A.T. are grateful to Akishi Ikeda and Takumi Otani for valuable discussion on
marked bordered surfaces. A.T. is supported by JSPS KAKENHI Grant Number JP21H04994.
Y.S. is supported by JSPS KAKENHI Grant Number 19K14531 and 23K03111. The authors
are grateful to the anonymous referee for careful readings of the manuscript and for valuable
suggestions and corrections.

2. Preliminaries

2.1. Weierstrass elliptic functions. For the definitions and basic properties of the Weierstrass
℘- and ζ-functions, together with Legendre’s relation, see [WW, Chapter 20] or [Mu] (see also
[U] for an exposition in Japanese).

Let ℘(z;ω1, ω2) be the Weierstrass ℘-function defined by

℘(z;ω1, ω2) :=
1

z2
+

∑
(m,n)∈Z2

(m,n)6=(0,0)

(
1

(z −mω1 − nω2)2
− 1

(mω1 + nω2)2

)
,

and set
℘̃(z; τ) :=

1

(2π
√
−1)2

℘(z; 1, τ),

which satisfies
1

(2π
√
−1)2

(
∂℘̃(z; τ)

∂z

)2

= 4℘̃(z; τ)3 − 1

12
E4(τ)℘̃(z; τ) +

1

216
E6(τ), (2.1a)

1

(2π
√
−1)2

∂2℘̃(z; τ)

∂z2
= 6℘̃(z; τ)2 − 1

24
E4(τ). (2.1b)

Here E4(τ) and E6(τ) are Eisenstein series defined as

E4(τ) = 1 + 240
∑
n=1

σ3(n)e[nτ ], E6(τ) = 1− 504
∑
n=1

σ5(n)e[nτ ],

where σ2k−1(n) :=
∑

d|n d
2k−1 and e[−] := e2π

√
−1(−).

Similarly, let ζ(z;ω1, ω2) be the Weierstrass ζ-function and set

ζ̃(z; τ) :=
1

(2π
√
−1)2

ζ(z; 1, τ),

which satisfies −∂ζ̃(z; τ)/∂z = ℘̃(z; τ) and

ζ̃(z + 1; τ)− ζ̃(z; τ) = − 1

12
E2(τ), ζ̃(z + τ ; τ)− ζ̃(z; τ) = − 1

12
E2(τ)τ −

1

2π
√
−1

, (2.2)
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due to Legendre’s relation where

E2(τ) := 1− 24

∞∑
n=1

σ1(n)e[nτ ].

It is well known that (for example, see [Zag, Proposition 15])
1

2π
√
−1

∂E2(τ)

∂τ
=

1

12

(
E2(τ)

2 − E4(τ)
)
, (2.3a)

1

2π
√
−1

∂E4(τ)

∂τ
=

1

3
(E2(τ)E4(τ)− E6(τ)) , (2.3b)

1

2π
√
−1

∂E6(τ)

∂τ
=

1

2

(
E2(τ)E6(τ)− E4(τ)

2
)
. (2.3c)

Lemma 2.1.
1

(2π
√
−1)3

∂3E2(τ)

∂τ3
= E2(τ)

1

(2π
√
−1)2

∂2E2(τ)

∂τ2
− 3

2

(
1

2π
√
−1

∂E2(τ)

∂τ

)2

. (2.4)

Proof. It follows from (2.3) by direct calculation. �

Note that equations (2.1a) and (2.1b) are rewritten in terms of ℘(z; τ) and E2(τ) as

1

(2π
√
−1)2

(
∂

∂z

(
℘̃(z; τ)− 1

12
E2(τ)

))2

= 4

(
℘̃(z; τ)− 1

12
E2(τ)

)3

+ E2(τ)

(
℘̃(z; τ)− 1

12
E2(τ)

)2

+
1

2π
√
−1

∂E2(τ)

∂τ

(
℘̃(z; τ)− 1

12
E2(τ)

)
+

1

6

1

(2π
√
−1)2

∂2E2(τ)

∂τ2
(2.5a)

1

(2π
√
−1)2

∂2

∂z2

(
℘̃(z; τ)− 1

12
E2(τ)

)
= 6

(
℘̃(z; τ)− 1

12
E2(τ)

)2

+ E2(τ)

(
℘̃(z; τ)− 1

12
E2(τ)

)
+

1

2

1

2π
√
−1

∂E2(τ)

∂τ
, (2.5b)

Lemma 2.2. We have
1

2π
√
−1

∂

∂τ
ζ̃(z; τ)

= −1

2

1

(2π
√
−1)2

∂

∂z
℘̃(z; τ) +

1

12
E2(τ)ζ̃(z; τ)−

1

144
E4(τ)z +

(
−ζ̃(z; τ)− 1

12
E2(τ)z

)
℘̃(z; τ),

(2.6)

equivalently,

1

2π
√
−1

∂

∂τ

(
−ζ̃(z; τ)− 1

12
E2(τ)z

)
= −

(
−ζ̃(z; τ)− 1

12
E2(τ)z

)(
℘̃(z; τ)− 1

12
E2(τ)

)
+

1

2

1

(2π
√
−1)2

∂

∂z

(
℘̃(z; τ)− 1

12
E2(τ)

)
.

(2.7)

Proof. By (2.2), it is easy to see that the LHS minus RHS is an elliptic function. We see that
at z = 0 its principal part and its constant term vanish by direct calculation. �
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Corollary 2.3. We have
1

2π
√
−1

∂℘̃(z; τ)

∂τ
= 2℘̃(z; τ)2 +

1

6
E2(τ)℘̃(z; τ)−

1

36
E4(τ)−

(
−ζ̃(z; τ)− 1

12
E2(τ)z

)
∂℘̃(z; τ)

∂z
,

(2.8)
equivalently,

1

2π
√
−1

∂

∂τ

(
℘̃(z; τ)− 1

12
E2(τ)

)
= 2

(
℘̃(z; τ)− 1

12
E2(τ)

)2

+
1

2
E2(τ)

(
℘̃(z; τ)− 1

12
E2(τ)

)
+

1

4

1

2π
√
−1

∂E2(τ)

∂τ

−
(
−ζ̃(z; τ)− 1

12
E2(τ)z

)
· ∂
∂z

(
℘̃(z; τ)− 1

12
E2(τ)

)
. (2.9)

Proof. By differentiating both sides of (2.6) and (2.7) with respect to z, we obtain the statements.
�

2.2. Nodal quiver and its representations. For the definitions and basic properties of a
quiver and its path algebra, see [ASS].

Definition 2.4. Let (Q, I) be the quiver with relations given by the following:

Q : •
1

•
2

•
3

α1

β1

α2

β2

, I = 〈α1β2, β1α2〉, (2.10)

which we call the nodal quiver.

Let CQ/I be the path algebra of the nodal quiver, which is a finite dimensional basic C-
algebra of global dimension 2. It is also gentle in the sense of [AS, Section 1.1]. Namely, the
algebra CQ/I satisfies the following conditions:

(i) For each vertex v of Q, there are at most two arrows starting at v and at most two
arrows ending at v.

(ii) For each arrow α in Q, there is at most one arrow β such that αβ /∈ I, and at most one
arrow γ such that γα /∈ I.

(iii) For each arrow α in Q, there is at most one arrow β such that αβ ∈ I, and at most one
arrow γ such that γα ∈ I.

(iv) The ideal I is generated by paths of length 2.
Denote by mod(CQ/I) the abelian category of finite dimensional CQ/I-modules and by

Dbmod(CQ/I) the bounded derived category of mod(CQ/I). The category Dbmod(CQ/I) has
a structure of a C-linear triangulated category, whose translation functor is denoted by [1]. For
p ∈ Z the p-times composition of [1] will be denoted by [p].

To simplify the notation, we write Dbmod(CQ/I) as D from now on. Let Dbmod(C) be the
bounded derived category of complexes of finite dimensional C-modules. Derived categories of
an abelian category have canonical differential graded (dg) enhancements. Therefore, we have
the RHom functor

RHomD(−,−) : Dop ×D −→ Dbmod(C),
with the property that for all X,Y ∈ D the cohomology group of the complex RHomD(X,Y )
(called the RHom complex) satisfies Hp(RHomD(X,Y )) = HomD(X,Y [p]) for all p ∈ Z. We
also have functorial mapping cones for all morphisms in D.

Definition 2.5. Let T be a C-linear enhanced triangulated category. Denote by [1] its transla-
tion functor and by RHomT its RHom functor.

(i) An object E ∈ T is called indecomposable if E is nonzero and E ∼= X ⊕ Y for some
X,Y ∈ T then X or Y is the zero object.
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(ii) An object E ∈ T is called exceptional if RHomT (E,E) = C · idE in Dbmod(C). If an
object is exceptional then it is indecomposable.

(iii) A sequence E = (E1, . . . , Eµ) of exceptional objects E1, . . . , Eµ ∈ T is called an excep-
tional collection if RHomT (Ei, Ej) ∼= 0 in Dbmod(C) if i > j.

(iv) An exceptional collection E is called full if the smallest full triangulated subcategory
〈E1, . . . , Eµ〉 of T containing E1, . . . , Eµ is equivalent to T .

(v) Two full exceptional collections E = (E1, . . . , Eµ), E ′ = (E′
1, . . . , E

′
µ) in T are said to

be isomorphic if Ei
∼= E′

i for all i = 1, . . . , µ.
(vi) A full exceptional collection E = (E1, . . . , Eµ) is called strong if RHomT (Ei, Ej) is iso-

morphic in Dbmod(C) to a complex concentrated in degree zero, equivalently,
HomT (Ei, Ej [p]) = 0 for all p 6= 0.

Let S(1), S(2), S(3) be the simple CQ/I-modules given by

S(1) : C 0 0 , S(2) : 0 C 0 , S(3) : 0 0 C ,

and P (1), P (2), P (3) the projective CQ/I-modules defined by

P (3) : 0 0 C , P (2) : 0 C C2

(
1
0

)
(
0
1

) , P (1) : C C2 C2

(
1
0

)
(
0
1

)
(
1 0
0 0

)
(
0 0
0 1

) .

These CQ/I-modules S(1), S(2), S(3), P (1), P (2), P (3) are exceptional in D. In D, the se-
quence (S(1), S(2), S(3)) is a full exceptional collection, which is not strong, and the sequence
(P (3), P (2), P (1)) is a full strong exceptional collection (see [ASS, Section III.2] and [Bo, Sec-
tions 5, 7]).

Definition 2.6. Let T be a C-linear triangulated category with the translation functor [1].
(i) Consider the free abelian group F with generators {[X] |X ∈ T } and the subgroup F0

of F generated by [X]− [Y ] + [Z] for all exact triangles X −→ Y −→ Z −→ X[1] in T .
The Grothendieck group K0(T ) is defined as the quotient group F/F0.

(ii) Assume that T is of finite type, namely,
∑
p∈Z

dimC HomT (X,Y [p]) <∞ for all X,Y ∈ T .

The Euler form χT : K0(T )×K0(T ) −→ Z is the Z-bilinear form defined as

χT ([X], [Y ]) :=
∑
p∈Z

(−1)p dimC HomT (X,Y [p]), X, Y ∈ D,

(iii) An auto-equivalence Φ of T is an exact functor Φ : T −→ T which is also an equivalence
of T . Denote by Aut(T ) the group of auto-equivalences of T .

(iv) Assume that T is of finite type. A Serre functor S is an auto-equivalence of T with
bi-functorial isomorphisms HomT (X,Y ) ∼= HomT (Y,S(X))∗ for all X,Y ∈ T .

The notion of Serre functors is introduced by Bondal-Kapranov [BK, Section 3] and several
properties are given there. If a Serre functor exists, it is unique up to canonical isomorphism
which commutes with the above bi-functorial isomorphisms. Therefore, it is usually referred to
as the Serre functor of T and is denoted by ST . It is also known that the Serre functor ST
commutes with any auto-equivalence of T , namely, ST ◦ Φ ∼= Φ ◦ ST for any Φ ∈ Aut(T ).

The key properties used in this paper are listed below:

Proposition 2.7. Let T be a C-linear triangulated category of finite type with a full exceptional
collection (E1, . . . , Eµ).

(i) The Serre functor ST exists.
(ii) The subset {[E1], . . . , [Eµ]} of K0(T ) forms a Z-basis of K0(T ).
(iii) Let [ST ] be the automorphism of K0(T ) induced by ST . We have [ST ] = χ−1

T χT
T .
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Proof. The first statement follows from [BK, Corollary 3.5]. For each X ∈ T we have the
following collection of exact triangles

0 =: Xµ+1 Xµ . . . X2 X1 := X

Yµ . . . Y1

with Yi ∈ 〈Ei〉. Therefore, K0(T ) =

µ⊕
i=1

K0(〈Ei〉) =

µ⊕
i=1

Z[Ei]. By definitions of ST and the

Euler form χT , we have χT ([Ei], [Ej ]) = χT ([Ej ], [ST ]([Ei])). It follows that [ST ] = χ−1
T χT

T . �

In particular, with respect to the Z-bases {[S(1)], [S(2)], [S(3)]} and {[P (3)], [P (2)], [P (1)]} of
K0(D), the Euler form χD is represented by the matrices1 −2 2

0 1 −2
0 0 1

 ,

1 2 2
0 1 2
0 0 1

 ,

respectively.

Lemma 2.8 ([BuKa, Lemma 5.4]). The CQ/I-modules E+ and E− defined by

E+ = C C C
1

0

1

0
, E− = C C C

0

1

0

1
. (2.11)

are exceptional, of projective dimension two, and satisfy SD(E±) = E∓[2]. �

3. Marked bordered surface associated to F and Homological Mirror Symmetry

3.1. Holomorphic function F . Consider the complex manifolds M = C × C∗ × H with the
coordinate system (s1, s2, τ) and C ×M with the coordinate system (z; s1, s2, τ). To make the
subsequent computations and references to the formulas more readable, sometimes we denote
2π

√
−1τ by s3 and (z; s1, s2, τ) by (z; s).

Let X be the quotient of C×M under the group action (z; s1, s2, τ) 7→ (z+m+nτ ; s1, s2, τ),
m,n ∈ Z, and p the natural projection X −→M ;

p : X −→M, [(z; s1, s2, τ)] 7→ (s1, s2, τ).

Let F : X −→ P1 be a holomorphic map given by

F = F (z; s) = F (z; s1, s2, τ) := s22℘̃(z; τ) + s1,

and X o the space obtained by removing from X the zero section of p, namely,

X o := X \ {[(0; s1, s2, τ)] ∈ X | (s1, s2, τ) ∈M},

and we denote the restrictions of p and F to X o by the same symbols p and F , respectively.
Note that X o = X \ F−1(∞), in other words, F defines a holomorphic function on X o.

We consider the real blow-up of the point at infinity ∞ in P1 = C∪{∞}, which we denote by
D∞ = C∪{e2π

√
−1θ ·∞ | 0 ≤ θ < 1}. Define a compact oriented smooth manifold with boundary

X as the fiber product of X and D∞. Let p : X −→ M be the composition of the natural map
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X −→ X and the map p : X −→M .

X D∞

X P1

M

p

F

F

p

Note that for each point s ∈M the fiber p−1(s) is the torus with a single boundary component
and the restriction of F to p−1(s) is a double cover of the disk D∞ branched over 3 points.

3.2. Homological mirror symmetry.

Definition 3.1. (cf. [CHS, Section 4.1]) Let (S11,M, `) be a triple of a real surface S11 of genus
1 with 1 boundary component, a set M of two marked points on the boundary ∂S11 and the line
field ` ∈ Γ(S11,P(TS11)) giving a constant foliation on S11. Denote by PW(S11,M, `) the partially
wrapped Fukaya category associated to the tuple (S11,M, `).

Note that for each s ∈M we can identify S11 and M with p−1(s) and F
−1

(−1 · ∞).
Set

ẽ1(τ) := ℘̃

(
1

2
; τ

)
, ẽ2(τ) := ℘̃

(
1 + τ

2
; τ

)
, ẽ3(τ) := ℘̃

(τ
2
; τ
)
. (3.1)

Then we have ẽ2(
√
−1) = 0, ẽ3(

√
−1) ∈ R>0 and ẽ1(

√
−1) = −ẽ3(

√
−1).

Choose sufficiently small ε, θ ∈ R>0 and fix a base point s0 := (−1, εeπ
√
−1θ,

√
−1) ∈ M .

Consider an ordered system (p3,p2,p1) of paths pi : [0, 1] −→ D∞ with

pi(t) = ε2e2π
√
−1θ ẽi(

√
−1)− 1 +

t

1− t

and set Li = F
−1

s0 (pi) ⊂ S11. Note that Li defines a class in H1(S11, ∂S11 \M;Z). For clarity, we
provide a picture in Figure 1 below.

√
−1
2

1+
√
−1

2

1 +
√
−1
2

1
2 +

√
−1

1
2

L3

L2

L1

Figure 1. This shows how L3, L2, L1 are arranged in S11. The two points
indicated by black dots on the boundary are the marked points.
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Proposition 3.2 ([LP, Section 2.3] and also [HKK, Section 3.4]). Let the notation be as above.
There exists an equivalence of triangulated categories

PW(S11,M, `) ∼= Dbmod(CQ/I) (3.2)
which sends Li to P (i) for i = 1, 2, 3.
Proof. Consider the sequence of arcs L = (L3, L2, L1) in S11 (in Figure 1). As in [CHS, Sec-
tion 4.1], we first perform the real blow-up of S11 at the intersection points of L1, L2, L3. This
replaces the points by boundary circles parametrizing the outgoing directions of arcs. The re-
sult is a surface Ŝ11 whose boundary contains two additional circles. On the blown-up surface
Ŝ11, each arc Li acquires two boundary endpoints lying on the additional circles. Morphisms
in the partially wrapped Fukaya category are then defined as follows: Since ` gives a con-
stant foliation, gradings of the arcs and morphisms between them can be chosen to be zero.
For i > j, the space Fuk(L)(Li, Lj) is the C-vector space whose basis consists of the homo-
topy classes of embedded boundary paths on Ŝ11 running counterclockwise from an endpoint
of Li to an endpoint of Lj . For i = j, Fuk(L)(Li, Li) = C · idLi . The composition maps
m2 : Fuk(L)(Lj , Lk) × Fuk(L)(Li, Lj) −→ Fuk(L)(Li, Lk) are defined through the concatena-
tions of boundary paths in Figure 2.

Moreover, each region of Ŝ11\
⋃

i Li contains exactly one marked point. Therefore, every higher
A∞-operation mk with k 6= 2 vanishes, and the only nontrivial compositions are m2, defined as
above. This gives the standard model of the partially wrapped Fukaya category in this case; see
[CHS, Section 4.1].

1
2

√
−1
2

− 1
2

−
√
−1
2

1+
√
−1

2

L3L2

L1

Figure 2.

The category PW(S11,M, `) is defined as the category of twisted complexes over Fuk(L),
which is independent of the particular choice of L as a triangulated category. In particular, L
becomes a full strong exceptional collection in PW(S11,M, `). Calculating morphisms and their
compositions according to the above rules, it turns out that the functor

PW(S11,M, `) −→ Dbmod(CQ/I), L 7→ HomPW(S11,M,`)(L3 ⊕ L2 ⊕ L1, L)

is an equivalence of triangulated categories. �
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Definition 3.3 ([BD, Section 2, Section 7]). Let E ⊂ P2 be a nodal Weierstraß cubic curve
over C given by the equation z0z22 = z31 + z0z

2
1 and I ⊂ OE the ideal sheaf of the singular point

[1 : 0 : 0] ∈ E. Denote by ν : P1 → E the normalization of E where we choose coordinates on
P1 in such a way that ν−1([1 : 0 : 0]) = {∞ := [1 : 0], 0 := [0 : 1]}. The Auslander sheaf of E
is the sheaf of OE-algebras AE := EndE(I ⊕ OE). Denote by coh(AE) the abelian category of
coherent left AE-modules and by Dbcoh(AE) the bounded derived category of coh(AE).

According to [BD, Section 7], the derived category Dbcoh(AE) plays the role of the subcat-
egory of compact objects of a categorical resolution of Dbcoh(E) in the sense of Kuznetsov–
Lunts [KL, Definition 1.3]:

Perf(E)

Dbcoh(AE)

Dbcoh(E)

π∗

⊆
π∗

(3.3)

where the pair (π∗, π∗) forms an adjoint pair of exact functors, which is given by

π∗ := (I ⊕ OE)
L
⊗E −, π∗ := RHomAE

(I ⊕ OE,−).

Furthermore, as shown in [BD, Theorem 2], the functor π∗ is fully faithful.
Define M3,M2,M1 ∈ coh(AE) by

M3 :=

(
0

O[1:0:0]

)
, M2 :=

(
ν∗OP1(−1)
ν∗OP1(−1)

)
, M1 :=

(
ν∗OP1

ν∗OP1

)
.

Proposition 3.4 ([BD, Section 7]). There exists an equivalence of triangulated categories

Dbcoh(AE) ∼= Dbmod(CQ/I) (3.4)

which sends Mi to P (i) for i = 1, 2, 3.

Proof. The sequence (M3,M2,M1) is a full strong exceptional collection in Dbcoh(AE), whose
morphism spaces are given by

HomDbcoh(AE)(M3,M2) = Cx1,∞ ⊕ Cx1,0,
HomDbcoh(AE)(M2,M1) = Cx2,∞ ⊕ Cx2,0,
HomDbcoh(AE)(M3,M1) = Cx2,∞ ◦ x1,∞ ⊕ Cx2,0 ◦ x1,0,

such that x2,∞ ◦ x1,0 = x2,0 ◦ x1,∞ = 0. In particular, the endomorphism algebra

EndDbcoh(AE)(M3 ⊕M2 ⊕M1)

is isomorphic to the path algebra CQ/I of the nodal quiver (Q, I) and the functor

Dbcoh(AE) ∼= Dbmod(CQ/I), M 7→ HomDbcoh(AE)(M3 ⊕M2 ⊕M1,M)

is an equivalence of triangulated categories. �

Corollary 3.5. There exist triangulated equivalences:

Dbcoh(AE) ∼= Dbmod(CQ/I) ∼= PW(S11,M, `), Mi 7→ P (i) 7→ Li. (3.5)

�

We will continue to denote Dbmod(CQ/I) by D to simplify the notation, though due to the
categorical equivalence discussed above, one may use Dbcoh(AE) or PW(S11,M, `) as D.
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3.3. Braid group action on FEC(D). Denote by FEC(D) the set of isomorphism classes of
full exceptional collections in D and by Aut(D) the group of auto-equivalences of D. Note that
the group Aut(D) acts on FEC(D) from the left by

Φ · E := (Φ(E1),Φ(E2),Φ(E3)), Φ ∈ Aut(D), E = (E1, E2, E3) ∈ FEC(D).

The Artin braid group B3 on 3-strands is a group presented by the following generators and
relations:

B3 := 〈σ1,σ2 |σ1σ2σ1 = σ2σ1σ2〉.
The groups B3 and Z3 act on FEC(D) from the right by mutations [BP]:

E · σ1 := (LE1
E2, E1, E3), E · σ2 := (E1,LE2

E3, E2),

E · σ−1
1 := (E2,RE2

E1, E3), E · σ−1
2 := (E1, E3,RE3

E2),

E · (n1, n2, n3) := (E1[n1], E2[n2], E3[n3]), (n1, n2, n3) ∈ Z3,

where LEiEi+1, REi+1Ei for i = 1, 2 are defined by the following exact triangles

LEi
Ei+1 −→ RHomD(Ei, Ei+1)⊗ Ei −→ Ei+1 −→ LEi

Ei+1[1],

REi+1Ei[−1] −→ Ei −→ RHomD(Ei, Ei+1)
∗ ⊗ Ei+1 −→ REi+1Ei.

Note that on FEC(D) the left action of Aut(D) and the right action of B3 commute, namely,
(Φ · E) · σ = Φ · (E · σ) for all Φ ∈ Aut(D) and σ ∈ B3. If E ∈ FEC(D) is strong, the actions of
Aut(D) and B3 preserve the property of being strong.

Proposition 3.6. Let E = (E1, E2, E3) be a full strongly exceptional collection in D. The
endomorphism algebra EndD(E) := HomD(A,A), A := E1 ⊕ E2 ⊕ E3 is isomorphic to the path
algebra CQ/I of the nodal quiver (Q, I).

Proof. Since E is a full strongly exceptional collection, the endomorphism algebra EndD(E)
is derived equivalent to the path algebra CQ/I of the nodal quiver (Q, I). Since CQ/I is a
finite-dimensional gentle algebra, EndD(E) is also a gentle algebra by [SZ, Corollary 1.2].

Suppose that [Ei] = li[P (3)]+mi[P (2)]+ni[P (1)] for some li,mi, ni ∈ Z in the Grothendieck
group K0(D). Since Ei is exceptional, we have χD([Ei], [Ei]) = (li +mi + ni)

2 = 1 and hence
li +mi + ni = ±1. Since the full exceptional collection (E1, E2, E3) is strong,

χD([Ei], [Ej ]) = dimHomD(Ei, Ej) ≥ 0 and χD([Ej ], [Ei]) = 0 if i < j.

Therefore, for i < j we have

dimHomD(Ei, Ej) = χD([Ei], [Ej ]) + χD([Ej ], [Ei])

= (lilj +mimj + ninj + 2limj + 2linj + 2minj)

+(lilj +mimj + ninj + 2milj + 2nilj + 2nimj)

= 2(li +mi + ni)(lj +mj + nj) = 2.

Since EndD(E) is gentle, this calculation implies that EndD(E) is isomorphic to CQ/I. �

Definition 3.7 ([SeTh, Definition 2.14]). An object S ∈ D is m-spherical if the following holds
(i) RHomD(S, S) ∼= C⊕ C[−m],
(ii) For the Serre functor SD of D, SD(S) ∼= S[m].

A spherical object gives an auto-equivalence as follows.

Proposition 3.8 ([SeTh, Theorem 2.10]). Let S ∈ D be an m-spherical object. There exists an
auto-equivalence TS ∈ Aut(D) given by the following exact triangle

TS(X)[−1] −→ RHomD(S,X)⊗ S −→ X −→ TS(X), X ∈ D.
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In particular, TS induces an automorphism [TS ] ∈ AutZ(K0(D), χD) satisfying
[TS(X)] = [X]− χD([S], [X])[S], X ∈ D.

�

Proposition 3.9. Let E = (E1, E2, E3) be the full strongly exceptional collection
(P (3), P (2), P (1)) and set

ci := ci,∞x1,∞ + ci,0x1,0 ∈ HomD(Ei, Ei+1), i = 1, 2,

for (ci,∞, ci,0) ∈ (C∗)2. An object Si,ci ∈ D defined by the following exact triangle

Ei
ci−→ Ei+1 −→ Si,ci −→ Ei[1] (3.6)

is 1-spherical. Moreover, we have
RHomD(S1,c1 , S2,c2)

∼= C. (3.7)

Proof. It follows from direct calculation using the hom-functors. �

Note that Si,ci
∼= Si,c′i

if c′i = c · ci for some c ∈ C∗.
Set Si := Si,1 by choosing (ci,∞, ci,0) = (1, 1). By (3.7), we have

Corollary 3.10. The correspondence σi 7→ T−1
Si

, i = 1, 2 yields a surjective group homomor-
phism

B3 −→ 〈T−1
S1
, T−1

S2
〉 ⊂ Aut(D).

Proof. It is a direct consequence of Seidel–Thomas [SeTh, Theorem 2.17]. �

The right B3-action on FEC(D) can be represented by left Aut(D)-action in the following
way.

Proposition 3.11. Let E = (E1, E2, E3) be the full strongly exceptional collection
(P (3), P (2), P (1)). In FEC(D), we have

TSi,ci
· E = E · σ−1

i .

Proof. We give a proof only for the case when i = 1 since the case when i = 2 can be shown in
a similar manner. Note that E ·σ−1

1 = (E2,RE2
E1, E3). By applying the functor HomD(−, Ek)

to (3.6), we have

RHomD(S1,c1 , Ek) ∼=

{
C[−1] if k = 1, 2,

0 if k = 3.

Therefore, TS1,c1
(E1) ∼= Cone(S1,c1 [−1] −→ E1) ∼= E2 and TS1,c1

(E3) ∼= E3. On the other hand,
(3.6) and the isomorphism RE2E1

∼= Cone(E1 → E⊕2
2 ) show that

RHomD(TS1,c1
(E2),RE2

E1) ∼= C.

Since both TS1,c1
· E and E · σ−1

1 are full exceptional collections, the above computation yields
TS1,c1

(E2) ∼= RE2E1. Thus we have TS1,c1
· E = E · σ−1

1 in FEC(D). �

Define elements α, δ1, δ2 ∈ K0(D) by
α := [E+] = [P (3)]− [P (2)] + [P (1)], (3.8)

δ1 := [S1] = [P (2)]− [P (3)], δ2 := [S2] = [P (1)]− [P (2)]. (3.9)

With respect to the Z-basis {α, δ1, δ2} of K0(D), the Euler form χD is represented by

χD =

1 0 0
0 0 1
0 −1 0

 .



268 ATSUKI NAKAGO, YUUKI SHIRAISHI, AND ATSUSHI TAKAHASHI

The definition of the Serre functor implies that [S2
D] = idK0(D) since

[SD] = χ−1
D χT

D =

1 0 0
0 0 −1
0 1 0

1 0 0
0 0 −1
0 1 0

 =

1 0 0
0 −1 0
0 0 −1

 .

With respect to the basis {α, δ1, δ2} of K0(D), the automorphisms induced by T−1
S1

and T−1
S2

are
represented by the following matrices

[T−1
S1

] =

1 0 0
0 1 1
0 0 1

 , [T−1
S2

] =

1 0 0
0 1 0
0 −1 1

 . (3.10)

Hence, restricting these automorphisms to Zδ1 ⊕ Zδ2, we have a group homomorphism

〈T−1
S1
, T−1

S2
〉 −→ AutZ(K0(D), χD) −→ AutZ(Zδ1 ⊕ Zδ2, χD|Zδ1⊕Zδ2) = SL(2;Z),

which is surjective. Thus we have the following commutative diagram of short exact sequences:

{1} 〈(σ1σ2)
6〉 B3 SL(2;Z) {1}

{1} 〈(TS1
TS2

)−6〉 〈T−1
S1
, T−1

S2
〉 SL(2;Z) {1}

Cor. 3.10
.

Proposition 3.12. The group homomorphism B3 −→ 〈T−1
S1
, T−1

S2
〉 is an isomorphism.

Proof. Note that E · (σ2σ1)
3 ∼= SD[−2] · E for any E ∈ FEC(D) (cf. [Bo, Assertion 4.2]) and

hence SD(P (k))[−2] ∼= (T−1
S2
T−1
S1

)3(P (k)) ∼= (TS1
TS2

)−3(P (k)). Since

(TS1TS2)
3(S1,c1)

∼= S−1
D (Cone(SD(TS1TS2)

3(P (3))[−2]
c′1−→ SD(TS1TS2)

3(P (2))[−2]))[2]

∼= S−1
D (S1,c′1

)[2] ∼= S1,c′1
[1] � S1,

where c′1 := SD(TS1
TS2

)3(c1)[−2] ∈ HomD(P (3), P (2)), the map 〈(σ1σ2)
6〉 −→ 〈(TS1

TS2
)−6〉 is

an isomorphism. Thus we have B3
∼= 〈T−1

S1
, T−1

S2
〉. �

Definition 3.13 (Broomhead–Pauksztello–Ploog [BPP, Definition 4.2]). For any integer n ≥ 2,
a sequence (E1, . . . , En) of objects of D is an exceptional n-cycle if

(i) Ei is exceptional for all i = 1, . . . , n,
(ii) there are integers ki such that SD(Ei) ∼= Ei+1[ki] for all i = 1, . . . , n where En+1 := E1,
(iii) RHomD(Ei, Ej) = 0 unless j = i or i+ 1.

If (E1, . . . , En) is an exceptional n-cycle, so is (E2, . . . , En, E1).
A spherical object S can be thought of as an exceptional 1-cycle. As the following proposition

shows, the above definition provides a natural generalization of spherical objects and their twist
functors.

Proposition 3.14 ([BPP, Theorem 4.5]). For any integer n ≥ 2 and an exceptional n-cycle
E∗ = (E1, . . . , En), the functor TE∗ : D −→ D defined by the following exact triangle

TE∗(X)[−1] −→
n⊕

i=1

RHomD(Ei, X)⊗ Ei −→ X −→ TE∗(X)

is an equivalence. �
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The above functor TE∗ is called the twist functor associated to the n-cycle E∗ = (E1, . . . , En),
which induces an automorphism [TE∗ ] ∈ AutZ(K0(D), χD) given by

[TE∗ ]([X]) = [X]−
n∑

i=1

χD([Ei], [X])[Ei].

Definition 3.15. Define a group B(D) as follows:
B(D) := 〈Tn

E∗
|E∗ = (E1, . . . , En); an exceptional n-cycle, n ≥ 1〉.

As already mentioned, by an exceptional 1-cycle we mean an m-spherical object for some
m ∈ Z. For any C-linear triangulated category T , we denote by Sphm(T ) the set of m-spherical
objects in T .

Remark 3.16. In [OST], the group generated by the twist functors associated to 1-spherical
objects has been considered. However, in general situations, including the one treated in this
paper, it is more natural to consider the group B(D) defined above. Note that in the case of
[OST], these groups coincide.

In order to understand B(D), we begin by classifying exceptional cycles.

Proposition 3.17 (See also [O2, Proposition 3.8]). Let n ≥ 2. A sequence E∗ = (E1, . . . , En)
of objects of D is an exceptional n-cycle if and only if n = 2 and E∗ = (E+, E−) or (E−, E+)
up to translations, where E+ and E− are defined in Lemma 2.8.

In particular, we have
T(E+,E−)

∼= S−1
D [1].

Proof. We begin by proving the sufficiency.

Lemma 3.18. The sequence (E+, E−) and (E−, E+) are exceptional 2-cycles.

Proof. We only need to show that (E+, E−) is an exceptional 2-cycle. Lemma 2.8 shows that
E+, E− are exceptional objects satisfying SD(E±) ∼= E∓[2]. The third condition is automatically
satisfied since n = 2. �

Lemma 3.19. Let T(E+,E−) be the twist functor associated to the 2-cycle (E+, E−). We have

T(E+,E−)
∼= S−1

D [1].

Proof. By a direct calculation based on the definitions of the twist functor and left mutation
functor (see [Ku, Remark 2.8]), it is easy to see that T(E+,E−)(E+) ∼= E−[−1] ∼= S−1

D (E+)[1] and
T(E+,E−)

∣∣
E⊥

+

= LSD(E+). It turns out that T(E+,E−)
∼= S−1

D [1] by the argument of [Su, Section
3]. �

Lemma 3.20. If an exceptional n-cycle exists in D, then n = 2.

Proof. Without loss of generality, we may assume that an exceptional n-cycle of the form E∗ =
(E,SD(E), . . . ,Sn−1

D (E)) exists. Since E is exceptional and [S2
D] = idK0(D), we have

[TE∗ ]([S
j
D(E)]) = [Sj

D(E)]−
n−1∑
i=0

χ([Si
D(E)], [Sj

D(E)])[Si
D(E)] = [Sj

D(E)]−
n−1∑
i=0

[Si
D(E)].

Therefore,
[TE∗ ]([E] + [S1

D(E)] + · · ·+ [Sn−1
D (E)]) = (1− n)([E] + [S1

D(E)] + · · ·+ [Sn−1
D (E)]).

It follows that [TE∗ ] is an automorphism only if 1− n = ±1 and hence n = 2. �

Note that (SD[−1])2 itself is not a translation. Especially, the object (SD[−1])2(Li) is an
arc having a subarc that wraps once around the boundary. Though [(SD[−1])2(Li)] = [Li] in
K0(D), the object (SD[−1])2(Li) is never isomorphic to Li up to translations in D.
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Lemma 3.21. Suppose that (E,SD(E)) is an exceptional 2-cycle. Then E is isomorphic to E+

or E− up to translation.
Proof. Since [S2

D] = idK0(D), there exists an integer k such that S2
D(E) ∼= E[2k]. By definition

of T(E+,E−), we have the following exact triangle
T(E+,E−)(E)[−1] −→ RHomD(E+, E)⊗ E+ ⊕RHomD(E−, E)⊗ E− −→ E −→ T(E+,E−)(E).

By Lemma 3.19, we have HomD(E, T(E+,E−)(E)) ∼= HomD(E,S−1
D (E)[1]) and

HomD(E,S−1
D (E)[1]) ∼= HomD(S−2

D (E)[1], E)∗ ∼= HomD(E[1− 2k], E)∗ = 0,

which implies that the above exact triangle splits. It then follows from the Krull–Schmidt
property that E ∼= E+ or E ∼= E− up to translations. �

Thus we have finished the proof of the proposition. �

Next, we consider spherical objects.
Proposition 3.22. Suppose S is an m-spherical object in D. Then m = 1.
Proof. By definition of T(E+,E−) and Lemma 3.19, we have the following exact triangle

S[−m] −→ RHomD(E+, S)⊗ E+ ⊕RHomD(E−, S)⊗ E− −→ S −→ S[1−m].

If m 6= 1, then the morphism S −→ S[1−m] is zero; then S ∼= E+ or E− up to translations due
to the Krull-Schmidt property of D, which contradicts the fact that SD(E±) ∼= E∓[2]. �

Proposition 3.23. We have
B(D) = 〈T 2

(E+,E−), TS1,c1 , TS2,c2 | c1, c2 ∈ (C∗)2〉.

Proof. The set Sph1(D) of 1-spherical objects in D is characterized as follows:
Lemma 3.24 ([BD, Corollary 2] and also [O2, Lemma 4.1]). Let Perf(E) be the derived category
of perfect complexes of sheaves on the nodal cubic curve E defined in Definition 3.3. The fully
faithful functor π∗ : Perf(E) → D in the diagram (3.3) induces a bijection between the sets of
1-spherical objects:

Sph1(D) = π∗(Sph1(Perf(E))).

�

It follows from [BD, Proposition 11] that for any smooth point ν([c1,∞ : c1,0]) ∈ E with
[c1,∞ : c1,0] ∈ P1 \ {∞, 0}, we have

π∗(Cν([c1,∞:c1,0]))
∼= S1,(c1,∞,c1,0).

It is known that Pic0(E) ∼= C∗ and by [BD, Propositions 11 and 13] the element
L[c′1,∞:c′1,0]

∈ Pic0(E)

corresponding to [c′1,∞ : c′1,0] ∈ P1 \ {∞, 0} = C∗ is mapped by π∗ to the complex of CQ/I-
modules

P (3)

(
c′1,∞x1,∞

c′1,0x1,0

)
−−−−−−−−−→ P (2)⊕ P (2)

( x2,∞ x2,0 )−−−−−−−−→ P (1),

where the middle term is of degree zero. Furthermore, a direct computation shows that
π∗(L[c′1,∞:c′1,0]

) ∼= TS1,c1
S2,c2 [−1] for some c1, c2 ∈ (C∗)2.

Lemma 3.25 ([BuKr, Proposition 4.13, Proposition 4.2]). Let the notations be as above. Con-
sider the subgroup of Aut(Perf(E)) given by

〈TCν([c1,∞:c1,0])
, TL[c′1,∞:c′1,0]

| [c1,∞ : c1,0], [c
′
1,∞ : c′1,0] ∈ P1 \ {∞, 0}〉.

This subgroup acts transitively on the set Sph1(Perf(E)) up to translations. �
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Putting these together, we obtain the statement of the proposition. �

Let AutSet(FEC(D)/Z3) be the automorphism group of the set FEC(D)/Z3 (modulo trans-
lations) and consider the following group homomorphism:

ρFEC : Aut(D) −→ AutSet(FEC(D)/Z3). (3.11)

Proposition 3.26 (cf. [O1, Theorem C]). Let OutC-alg(CQ/I) be the group of outer automor-
phisms of CQ/I defined by

OutC-alg(CQ/I) := AutC-alg(CQ/I)/InnC(CQ/I)

where AutC-alg(CQ/I) is the automorphism group of the C-algebra CQ/I and InnC(CQ/I) is
the normal subgroup of AutC-alg(CQ/I) consisting of inner automorphisms.

(i) We have
OutC-alg(CQ/I) ∼= (C∗ × C∗)o (Z/2Z).

(ii) We have the following short exact sequence of groups

{1} −→ OutC-alg(CQ/I)× Z[1] −→ Aut(D)
ρFEC−→ B3 −→ {1}, (3.12)

where OutC(CQ/I) is naturally identified with the subgroup

{Φ ∈ Aut(D) |Φ(mod(CQ/I)) = mod(CQ/I), Φ(P (i)) ∼= P (i), i = 1, 2, 3}.

Proof. (i) Since CQ/I is a basic finite dimensional C-algebra, any C-algebra automorphism maps
a complete set of primitive idempotents to a complete set of primitive idempotents and, up to
inner automorphisms, fixes them. Therefore, in determining the outer automorphism group
OutC-alg(CQ/I), we may assume that any C-algebra automorphism φ ∈ AutC-alg(CQ/I) fixes
the primitive idempotents e1, e2, e3 associated to vertices 1, 2, 3 of Q, which is determined by its
action on the arrows α1, α2, β1, β2. Hence we may write

φ(α1) = φ111α1 + φ112β1, φ(β1) = φ121α1 + φ122β1,

φ(α2) = φ211α2 + φ212β2, φ(β2) = φ221α2 + φ222β2,

for some ((φ1ij), (φ
2
ij)) ∈ GL(2;C)2, which must satisfy

φ111φ
2
21 = φ112φ

2
22 = φ121φ

2
11 = φ122φ

2
12 = 0.

Solving these equations yields

φ112 = φ121 = φ212 = φ221 = 0 or φ111 = φ122 = φ211 = φ222 = 0.

Thus, the subgroup of AutC-alg(CQ/I) fixing e1, e2, e3 is generated by:
(a) the subgroup generated by the scaling transformations of the arrows α1, β1, α2, β2 given

by {((φ111, φ122), (φ211, φ222))} ∼= (C∗)2 × (C∗)2,
(b) an involution that exchanges α1 with β1 and α2 with β2, while preserving the relations.

Note that the involution exchanges φ111 with φ122 and φ211 with φ222. As a result, the group is a
nontrivial semidirect product (

(C∗)2 × (C∗)2
)
o (Z/2Z).

Any inner automorphism fixing e1, e2, e3 is given by the element of the form

u =

3∑
i=1

ψiei, ψi ∈ C∗,

which acts on the arrows as

α1 7→ ψ2

ψ1
α1, β1 7→ ψ2

ψ1
β1, α2 7→ ψ3

ψ2
α2, β2 7→ ψ3

ψ2
β2.
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It is obvious that this action is trivial if and only if ψ1 = ψ2 = ψ3. Hence, the image of the
subgroup under the natural map InnC-alg(CQ/I) −→ AutC-alg(CQ/I) is C∗×C∗ ⊂ (C∗)2×(C∗)2,
the product of the diagonals of each (C∗)2 factor in (C∗)2 × (C∗)2.

(ii) The statement follows from [O2, Proposition 5.3]. Since CQ/I = P (3) ⊕ P (2) ⊕ P (1)
in mod(CQ/I), the identification of OutC-alg(CQ/I) follows from [Ch, Proposition 2.4] and
references therein. Indeed, it is clear that TS1,c1T

−1
S1

, TS2,c2T
−1
S2

belong to Ker(ρFEC) and they
respect P (3), P (2) and P (1), and a direct calculation yields

TS1,c1T
−1
S1

(x1,∞) = x1,∞, TS1,c1T
−1
S1

(x1,0) = x1,0,

TS1,c1T
−1
S1

(x2,∞) = c1,∞x2,∞, TS1,c1T
−1
S1

(x2,0) = c1,0x2,0,

TS2,c2T
−1
S2

(x2,∞) = c2,∞x1,∞, TS2,c2T
−1
S2

(x1,0) = c2,0x1,0,

TS2,c2T
−1
S2

(x2,∞) = x2,∞, TS2,c2T
−1
S2

(x2,0) = x2,0,

which generate the subgroup C∗ × C∗ of OutC-alg(CQ/I). Note also that (SD[−2]) ◦ (TS1
TS2

)3

is of order 2, which maps E+ to E− and belongs to Ker(ρFEC), which gives the generator of the
subgroup Z/2Z of OutC-alg(CQ/I). �

We are interested in classifying exceptional objects in D.

Proposition 3.27. The following holds for exceptional objects and complete exceptional se-
quences.

(i) If E ∈ D is an exceptional object and E � E±[k] for any k ∈ Z, then there exists a full
exceptional collection (E1, E2, E3) with E1

∼= E.
(ii) The right B3-action on FEC(D)/Z3 is transitive.

Proof. A geometric description based on categorical equivalence D ∼= PW(S11,M, `) is useful for
the classification of exceptional cases.

Lemma 3.28 ([HKK, Theorem 4.3] and [CS, Lemma 2.1 (1)]). Let E be an exceptional object
in D. The corresponding object L in PW(S11,M, `) under the equivalence D ∼= PW(S11,M, `) is
an arc connecting two connected components of ∂S11 \M without self-intersections. �

Lemma 3.29 ([O2, Proposition 3.8]). Let E be an exceptional object in D and let L be the
corresponding arc. L is homotopic to a part of the boundary ∂S11 if and only if E satisfies
(SD[−1])2(E) ∼= E[2]. Otherwise, L is non-boundary, and cutting along L yields a sphere with
two boundary components, each containing one marked point. �

Based on these two lemmas, the first statement is given by [CS, Proposition 4.11].
The second statement is shown by Chang–Haiden–Schroll [CHS, Corollary 5.3]. What is

crucial is that the braid group B3 = ρFEC(B(D)) is identified with the mapping class group of
S11, the orientation preserving diffeomorphisms S11 −→ S11 fixing ∂S11 modulo isotopy. Also, that
the left action of ρFEC(B(D)) and the right action of B3 are identified (recall Proposition 3.11)
plays an important role. �

Corollary 3.30. An exceptional object E is uniquely determined by [E] ∈ K0(D) up to the
actions of S2

D and [2]. �

3.4. Space of Bridgeland stability conditions. For background on stability conditions, see
[B]. The result of Haiden–Katzarkov–Kontsevich, when applied to the present setting, yields the
following:

Proposition 3.31 ([HKK, Theorem 5.3]). There exists an injective holomorphic map from the
universal covering UCov(M) of M to Stab(D) whose image is open and closed, thus a connected
component of Stab(D). �
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Proposition 3.32 ([Tak, Lemma 62 and Lemma 67] (see also [HW, Remark 4.6])). The injective
map UCov(M) −→ Stab(D) is an isomorphism of complex manifolds. The stability function
is given by the exponential period integrals associated to F with the primitive form given in
Corollary 4.6 (see Section 5 and put u = 1), on which the auto-equivalences (SD[−1])2 and [2]
act trivially. �

3.5. Serre dimension and the global dimension function.

Definition 3.33 ([KOT, Definition 2.4] (see also [EL, Proposition 6.13])). The upper Serre
dimension Sdim D and the lower Serre dimension Sdim D of D are given by

Sdim D := lim
t→∞

ht(SD)

t
, Sdim D := lim

t→−∞

ht(SD)

t
. (3.13)

where
ht(SD) = lim

n→∞

1

n
log

∑
m∈Z

dimC HomD(G,Sn
D(G)[m])e−mt, (3.14)

and G is a split generator of D.

Remark 3.34. The entropy function ht(SD) does not depend on the choice of a split generator.

Definition 3.35 ([IQ, Q1]). For a stability condition σ = (Z,P) on D, the global dimension
gldim σ of σ is given by

gldim σ := sup {φ2 − φ1| HomD(A1, A2) 6= 0 for Ai ∈ P(φi)} ∈ R≥0 ∪ {∞}. (3.15)

Proposition 3.36.
Sdim D = inf

σ∈Stab(D)
gldim σ = 2.

Proof. There exists σ satisfying gldim σ = 2 [Q2, Corollary 5.13]. If we take P (3) ⊕ P (2) ⊕
P (1)⊕ E+ ⊕ E− as G, we easily obtain the inequality Sdim D ≥ 2 since SD(E±) = E∓[2]. �

Corollary 3.37. There is no SD-invariant stability condition on D.

Proof. Taking P (3) ⊕ P (2) ⊕ P (1) ⊕ S1,c1 as G, it is easy to show that Sdim D ≤ 1 since
SD(S1,c1)

∼= S1,c1 [1]. Therefore, we have Sdim D ≤ 1 < Sdim D = 2. The statement follows
from [KP, Proposition 6.17]. �

Remark 3.38. Consider the set SODS(D) of all semiorthogonal decompositions for D consisting of
admissible subcategories equipped with Gepner type stability conditions with respect to the Serre
functor SD (see [Tod, Definition 2.3] for Gepner type stability conditions). Note that if a stability
condition is of Gepner type with respect to SD, then it is SD-invariant. We expect Stab(D) to
have a stratification indexed by the set SODS(D) (this will be discussed in a separate paper).
Note that there is a natural inclusion FEC(D)/Z3 ⊂ SODS(D). Since the derived category of the
Kronecker quiver, the semi-orthogonal complement of an exceptional object E with E � E±[k]
for any k ∈ Z, does not admit any Gepner type stability condition with respect to SD and
neither does E⊥

± by [Su, Corollary 3.4], it turns out that FEC(D)/Z3 = SODS(D). Therefore,
it is naturally explained in a categorical way that the universal covering of the configuration
space Conf(C, 3), which is Stab(D), admits a stratification indexed by FEC(D)/Z3, called the
“Stokes region” (see Hertling–Roucairol [HR, Definition 3.10]), together with the discussion on
the Lyashko–Looijenga map explained later.

For a real number 0 ≤ a ≤ 2, set

χa :=

1 a a
0 1 a
0 0 1

 .
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With respect to the Z-basis {[P (3)], [P (2)], [P (1)]} of K0(D), we have [SD] = lim
a→2

χ−1
a χT

a . Since
the characteristic polynomial of χ−1

a χT
a is

(t− 1)(t2 − (a3 − 3a2 + 2)t+ 1),

the eigenvalues are

t = 1,
(a2 − 2a− 2)(a− 1)± a(a− 2)

√
(a+ 1)(a− 3)

2
.

Examining the behavior of the phases of the eigenvalues as the parameter a varies from 0 to
2 shows that they change monotonically from 0 to 0,±1/2. Therefore, based on the idea of
Cecotti–Vafa [CV] (see also Balnojan–Hertling [BH]), it is natural to consider the “exponents”
for D to be 0, 1/2 and 1 (shifted so that the smallest one is 0), and hence the “dimension” of D
to be 1. The ”exponents” here are rational numbers, analogues of those q with Hp,q(V ) 6= 0 for
a smooth proper Deligne–Mumford stack V .

These ”exponents” and ”dimension” are consistent with those of the Frobenius structure
discussed later, but the ”dimension” differs from 2, the upper Serre dimension Sdim D (and
hence the infimum inf

σ∈Stab(D)
gldim σ of the global dimension function) computed above, although

they coincide in nice cases. On the other hand, if we regard Sdim D as the “dimension”, it is
consistent with the variance formula (see Hertling [He1], Ebeling-T [ET] and references therein)
for the “exponents” under the assumption that the “first Chern class of D” is numerically zero
as in the discussion of the gamma integral structure later:(

−1

2

)2

+ 02 +

(
1

2

)2

=
1

12
· 3 · 2,

where 3 in the RHS is the dimension of the total Hochschild homology group HH•(D) of D which
is isomorphic to K0(D) ⊗Z C. Understanding this discrepancy remains a challenge for future
work.

4. Frobenius structure

Recall that M = C × C∗ × H with the coordinate system s = (s1, s2, τ), C ×M with the
coordinate system (z; s1, s2, τ), X is the quotient of C×M under the group action

(z; s1, s2, τ) 7→ (z +m+ nτ ; s1, s2, τ), m, n ∈ Z,
and p the natural projection X −→M ;

p : X −→M, [(z; s1, s2, τ)] 7→ (s1, s2, τ).

Here X o is the space obtained by removing from X the zero section of p, namely,
X o := X \ {[(0; s1, s2, τ)] ∈ X | (s1, s2, τ) ∈M},

and F : X o −→ C is a holomorphic map given by
F = F (z; s) = F (z; s1, s2, τ) := s22℘̃(z; τ) + s1.

It is important that the critical set C of F relative to M is given by

C :=

{
(z; s) ∈ X o

∣∣∣∣ ∂F∂z = 0

}
=

{
(z; s) ∈ X o

∣∣∣∣ z = 1

2
,
1 + τ

2
,
τ

2

}
,

and hence the map p|C : C −→M is an unramified covering map of degree three. Therefore, the
OM -algebra

p∗OC := p∗OXo

/(
∂F

∂z

)
is semi-simple at any point s ∈M . See Proposition 4.4 below for a more precise statement.
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4.1. Kodaira–Spencer map. Recall that s3 = 2π
√
−1τ .

Proposition 4.1. The OM -linear map

KS : TM −→ p∗OC ,
∂

∂si
7→
[
∂F

∂si

]
,

is an isomorphism.

Proof. Since p∗OXo is an OM -algebra generated by ℘̃(z; s) and ∂℘̃(z; s)/∂z, its quotient by the
ideal (∂F/∂z) = (∂℘̃(z; s)/∂z) is a free OM -module of rank 3 generated by [1], [℘̃(z; s)] and
[℘̃(z; s)2], since by (2.1a) and (2.1b) both (∂℘̃(z; s)/∂z)2 and ∂2℘̃(z; s)/∂z2 are polynomials in
℘̃(z; s). The statement follows from the equation (2.8). �

Definition 4.2. Define an OM -bilinear product ◦ : TM × TM −→ TM as
∂

∂si
◦ ∂

∂sj
:= KS−1

([
∂F

∂si
· ∂F
∂sj

])
.

Definition 4.3. The holomorphic vector fields e,E ∈ Γ(M, TM ) defined as

e := KS−1([1]), E := KS−1([F ]),

are called the unit vector field and the Euler vector field, respectively.

It is obvious but important that
∂F (z; s)

∂s1
= 1, F (z; s) = s1

∂F (z; s)

∂s1
+

1

2
s2
∂F (z; s)

∂s2
,

and hence
e :=

∂

∂s1
, E := s1

∂

∂s1
+

1

2
s2

∂

∂s2
.

Proposition 4.4. The holomorphic functions u1(s), u2(s), u3(s) ∈ Γ(M,OM ) defined as

ui(s) = s1 + s22ẽi(τ), (recall (3.1) for the definition of ẽi(τ) )

form a coordinate system on M . Moreover, we have

e =
∂

∂u1
+

∂

∂u2
+

∂

∂u3
, E = u1

∂

∂u1
+ u2

∂

∂u2
+ u3

∂

∂u3
,

∂

∂ui
◦ ∂

∂uj
= δij

∂

∂uj
, i, j = 1, 2, 3,

where δij is the Kronecker delta.

Proof. We have C = C1 t C2 t C3 where

C1 :=

{(
1

2
; s

)
∈ X o

}
, C2 :=

{(
1 + τ

2
; s

)
∈ X o

}
, C3 :=

{(τ
2
; s
)
∈ X o

}
.

Hence, we have F |Ci = ui(s). Therefore the statement holds. �

Note that ui 6= uj if i 6= j since ẽi(τ) 6= ẽj(τ) if i 6= j.

4.2. Pairing η and its flat coordinates. Define a symmetric OM -bilinear form
η : TM × TM −→ OM by

η

(
∂

∂si
,
∂

∂sj

)
:=

1

2π
√
−1

∮
∂F (z;s)

∂z =0

∂F (z;s)
∂si

∂F (z;s)
∂sj

1
2π

√
−1

∂F (z;s)
∂z

(2π
√
−1dz) = −2π

√
−1

∮
z=0

∂F (z;s)
∂si

∂F (z;s)
∂sj

∂F (z;s)
∂z

dz.

It is quite important that η is not an invariant of F but depends on the particular choice of a
holomorphic volume form 2π

√
−1dz.
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By direct calculation using the facts that ℘̃(z; τ) = 1/(2π
√
−1z)2+(holomorphic) near z = 0,

(2.1) and (2.8), we have(
η

(
∂

∂si
,
∂

∂sj

))
=

0 0 1
0 2 1

6s2E2(τ)

1 1
6s2E2(τ)

1
6s

2
2

1
2π

√
−1

∂E2(τ)
∂τ

 .

Therefore, considering the following coordinate transformation

t1 := s1 +
1

12
s22E2(τ), t2 := s2, t3 := s3 = 2π

√
−1τ, (4.1)

we obtain the constant matrix

(ηij) :=

(
η

(
∂

∂ti
,
∂

∂tj

))
=

0 0 1
0 2 0
1 0 0

 .

In terms of this coordinate system (t1, t2, τ) of M , F is rewritten as

F (z; t) = t22

(
℘̃(z; τ)− 1

12
E2(τ)

)
+ t1.

We have
∂F (z; t)

∂t1
= 1, F (z; t) = t1

∂F (z; t)

∂t1
+

1

2
t2
∂F (z; t)

∂t2
, (4.2)

and the unit vector field e and the Euler vector field E are given by

e :=
∂

∂t1
, E := t1

∂

∂t1
+

1

2
t2

∂

∂t2
.

In order to define the notion of a primitive form, it is necessary to define a Saito structure
associated to F , namely, a tuple consisting of the filtered de Rham cohomology group HF with
the increasing filtration H(k)

F , k ∈ Z, the Gauß–Manin connection ∇ on HF and the higher residue
pairing KF on HF . In this paper, we omit the details about those objects and refer the interested
reader to [SaTa]. In the setting of this paper, Milanov constructs the triple (HF ,∇,KF ) and
shows that any “prime form” in the sense of Dubrovin [Du1, Lecture 5] is a primitive form [M].

As in [IST, Lemma 5.2], the equation (4.2) and the following proposition show that

u∇ ∂
∂ti

∇ ∂
∂tj

[2π
√
−1dz] =

3∑
k=1

Ck
ij∇ ∂

∂tk

[2π
√
−1dz], i, j = 1, 2, 3,

where Ck
ij is the structure coeffcients of the product of ∂

∂ti
and ∂

∂tj
, and then imply that

2π
√
−1dz gives a primitive form in an elementary way.

Proposition 4.5. We have

∂F (z; t)

∂t2
· ∂F (z; t)

∂t2

= 2
∂F (z; t)

∂t3
− t2

2
E2(τ)

∂F (z; t)

∂t2
− t22

2

1

2π
√
−1

∂E2(τ)

∂τ

∂F (z; t)

∂t1
+ φ2,2(z; t)

∂F (z; t)

∂z
,

∂F (z; t)

∂t2
· ∂F (z; t)

∂t3

= − t
2
2

4

1

2π
√
−1

∂E2(τ)

∂τ

∂F (z; t)

∂t2
− t32

6

1

(2π
√
−1)2

∂2E2(τ)

∂τ2
∂F (z; t)

∂t1
+ φ2,3(z; t)

∂F (z; t)

∂z
,
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∂F (z; t)

∂t3
· ∂F (z; t)

∂t3

= − t32
12

1

(2π
√
−1)2

∂2E2(τ)

∂τ2
∂F (z; t)

∂t2
− t42

24

1

(2π
√
−1)3

∂3E2(τ)

∂τ3
∂F (z; t)

∂t1
+ φ3,3(z; t)

∂F (z; t)

∂z
,

where

φ2,2(z; t) = 2

(
−ζ̃(z; τ)− 1

12
E2(τ)z

)
, φ2,3(z; t) = 2t2

1

2π
√
−1

∂

∂τ

(
−ζ̃(z; τ)− 1

12
E2(τ)z

)
,

φ3,3(z; t) = t22
1

(2π
√
−1)2

∂2

∂τ2

(
−ζ̃(z; τ)− 1

12
E2(τ)z

)
,

which satisfy
∂φ2,2(z; t)

∂z
=
∂2F (z; t)

∂t2∂t2
,

∂2φ2,3(z; t)

∂z
=
∂2F (z; t)

∂t2∂t3
,

∂φ3,3(z; t)

∂z
=
∂2F (z; t)

∂t3∂t3
.

Proof. It can be shown by direct computation using equations (2.5a), (2.5b), (2.7), (2.9) and
(2.4). Although it is not difficult, it is technical, so we will summarize the computation in
Section 6.1. �

Corollary 4.6. The class ζF := [2π
√
−1dz] of the differential form 2π

√
−1dz in the 0-th filtered

de Rham cohomology group K(0)
F is a primitive form with the minimal exponent 0. In particular,

the tuple (◦, η, e, E) defines a (globally) semi-simple Frobenius structure on M of rank 3 and
dimension 1, whose Frobenius potential F is

F(t1, t2, 2π
√
−1τ) :=

1

2
t21(2π

√
−1τ) + t1t

2
2 −

1

24
t42E2(τ).

�

The intersection form g of the Frobenius structure is a non-degenerate symmetric OM -bilinear
form g : Ω1

M × Ω1
M −→ OM , which is defined, in terms of the Frobenius potential and flat

coordinates, by

g(dti, dtj) :=

3∑
a,b=1

ηiaηjbE

(
∂2F
∂ta∂tb

)
,
(
ηij
)
:= (ηij)

−1
.

It is calculated as

(g(dti, dtj)) =

− t42
12

1
(2π

√
−1)2

∂2E2(τ)
∂τ2 − t32

8
1

2π
√
−1

∂E2(τ)
∂τ t1

− t32
8

1
2π

√
−1

∂E2(τ)
∂τ

1
2 t1 −

1
8 t

2
2E2(τ)

1
2 t2

t1
1
2 t2 0

 .

There is a uniqueness of the Frobenius structure, which may be known for experts. See [DZ,
Theorem 2.1], [Sat1, Proposition 5.2] and [ShTa, Theorem 7.1] for the analogous statements.

Proposition 4.7. A Frobenius structure on M of rank three and of dimension one with the
following e and E is uniquely determined by the intersection form g:

e =
∂

∂t1
, E = t1

∂

∂t1
+

1

2
t2

∂

∂t2
.

Proof. We use the following relation between the product ◦ and the intersection form g.

Lemma 4.8. Denote by Γij
k the contravariant component of the Levi–Civita connection ∇̃ for

the intersection form g on Ω1
M . Namely,

Γij
k := g

(
dti, ∇̃ ∂

∂tk

dtj

)
.
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Then, we have

Γij
k = djC

ij
k , Cij

k :=

3∑
a,b=1

ηiaηjb
∂3F

∂tk∂ta∂tb
, (4.3)

where dj is a rational number defined by E(tj) = djtj, namely, d1 = 1, d2 = 1/2 and d3 = 0.
Proof. See [Du1, Lemma 3.4] and apply d = 1. �

It is obvious that Cij
k can be reconstructed from the intersection form if j 6= 3. However,

Ci3
k =

3∑
a,b=1

ηiaη3b
∂3F

∂tk∂ta∂tb
= δik, (Kronecker’s delta). (4.4)

Therefore, ∂3F/∂ti∂tj∂tk for all i, j, k = 1, . . . , 3 can be uniquely reconstructed from the inter-
section form g. �

The discriminant locus DF is the subset of M defined as

DF :=

{
s ∈M

∣∣∣∣F (z; s) = ∂F (z; s)

∂z
= 0 for some z

}
,

which is explicitly given in terms of the Euler vector field as the zero locus of the holomorphic
function det(E ◦ −):

det(E ◦ −)

= t31 −
t21t

2
2

4
E2(τ) +

t1t
4
2

4

1

2π
√
−1

∂E2(τ)

∂τ
− t62

24

1

(2π
√
−1)2

∂2E2(τ)

∂τ2

=
(
t1 + t22

(
ẽ1(τ)−

1

12
E2(τ)

))(
t1 + t22

(
ẽ2(τ)−

1

12
E2(τ)

))(
t1 + t22

(
ẽ3(τ)−

1

12
E2(τ)

))
= u1u2u3.

Up to a non-zero constant multiple, it is equal to det(g(dti, dtj)).
Let Conf(C, 3) be the configuration space of three distinct points on C and denote by [(u1, u2, u3)]

the point of Conf(C, 3) consisting of {u1, u2, u3} ⊂ C.
Definition 4.9. The Lyashko–Looijenga map LL : M −→ Conf(C, 3) is a holomorphic map
defined as

LL(s) := [(u1, u2, u3)],

where ui’s are canonical coordinates defined in Proposition 4.4, namely,

ui = s1 + s22ẽi(τ) = t1 + t22

(
ẽi(τ)−

1

12
E2(τ)

)
, i = 1, 2, 3.

For the general theory of the Lyashko–Looijenga map for Frobenius manifolds (or F-manifolds),
we refer the reader to [He2, Section 3.5].

For γ =

(
a b
c d

)
∈ SL(2;Z), we can define the action of γ on M as follows:

γ · (s1, s2, τ) :=
(
s1,

s2
cτ + d

,
aτ + b

cτ + d

)
.

Proposition 4.10. The Lyashko–Looijenga map LL induces the isomorphism
LLalg :M/SL(2;Z) −→ Conf(C, 3).

In particular, we have
deg LLalg = 1 = #(B3\(FEC(D)/Z3)) = #((FEC(D)/Z3)/B3)

where B3\(FEC(D)/Z3) means the quotient with respect to the left B3 = ρFEC(B(D))-action and
(FEC(D)/Z3)/B3 does the quotient with respect to the right B3-action.
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Proof. By Proposition 3.11, we have #((FEC(D)/Z3)/B3) = #(B3\(FEC(D)/Z3)). The con-
figuration space Conf(C, 3) can be identified with the space of the monic cubic polynomials
(x−u1)(x−u2)(x−u3). In other words, there is a one to one correspondence between [(u1, u2, u3)]
and coefficients of the monic cubic polynomial. Therefore, under the identification, the image of
the map LL is given by(

3s1, 3s
2
1 −

1

48
s42E4(τ), −

1

48
s1s

4
2E4(τ) +

1

864
s62E6(τ)

)
(4.5)

and is invariant under the SL(2;Z)-action. Therefore, this map LL induces the map LLalg. The
isomorphism LLalg is nothing but the classical theory of elliptic functions. In particular, our case
is the Jacobi inversion problem of elliptic curves with a quadratic term in the cubic polynomial
which gives rise to the translation by s1. Hence LLalg is an isomorphism between 3-dimensional
complex manifolds. See [Zac] and references therein for example. �

Let Mreg :=M\DF and F−1
s (0) := {(z; s) ∈ X o | F (z; s) = 0} for a point s ∈M . Fix a point

s = (s1, s2, τ) ∈Mreg, then the relative homology long exact sequence yields the following short
exact sequence:

0 −→ H1(p
−1(s);Z) −→ H1(p

−1(s), F−1
s (0);Z) ∂−→ H̃0(F

−1
s (0);Z) −→ 0, (4.6)

where H̃0 denotes the 0-th reduced homology group. Since ∂F (z; s)/∂z 6= 0 for s ∈ Mreg,
F−1
s (0) = {(x; s), (−x; s)} for some x 6= 1/2, 1/2 + τ/2, τ/2 (mod Z+ Zτ).
For s = s0 defined in Subsection 3.2, by moving along the real axis from 0 to +∞, we construct

a homeomorphism between F
−1

s0 (0) and F
−1

s0 (1 · ∞). Thus, we obtain an isomorphism

H1(p
−1(s0), F

−1
s0 (0);Z) = H1(p

−1(s0), F
−1
s0 (0);Z) ∼= H1(p

−1(s0), F
−1
s0 (1 · ∞);Z) ∼= H1(S1

1, ∂S1
1 \M;Z).

In particular, the class of the path in C from −x to x that encircles the origin 0 in a clockwise direction
is identified with α. Together with the isomorphism H1(p

−1(s0);Z) ∼= H1(S1
1;Z), we have

H1(p
−1(s0), F

−1
s0 (0);Z) = Zα⊕ Zδ1 ⊕ Zδ2, H̃0(F

−1
s0 (0);Z) = Z([x]− [−x]) = Z∂α,

where δ1 and δ2 are the homology classes of the longitude and the meridian of S11. Under
the natural identification K0(D) ∼= H1(p

−1(s0), F
−1
s0 (0);Z), the basis α, δ1, δ2 are identified

with the ones in (3.8) and (3.9). Here, it is also useful to take another Z-basis {α1, α2, α3}
of H1(p

−1(s0), F
−1
s0 (0);Z) where
α1 := α− δ1, α2 := −α+ δ1 + δ2, α3 := [S(3)] = α− δ2.

Under the identification H1(p
−1(s0), F

−1
s0 (0);Z) ∼= H1(S11, ∂S11 \ M;Z), this corresponds to the

cycles represented by the dashed lines in Figure 3 below.
For γ, γ′ ∈ H1(p

−1(s0), F
−1
s0 (0);Z), define a symmetric Z-bilinear form I to be the restriction

of the intersection form IH̃0
on H̃0(F

−1
s0 (0);Z) as

I(γ, γ′) := IH̃0
(∂γ, ∂γ′).

Let UCov(Mreg) be the universal cover of Mreg. Identify H1(p
−1(s0), F

−1
s0 (0);Z) with the

space of global horizontal sections of
⋃

s∈UCov(Mreg)

H1(p
−1(s), F−1

s (0);Z).

Lemma 4.11 ([Sa1, Section 5 and Section 3.4], [Ta2, Section 5] and [ShTa, Section 5]). We
have the following:

(i) For each horizontal section γ of the local system
⋃

s∈Mreg

H1(p
−1(s), F−1

s (0);Z), we have

1

2π
√
−1

∫
γ

2π
√
−1dz ∈ Sol(∇̃),
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L3

L2

L1

x

1 +
√
−1− x

α3

α2

α1

Figure 3. Cycles representing α1, α2, α3.

where ∇̃ is the Levi-Civita connection for the intersection form g and
Sol(∇̃) := {ψ ∈ OMreg | ∇̃dψ = 0}. Indeed,∫

α

dz = [z]
x
−x = 2x,

∫
δ1

dz = 1,

∫
δ2

dz = τ,

which belong to Sol(∇̃).
(ii) There exists an OMreg -isomorphism

Ω1
Mreg ' OMreg ⊗CMreg dSol(∇̃),

where dSol(∇̃) is the image of Sol(∇̃) in Ω1
Mreg under the differential d.

(iii) For γ, γ′ ∈ H1(p
−1(s0), F

−1
s0 (0);Z), we have

g

(
d

(∫
γ

2π
√
−1dz

)
, d

(∫
γ′
2π

√
−1dz

))
= −I(γ, γ′),

where γ, γ′ in the left-hand side are corresponding global horizontal sections.
In particular, there exists φ ∈ Sol(∇̃) such that {dφ, dx, dτ} forms a CMreg -basis of dSol(∇̃)
and g has the following matrix representation with respect to this basis:

g =
1

(2π
√
−1)2

0 0 1
0 − 1

2 0
1 0 0

 .

Proof. See [Ta2, Section 6.10]. �

Remark 4.12. In [ShTa] and [Ta2], F is a function in three variables, so the coefficient (2π
√
−1)−2

was necessary in front of the integral. However, since we are now dealing with a function in one
variable as F , as the weight decreases by one, the coefficient becomes (2π

√
−1)−1.

By Lemma 4.11, we have the following map:
UCov(Mreg) −→ C× C×H, s 7→ (φ, x, τ).

and the period mapping:
UCov(Mreg) −→ HomZ(H1(p

−1(s0), F
−1
s0 (0);Z),C).

The period domain becomes Ẽo introduced later in (4.26) since α is not a vanishing cycle and
hence the period map cannot be extended to x ∈ 2Z+ 2Zτ .
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4.3. Elliptic Weyl group. In this subsection, we introduce the elliptic Weyl group W̃ of type
A

(1,1)∗
1 and its extension Ŵ by SL(2;Z) and describe their actions on suitable domains.

Definition 4.13. A root system R of rank µ is a tuple (N , I,∆re) where N is a free Z-module
of rank µ, I : N ×N −→ Z is a symmetric Z-bilinear form, and ∆re is a subset of N , called the
set of real roots, satisfying the following properties:

(i) N = Z∆re.
(ii) For each α ∈ ∆re, I(α, α) = 2.
(iii) For each α ∈ ∆re, define a reflection rα ∈ AutZ(N , I) by rα(λ) := λ− I(α, λ)α. Then,

rα(∆re) = ∆re.
Definition 4.14. The group W (R) := 〈rα |α ∈ ∆re〉 is called the Weyl group of R.
Definition 4.15. Let R = (N , I,∆re) be a root system of rank µ. A subset B = {α1, . . . , αµ}
of ∆re is a root basis if ∆re =WB ·B where WB := 〈rα1

, . . . , rαµ
〉 ⊂W (R).

Definition 4.16. Let R = (N , I,∆re) be a root system of rank µ. An element c ∈ W (R)
is called a Coxeter element of R if there exists a root basis B = {α1, . . . , αµ} such that
c = rα1 . . . rαµ .

Note that we have WB =W (R) and N = ZB by the above definitions.
Remark 4.17. Voigt [V] gave the notion of a root basis under the condition N = ZB, but the
root basis here must satisfy generally stronger condition ∆re =WB ·B.
Definition 4.18 (Saito [Sa3, Section 5.3]). A pair (R, c) of a root system R and a Coxeter
element c of R is called a generalized root system.
Remark 4.19. The reason for considering the Coxeter elements above is as follows. There exist
generalized root systems whose sets of real roots coincide with those of type Dµ, but whose
Coxeter elements differ from the classical ones. Such generalized root systems arise from the
generalized root system of affine type Ap,q equipped with the corresponding involution, for
suitable integers (p, q) satisfying p+ q = µ.

More precisely, the pair consisting of the generalized root system of affine type Ap,q and
its associated involution corresponds to the family of Laurent polynomials considered in [DZ],
whose deformation parameters are restricted so as to be invariant under the induced involution.
From this pair of the family and the involution, one can associate a corresponding marked
bordered orbi-surface. According to [BSW], one can then construct the partially wrapped Fukaya
category C associated with this marked bordered orbi-surface (under a suitable choice of line
field). Applying the results of [STW] to the category C, we obtain a new generalized root system
whose set of real roots, determined by exceptional objects, is isomorphic to the usual one of
type Dµ, but whose Coxeter element, induced by the Coxeter functor SC [−1], differs from the
classical Coxeter element of type Dµ (see [Ta3]).

In particular, by an appropriate choice of (p, q) in this construction, we can realize quasi-
Coxeter elements of type D in the sense of [Klu] and [V]. Therefore, in our setting, we refer
to all of them simply as Coxeter elements, since from the categorical viewpoint of deriving
generalized root systems, quasi-Coxeter elements arise just as naturally as the classical ones.

Applying [STW, Proposition 2.10] to our case, we can have the following generalized root
system (N , I,∆re, c) from D. As a matter of fact, the condition in [STW, Proposition 2.10]
that any exceptional object can be completed to a full exceptional collection, must be dropped.
In other words, all exceptional objects should not necessarily be real roots. Note that we have
[E+] = [E−] = α /∈ ∆re and this reflect that α is not a vanishing cycle (see Lemma 4.11 (i) and
x 6= 0 there). Moreover, the set of real roots can be given by the B3 n (Z[1])3-orbit of the full
exceptional collection (S(1), S(2), S(3)) :

N := K0(D) = Zα⊕ Zδ1 ⊕ Zδ2 = Zα1 ⊕ Zα2 ⊕ Zα3,
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where α1 := [S(1)] = α− δ1, α2 := [S(2)] = −α+ δ1 + δ2, α3 := [S(3)] = α− δ2.

(I(αi, αj)) := (χ(αi, αj) + χ(αj , αi)) =

 2 −2 2
−2 2 −2
2 −2 2

 .

W := 〈rα1 , rα2 , rα3〉 ⊂ AutZ(N , I).

∆re :=W{α1, α2, α3} = {±α− (p+ 1)δ1 − (q + 1)δ2 | p, q ∈ Z, pq ∈ 2Z}.

c := [SD[−1]] = rα1rα2rα3 = rα.

Remark 4.20. As is explained later in (4.17), reflection hyperplanes corresponding to simple
roots α1, α2, α3 are 1

2
,
1 + τ

2
,
τ

2
respectively.

Remark 4.21. The matrix (I(αi, αj)) is not a generalized Cartan matrix and the group W is not
a Coxeter group.

The subgroup H := 〈τ1, τ2〉 of W generated by

τ1(α, δ1, δ2) := rα2rα3(α, δ1, δ2) = (α− 2δ1, δ1, δ2), (4.7)
τ2(α, δ1, δ2) := rα2

rα1
(α, δ1, δ2) = (α− 2δ2, δ1, δ2). (4.8)

is a free abelian group of rank 2 and we have the following short exact sequence:

{1} −→ H −→W −→ Z/2Z −→ {1}.

More precisely, we have

W ∼= 〈rα1
, τ1, τ2 | rα2

1=1, rα1
τirα1

= τ−1
i , i = 1, 2〉 (4.9)

∼= 〈r1, r2, r3 | r21 = 1, r22 = 1, r23 = 1, (r1r2r3)
2 = 1〉 (4.10)

Consider the following free abelian group of rank 5

Ñ := N ⊕ Zκ1 ⊕ Zκ2 = Zα⊕ Zδ1 ⊕ Zδ2 ⊕ Zκ1 ⊕ Zκ2,

and the symmetric Z-bilinear form Ĩ defined by

Ĩ(α, α) := 2, Ĩ(α, δ1) := 0, Ĩ(α, δ2) := 0, Ĩ(α, κ1) := 0, Ĩ(α, κ2) := 0,

Ĩ(δ1, δ1) := 0, Ĩ(δ1, δ2) := 0, Ĩ(δ1, κ1) := 1, Ĩ(δ1, κ2) := 0, Ĩ(δ2, δ2) := 0,

Ĩ(δ2, κ1) := 0, Ĩ(δ2, κ2) := −1, Ĩ(κ1, κ1) := 0, Ĩ(κ1, κ2) := 0, Ĩ(κ2, κ2) := 0.

We identify the lattice (N , I) with the sub-lattice (N ⊕ 0⊕ 0, Ĩ|N⊕0⊕0) of (Ñ , Ĩ).

Remark 4.22. When considering the SL(2;Z)-action later, it is more convenient to consider the
matrix representation of Ĩ with respect to the Z-basis {κ1, κ2, α, δ2, δ1}, which is given by:

Ĩ =


0 0 0 0 1
0 0 0 −1 0
0 0 2 0 0
0 −1 0 0 0
1 0 0 0 0

 . (4.11)
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Define the hyperbolic extension W̃ of the Weyl group W by

W̃ := 〈r̃β |β ∈ ∆re〉 ⊂ AutZ(Ñ , Ĩ), r̃β(λ̃) := λ̃− Ĩ(β, λ̃)β, λ̃ ∈ Ñ .

Explicitly, we have

r̃α1
(α, δ1, δ2, κ1, κ2) = (−α+ 2δ1, δ1, δ2, κ1 + α− δ1, κ2),

r̃α2
(α, δ1, δ2, κ1, κ2) = (−α+ 2δ1 + 2δ2, δ1, δ2, κ1 + α− δ1 − δ2, κ2 − α+ δ1 + δ2)

r̃α3(α, δ1, δ2, κ1, κ2) = (−α+ 2δ2, δ1, δ2, κ1, κ2 − α+ δ2),

It is important that r̃α /∈ W̃ = 〈r̃α1 , r̃α2 , r̃α3〉.
We have

c̃(α, δ1, δ2, κ1, κ2) := r̃α1
r̃α2

r̃α3
(α, δ1, δ2, κ1, κ2) = (−α, δ1, δ2, κ1 − δ2, κ2 − δ1)

and hence c̃2 belongs to the center of W̃ .
It is interesting to observe the relationship between this group and a certain fundamental

group.

Proposition 4.23. Consider the complex manifold M := C×C×H with the coordinate system
(s1, s2, τ), and the holomorphic function ∆ given by

∆ :=
(
s1 + s22ẽ1(τ)

) (
s1 + s22ẽ2(τ)

) (
s1 + s22ẽ3(τ)

)
.

The groups π1(M \ {∆ = 0}, ∗) and W̃ have presentations by generators and relations as follows

π1(M \ {∆ = 0}, ∗) ∼= 〈a1, a2, a3 | ai(a1a2a3)2 = (a1a2a3)
2ai, i = 1, 2, 3〉, (4.12)

W̃ ∼= 〈r̃1, r̃2, r̃3 | r̃2i = 1, r̃i(r̃1r̃2r̃3)
2 = (r̃1r̃2r̃3)

2r̃i, i = 1, 2, 3〉. (4.13)

Proof. Consider the projection

C× C×H −→ C×H (s1, s2, τ) 7→ (s2, τ).

and intersections of its fibers with ∆ = 0. Then the bifurcation set is s2 = 0. A fiber with s2 6= 0
contains three counterclockwise loops ai (i = 1, 2, 3) with a common generic marked point ∗ (one
may take s0 as ∗), where each ai encircles −s22ẽi(τ). Along a rotation around s2 = 0, three points
−s22ẽi(τ) rotate twice around s1 = 0 without any permutations. This rotation induces a double
full twist ((σ1σ2)

3)2 on ai, where ((σ1σ2)
3)2(ai) = (a1a2a3)

2ai(a1a2a3)
−2. By the Zariski-Van

Kampen method, these ai form generators for and the relations

ai = ((σ1σ2)
3)2(ai) = (a1a2a3)

2ai(a1a2a3)
−2

are exactly the ones for the fundamental group π1(M \ {∆ = 0}, ∗). �

Remark 4.24. The complement M \ {∆ = 0} is a K(π, 1)-space. The group (4.13) is called the
elliptic Artin group of type A(1,1)∗

1 (cf. [SaTak] for the origin of the name “elliptic Artin group”).
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The restriction to the subspace N of the action of W̃ yields the surjective group homomor-
phism W̃ −→W . Moreover, we have the following commutative diagram

{1} {1}

{1} K := 〈c̃2〉 H̃ := 〈τ̃1, τ̃2〉 H = 〈τ1, τ2〉 {1}

{1} K := 〈c̃2〉 W̃ W {1}

Z/2Z Z/2Z

{1} {1}

,

where

τ̃1(α, δ1, δ2, κ1, κ2) := r̃α2
r̃α3

(α, δ1, δ2, κ1, κ2) = (α− 2δ1, δ1, δ2, κ1 + α− δ1 − δ2, κ2 − δ1),

τ̃2(α, δ1, δ2, κ1, κ2) := r̃α2 r̃α1(α, δ1, δ2, κ1, κ2) = (α− 2δ2, δ1, δ2, κ1 + δ2, κ2 − α+ δ1 + δ2),

which satisfies
τ̃1τ̃2τ̃

−1
1 τ̃−1

2 = c̃−2.

Let 〈−,−〉 denote the natural pairing between Ñ⊗ZC and HomZ(Ñ ,C), and {α∨, d1, d2, c1, c2}
a C-basis of HomZ(Ñ ,C) such that the values of the pairing between bases are given by

〈α, α∨〉 = 2, 〈δ1, d1〉 = 1, 〈δ2, d2〉 = 1, 〈κ1, c1〉 = 1, 〈κ2, c2〉 = 1,

and zero otherwise. Let (x, ω1, ω2, φ
′, φ) denote a system of coordinates associated to the basis

above. Set
Π̃ := {[h̃] ∈ PHomZ(Ñ ,C) | Ĩ(h̃, h̃) = 0,

√
−1(ω1ω2 − ω1ω2) > 0}

where we denote by the same letter Ĩ the symmetric C-bilinear form induced by Ĩ on HomZ(Ñ ,C)
and ωi := 〈δi, h̃〉, i = 1, 2, and

Ẽ := {xα∨ + d1 + τd2 + φc2 ∈ HomZ(Ñ ,C) | (φ, x, τ) ∈ C× C×H},

where τ := ω2/ω1.

Proposition 4.25. The correspondence

xα∨ + d1 + τd2 + φc2 7→ [xα∨ + d1 + τd2 + (φτ − x2)c1 + φc2]

gives the isomorphism of complex manifold between Ẽ and Π̃.

Proof. The coefficient φτ − x2 of c1 comes from Ĩ(h̃, h̃) = 0. The coefficient 1 of d1 fixes the
ambiguity of the projection Π̃ → Ẽ and is clearly holomorphic. The correspondence is also
holomorphic. These yield the proposition. �

We extend the action on K0(D) to Ñ so that it is Z-linear and Ĩ-invariant. Recall (3.10) for
SL(2;Z)-action on K0(D). Under the expression (4.11) of Ĩ, it is straightforward to see that we
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have the following matrix representation of the action:
0 0 0 d −b
0 0 0 −c a
0 0 1 0 0
d −b 0 0 0
−c a 0 0 0

 ,

(
a b
c d

)
∈ SL(2;Z). (4.14)

Therefore, the space HomZ(Ñ ,C) admits the SL(2;Z)-action defined by

〈λ̃, γ(h)〉 := 〈γ−1(λ̃), h〉, λ̃ ∈ Ñ , h ∈ HomZ(Ñ ,C), γ ∈ SL(2;Z), (4.15)

which is explicitly written as

γ[xα∨ + ω1d1 + ω2d2 + φ′c1 + φc2]

= [xα∨ + (cω2 + dω1)d1 + (aω2 + bω1)d2 + (aφ′ + bφ)c1 + (cφ′ + dφ)c2], (4.16)

for γ =

(
a b
c d

)
∈ SL(2;Z).

We shall often identify Ẽ with C× C×H, namely, identify an element

xα∨ + d1 + τd2 + φc2 ∈ HomZ(Ñ ,C)

with a point (φ, x, τ) ∈ C× C×H, and write (φ, x, τ) ∈ Ẽ for simplicity.
By Proposition 4.25 and (4.16), we obtain the SL(2;Z)-action on Ẽ, which is given by

γ(φ, x, τ) =

(
φ− cx2

cτ + d
,

x

cτ + d
,
aτ + b

cτ + d

)
.

The natural action of W̃ on the space Ẽ is given by

〈λ̃, w̃(h)〉 := 〈w̃−1(λ̃), h〉, λ̃ ∈ Ñ , h ∈ Ẽ, w̃ ∈ W̃ .

Explicitly, we have

r̃α1
(φ, x, τ) = (φ,−x+ 1, τ), (4.17a)

r̃α2
(φ, x, τ) = (φ− 2x+ 1 + τ,−x+ 1 + τ, τ), (4.17b)
r̃α3(φ, x, τ) = (φ− 2x+ τ,−x+ τ, τ), (4.17c)

and hence we have

τ̃1(φ, x, τ) = (φ+ 1, x+ 1, τ), (4.17d)
τ̃2(φ, x, τ) = (φ+ 2x− 1 + τ, x+ τ, τ), (4.17e)

τ̃m1 τ̃
n
2 (φ, x, τ) = (φ+ 2nx+ n2τ +m− n, x+m+ nτ, τ), (4.17f)

c̃(φ, x, τ) = (φ+ 1,−x, τ). (4.17g)

Remark 4.26. Let us summarize the relationships among the groups that have appeared so far.
The group Ŵ which fits into the following commutative diagram of short exact sequences is the
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natural generalization of the extended affine Weyl group introduced by Dubrovin–Zhang [DZ]:

{1} {1}

{1} Z = K W̃ W {1}

{1} B3 Ŵ W {1}

SL(2;Z) SL(2;Z)

{1} {1}

.

Since it is more convenient to study the W -invariants and the SL(2;Z)-action on them via the
variable eπ

√
−1φ, namely, by passing to the quotient by Z rather than by lifting the action to

B3, we do not develop the precise definition of Ŵ or the corresponding invariant theory in this
paper.

It is also important that W̃ acts trivially on the third component τ , and for each root
α− (p+ 1)δ1 − (q + 1)δ2 ∈ ∆re the reflection hyperplane in Ẽ defined by

{h ∈ Ẽ | 〈α− pδ1 − qδ2, h〉 = 0}

is given by C× {(x, τ) ∈ C×H | x = p
2 + q

2τ} ⊂ C× C×H.
From these explicit forms of the W̃ -action, we see the following

Proposition 4.27 ([Sa2, Section 3.5]). Let

E := {xα∨ + d1 + τd2 ∈ HomZ(N ,C) | (x, τ) ∈ C×H},

and consider the natural projection map Ẽ −→ E, (φ, x, τ) 7→ (x, τ).
(i) The following diagrams commute:

W̃ × Ẽ W × E

Ẽ E

,

H̃ × Ẽ H × E

Ẽ E

.

(ii) The action of H̃ on Ẽ is properly discontinuous and fixed point free.
(iii) The complex manifold Ẽ/K is the trivial C∗-bundle over E and the complex manifold

Ẽ/H̃ is a principal C∗-bundle over E/H.
(iv) The action of W̃ on Ẽ is properly discontinuous.
(v) Let L be the line bundle over E/H associated to Ẽ/H̃, which is as a set, a union

L = Ẽ/H̃ ∪ E/H. The finite group W̃/H̃ ∼=W/H ∼= Z/2Z acts equivariantly on both L
and E/H.

(vi) For each τ ∈ H, the degree of the Chern class of the line bundle L|Eτ
is −1 where

Eτ := C/(Z+ Zτ) is the fiber of the natural projection E/H −→ H over τ ∈ H.
�
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4.4. Elliptic Weyl group invariant theory and Frobenius structures. The purpose of
this subsection is to show an isomorphism of Frobenius structures on M between the one con-
structed from the deformation theory of F with the primitive form [2π

√
−1dz] and the one

constructed from the invariant theory of an elliptic Weyl group W̃ . The relation between the
Weierstrass elliptic functions and the theta functions will play important roles and relate these
two constructions.

The holomorphic function eπ
√
−1φ on Ẽ is K-invariant and the action of τm1 τn2 ∈ H = H̃/K

on eπ
√
−1φ is calculated as

τm1 τ
n
2 (e

π
√
−1φ) = (−1)m−ne

[
n2

2
τ + nx

]
eπ

√
−1φ.

Define a Z-graded algebra S over Γ(H,OH) by

S :=

∞⊕
k=0

Sk, Sk := Γ(E/H,O(L−1)⊗k).

Note that Sk is the set of H̃-invariant holomorphic functions on Ẽ satisfying the degree condition
1

π
√
−1

∂y(φ, x, τ)

∂φ
= k · y(φ, x, τ), y(φ, x, τ) ∈ Sk.

Therefore, an element y(φ, x, τ) ∈ Sk is described as a product y(φ, x, τ) = y(x, τ)ekπ
√
−1φ where

y(x, τ) is a holomorphic function satisfying

τm1 τ
n
2 (y(x, τ)) = (−1)k(m−n)e

[
−kn

2

2
τ − knx

]
y(x, τ).

Since the group W̃/H̃ acts equivariantly on both Ẽ/H̃ and the line bundle L, it induces
a natural action on Sk. Denote by Sinv

k (resp.S−inv
k ) the set of W̃/H̃-invariant (resp. anti-

invariant) elements of Sk, the set of W̃ -invariant (resp. anti-invariant) holomorphic functions on
Ẽ satisfying the above degree condition. Set

Sinv :=

∞⊕
k=0

Sinv
k , S−inv :=

∞⊕
k=0

S−inv
k .

Naturally, Sinv is a Γ(H,OH)-algebra and S−inv is an Sinv-module.
Consider the theta function

ϑ11(x; τ) :=
∑
n∈Z

e

[
1

2

(
n+

1

2

)2

τ +

(
n+

1

2

)(
x+

1

2

)]
,

which satisfies ϑ11(−x; τ) = −ϑ11(x; τ) and

ϑ11(x+m+ nτ ; τ) = (−1)m+ne

[
−n

2

2
τ − nx

]
ϑ11(x; τ), m, n ∈ Z. (4.18)

Define y1 ∈ Sinv
2 , y2 ∈ Sinv

1 , y3 ∈ Sinv
0 = Γ(H,OH) and J ∈ S−inv

3 by

y1 :=
ϑ11(x; τ)

2

ϑ′11(0; τ)
2
℘̃(x; τ)e[φ], y2 :=

ϑ11(x; τ)

ϑ′11(0; τ)
e

[
1

2
φ

]
, y3 := 2π

√
−1τ, (4.19)

J := −1

2

1

2π
√
−1

ϑ11(x; τ)
3

ϑ′11(0; τ)
3

∂℘̃(x; τ)

∂x
e

[
3

2
φ

]
, (4.20)

where
ϑ′11(0; τ) :=

∂ϑ11(x; τ)

∂x

∣∣∣∣
x=0

.
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Then we have
dy1 ∧ dy2 ∧ dy3 = (2π

√
−1)3J dφ ∧ dx ∧ dτ.

Remark 4.28. The reason why we choose y1, y2 and J as in (4.19) and (4.20) will be shown in
(4.21) and explained around (4.25).

The following proposition highlights the importance of considering invariants with respect
to the elliptic Weyl group rather than the Jacobi group. Otherwise, the discriminant does not
become a cubic polynomial in the invariant with the highest degree.

Proposition 4.29 (Chevalley type theorem, see [Sa2, Section 4.5] and references therein). The
following hold:

(i) The Z-graded algebra S is an algebra over Γ(H,OH) generated by y1, y2,J with the
unique relation

J 2 = y31 −
1

48
E4(τ)y1y

2
2 +

1

864
E6(τ)y

3
2 . (4.21)

(ii) The Z-graded algebra Sinv is a polynomial algebra over Γ(H,OH) generated by y1, y2.
(iii) The Sinv-module S−inv is free of rank one generated by J .
(iv) The zero locus of J on Ẽ is equal to the union of the reflection hyperplanes Hβ, β ∈ ∆re.

Moreover,

J =
1

(2π
√
−1)3

ϑ11(2x; τ)

2ϑ11(x; τ)
e

[
3

2
φ

]
and it has the following product formula

J =
1

(2π
√
−1)3

· e3π
√
−1φ ·

∞∏
n=1

(1 + e [nτ + x]) (1 + e [nτ − x])

·
∞∏

n=1

(
1− e

[(
n+

1

2

)
τ + x

])(
1− e

[(
n+

1

2

)
τ − x

])

·1
2

(
e
[x
2

]
+ e

[
−x
2

]) ∞∏
n=1

(
1 + e

[(
n+

1

2

)
τ + x

])(
1 + e

[(
n+

1

2

)
τ − x

])
.

Remark 4.30. Up to a non-zero constant multiple the function ϑ11(2x; τ) is the denominator of
the affine A1-type with α1 = α− δ1 and α2 = −α+ δ1 + δ2 as the simple roots. Since α /∈ ∆re,
the infinite product obtained by dividing ϑ11(2x; τ) by ϑ11(x; τ) appears as J .

Remark 4.31. Since the line bundle L is negative relative to H, the zero section of the line bundle
L can be blown down to H, The blow-down space L = Ẽ/H̃ ∪H is isomorphic to Spec(S). Note
also that for each τ ∈ H the Z-graded C-algebra S gives an embedding of an elliptic curve Eτ

into the weighted projective space P(1, 2, 3).

Proof. For (i), see [Sa2, Section A.11]. (ii) and (iii) are direct consequence of (i). As for the
proof of (iv), we have

ϑ11(x; τ)
3

ϑ′11(0; τ)
3

(
− ∂

∂x
℘̃(x; τ)

)
=

1

(2π
√
−1)2

ϑ11(2x; τ)

ϑ11(x; τ)
,

which can be checked by using (4.18). The last part follows from the Jacobi’s triple product
formula (see [Mu, Proposition 14.1])

ϑ11(x; τ) =
√
−1e

[τ
8

] (
e
[x
2

]
− e

[
−x
2

]) ∞∏
n=1

(1− e [nτ ]) (1− e [nτ + x]) (1− e [nτ − x]) .

(4.22)
�
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Recall briefly the relationship between the Weierstrass elliptic functions and the theta function
ϑ11(x; τ), which will be used later. The Weierstrass σ-function satisfies the identity

σ(x; 1, τ) := e
π2

6 E2(τ)x
2 ϑ11(x; τ)

ϑ′11(0; τ)

which can be checked by using (4.18) together with the Legendre’s relation. Then

−ζ̃(x; τ)− 1

12
E2(τ)x = − 1

(2π
√
−1)2

∂

∂x
log ϑ11(x; τ),

and hence

℘̃(x; τ)− 1

12
E2(τ) = − 1

(2π
√
−1)2

∂2

∂x2
log ϑ11(x; τ).

Moreover, it follows from the heat equation (see [Mu, Section 13])

1

2π
√
−1

∂

∂τ
ϑ11(x; τ) =

1

2

1

(2π
√
−1)2

∂2

∂x2
ϑ11(x; τ), (4.23)

that

E2(τ) =
4

(2π
√
−1)2

ϑ′′′11(0; τ)

ϑ′11(0; τ)
, ϑ′′′11(0; τ) :=

∂3ϑ11(x; τ)

∂x3

∣∣∣∣
x=0

, (4.24)

where we used the fact that in terms of the Dedekind’s eta function one has
1

24
E2(τ) =

1

2π
√
−1

∂

∂τ
log η(τ), η(τ) := e

[ τ
24

] ∞∏
n=1

(1− e [nτ ]) ,

and ϑ′11(0; τ) = −2πη(τ)3 by (4.22). It is also important that

ϑ11

(
x

cτ+d ;
aτ+b
cτ+d

)
ϑ′11

(
0; aτ+b

cτ+d

) e

[
1

2

(
φ− cx2

cτ + d

)]
=

1

cτ + d

ϑ11 (x; τ)

ϑ′11 (0; τ)
e

[
1

2
φ

]
,

(
a b
c d

)
∈ SL(2;Z),

(4.25)
which is one of the reasons why we normalized y1, y2 and J in terms of ϑ′11 (0; τ). The equation
(2.7) is also a direct consequence of the heat equation (4.23).

Let

Ẽo := Ẽ \ {h ∈ Ẽ | 〈α+ 2kδ1 + 2lδ2, h〉 = 0, k, l ∈ Z} (4.26)
= {xα∨ + d1 + τd2 + φc2 ∈ HomZ(Ñ ,C) | (φ, x, τ) ∈ C× (C \ (Z+ Zτ))×H}.(4.27)

Define a complex manifold Ẽ//W̃ as

Ẽ//W̃ := Specan(Sinv).

Due to Proposition 4.29, Ẽ//W̃ ∼= C× C×H. Then we have

C× C∗ ×H ∼= Ẽo/W̃ ( Ẽ/W̃ ( Ẽ//W̃ ∼= C× C×H.

Note that Ẽ/W̃ ∼= (C2 − {(0, 0)})×H.
We have M = C × C∗ × H ∼= Ẽo/W̃ as complex manifolds. From now on, we shall con-

struct a Frobenius structure on the tangent bundle of Ẽ//W̃ via the invariant theory of W̃ and
the intersection form and compare this Frobenius structure restricted to M with the one in
Corollary 4.6.

Consider the W̃ -invariant holomorphic functions t1, t2, t3 on Ẽ defined by

t1(φ, x, τ) := −y1 +
1

12
E2(τ)y

2
2 = −ϑ11(x; τ)

2

ϑ′11(0; τ)
2

(
℘̃(x; τ)− 1

12
E2(τ)

)
e2π

√
−1φ
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=
1

(2π
√
−1)2

ϑ′′11(x; τ)ϑ11(x; τ)− ϑ′11(x; τ)
2

ϑ′11(0; τ)
2

e2π
√
−1φ,

t2(φ, x, τ) := y2 =
ϑ11(x; τ)

ϑ′11(0; τ)
eπ

√
−1φ, t3(φ, x, τ) := y3 = 2π

√
−1τ,

which forms a global coordinate system on Ẽ//W̃ .

Remark 4.32. The holomorphic functions t1, t2 are good invariants in the sense of [Sat2], namely,
their higher derivatives with respect to x and φ vanish at x = 0.

Since Ñ ⊗Z C can be identified with the cotangent space of HomZ(Ñ ,C) at 0, it turns out
that Ĩ induces the W̃ -invariant non-degenerate symmetric bilinear form on the cotangent sheaf
ΩẼ on Ẽ in the following way:

Proposition 4.33. Define a symmetric OẼ-bilinear form g
W̃

: Ω1
Ẽ
×Ω1

Ẽ
−→ OẼ by the following

matrix representation with respect to the OẼ-basis {dφ, dx, dτ}:

g
W̃

:=
1

(2π
√
−1)2

0 0 1
0 − 1

2 0
1 0 0

 . (4.28)

Then g
W̃

is W̃ -invariant.

Proof. This is clear from (4.17). �

Therefore, g
W̃

naturally induces the non-degenerate symmetric OẼ//W̃ -bilinear form on Ω1
Ẽ//W̃

,
which we shall denote by the same symbol g

W̃
.

Proposition 4.34. The non-degenerate symmetric OẼ//W̃ -bilinear form g
W̃

on Ω1
Ẽ//W̃

is given
by

(g
W̃
(dti, dtj)) =

− t42
12

1
(2π

√
−1)2

∂2E2(τ)
∂τ2 − t32

8
1

2π
√
−1

∂E2(τ)
∂τ t1

− t32
8

1
2π

√
−1

∂E2(τ)
∂τ

1
2 t1 −

1
8 t

2
2E2(τ)

1
2 t2

t1
1
2 t2 0

 .

In particular, each entry is at most linear in t1 and the new symmetric OẼ//W̃ -bilinear form η
W̃

on Ω1
Ẽ//W̃

defined by

(η
W̃
(dti, dtj)) :=

(
∂g

W̃
(dti, dtj)

∂t1

)
=

0 0 1
0 1

2 0
1 0 0


is non-degenerate.
Proof. The proof is done by direct calculation using identities of theta functions and ℘-functions.

g
W̃

(dt1, dt3) =
1

(2π
√

−1)2

∂t1

∂φ
(2π

√
−1) = t1, g

W̃
(dt2, dt3) =

1

(2π
√
−1)2

∂t2

∂φ
(2π

√
−1) =

1

2
t2, g

W̃
(dt3, dt3) = 0,

g
W̃

(dt2, dt2) = −
1

2

1

(2π
√

−1)2

∂t2

∂x

∂t2

∂x
+ 2

1

(2π
√
−1)2

∂t2

∂τ

∂t2

∂φ

= −
1

2

1

(2π
√

−1)2

ϑ′
11(x; τ)

2

ϑ′
11(0; τ)

2
e
2π

√
−1φ

+
1

2

1

(2π
√
−1)2

(
ϑ′′
11(x; τ)ϑ11(x; τ)

ϑ′
11(0; τ)

2
−

ϑ′′′
11(0; τ)ϑ11(x; τ)

2

ϑ′
11(0; τ)

3

)
e
2π

√
−1φ

=
1

2
t1 −

1

8
t
2
2E2(τ),

g
W̃

(dt1, dt2) = −
1

2

1

(2π
√
−1)2

∂t1

∂x

∂t2

∂x
+

1

(2π
√
−1)2

∂t1

∂τ

∂t2

∂φ
+

1

(2π
√
−1)2

∂t1

∂φ

∂t2

∂τ

=
1

(2π
√
−1)2

t2
∂t2

∂x

∂t2

∂x

(
℘̃(x; τ) −

1

12
E2(τ)

)
+

1

2

1

(2π
√
−1)2

t
2
2

∂t2

∂x

∂

∂x

(
℘̃(x; τ) −

1

12
E2(τ)

)
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−2
1

2π
√

−1
t
2
2

∂t2

∂τ

(
℘̃(x; τ) −

1

12
E2(τ)

)
−

1

2

1

2π
√
−1

t
3
2

∂

∂τ

(
℘̃(x; τ) −

1

12
E2(τ)

)

= t
3
2

(
℘̃(x; τ) −

1

12
E2(τ)

)2

+
t32

4
E2(τ)

(
℘̃(x; τ) −

1

12
E2(τ)

)

−
1

2
t
3
2

(
−ζ̃(x; τ) −

1

12
E2(τ)x

)
∂

∂x

(
℘̃(x; τ) −

1

12
E2(τ)

)
−

t32

2

1

2π
√

−1

∂

∂τ

(
℘̃(x; τ) −

1

12
E2(τ)

)

= −
1

8
t
3
2

1

2π
√
−1

∂E2(τ)

∂τ
.

g
W̃

(dt1, dt1) = −
1

2

1

(2π
√

−1)2

∂t1

∂x

∂t1

∂x
+ 2

1

(2π
√
−1)2

∂t1

∂τ

∂t1

∂φ

= −
1

2

1

(2π
√

−1)2

(
−2t2

∂t2

∂x

(
℘̃(x; τ) −

1

12
E2(τ)

)
− t

2
2

∂

∂x

(
℘̃(x; τ) −

1

12
E2(τ)

))2

+4t
3
2

1

2π
√
−1

∂t2

∂τ

(
℘̃(x; τ) −

1

12
E2(τ)

)2

+ 2t
4
2

(
℘̃(x; τ) −

1

12
E2(τ)

)
1

2π
√
−1

∂

∂τ

(
℘̃(x; τ) −

1

12
E2(τ)

)

= −2t
2
2

(
℘̃(x; τ) −

1

12
E2(τ)

)3

−
t22

2
E2(τ)

(
℘̃(x; τ) −

1

12
E2(τ)

)2

+2t
4
2

1

(2π
√
−1)2

(
−ζ̃(x; τ) −

1

12
E2(τ)x

)(
℘̃(x; τ) −

1

12
E2(τ)

)
∂

∂x

(
℘̃(x; τ) −

1

12
E2(τ)

)

−
1

2

1

(2π
√

−1)2
t
4
2

( ∂

∂x

(
℘̃(x; τ) −

1

12
E2(τ)

))2
+ 2t

4
2

(
℘̃(x; τ) −

1

12
E2(τ)

) 1

2π
√
−1

∂

∂τ

(
℘̃(x; τ) −

1

12
E2(τ)

)
= −

t42

12

1

(2π
√

−1)2

∂2E2(τ)

∂τ2
.

�

Let ∇̃ be the Levi–Civita connection for g
W̃

on Ω1
Ẽ

and consider the contravariant components
of the Christoffel symbols

Γij
k := g

W̃

(
dti, ∇̃ ∂

∂tk

dtj

)
, i, j, k = 1, 2, 3.

Let gij := g
W̃
(dti, dtj). It follows from the definition that for i, j, k = 1, 2, 3

∂gij

∂tk
= Γij

k + Γji
k , (4.29a)

3∑
a=1

giaΓjk
a =

3∑
a=1

gjaΓik
a . (4.29b)

and Γi3
k = 0 since t3 = 2π

√
−1τ is flat with respect to ∇̃.

Proposition 4.35. We have

(Γij
1 ) =

0 0 0
0 1

4 0
1 0 0

 , (Γij
2 ) =

− 1
6 t

3
2

1
(2π

√
−1)2

∂2E2(τ)
∂τ2 − 1

8 t
2
2

1
2π

√
−1

∂E2(τ)
∂τ 0

− 1
4 t

2
2

1
2π

√
−1

∂E2(τ)
∂τ − 1

8 t2E2(τ) 0

0 1
2 0

 ,

(Γij
3 ) =

− 1
24 t

4
2

1
(2π

√
−1)3

∂3E2(τ)
∂τ3 − 1

24 t
3
2

1
(2π

√
−1)2

∂2E2(τ)
∂τ2 0

− 1
12 t

3
2

1
(2π

√
−1)2

∂2E2(τ)
∂τ2 − 1

16 t
2
2

1
2π

√
−1

∂E2(τ)
∂τ 0

0 0 0

 ,

In particular, for all i, j, k = 1, 2, 3,
∂Γij

k

∂t1
= 0.

Proof. Except for Γ12
k and Γ21

k , the calculations can be easily carried out using the result of
Proposition 4.34 and the equation (4.29a). Since we have

∂

∂x

(
ϑ11(x; τ)

ϑ′11(0; τ)

)
=
ϑ11(x; τ)

ϑ′11(0; τ)
· ϑ

′
11(x; τ)

ϑ′11(0; τ)
= (2π

√
−1)2

ϑ11(x; τ)

ϑ′11(0; τ)

(
ζ̃(x; τ) +

1

12
E2(τ)x

)
,
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we obtain Γ12
1 = 0 and Γ12

2 = − 1
8 t

2
2

1
2π

√
−1

∂E2(τ)
∂τ by using (2.7) and the result of Proposition 4.34.

Hence Γ21
1 = 0 and Γ21

2 = − 1
4 t

2
2

1
2π

√
−1

∂E2(τ)
∂τ by (4.29a). The remaining Γ12

3 and Γ21
3 can be

derived from (4.29b). �

Define the unit vector field and the Euler vector field as the holomorphic vector fields

e,E ∈ Γ(Ẽ//W̃ , TẼ//W̃ )

given by

e :=
∂

∂y1
=

∂

∂t1
, E :=

1

2π
√
−1

∂

∂φ
= t1

∂

∂t1
+

1

2
t2

∂

∂t2
,

The non-degenerate symmetric OẼ//W̃ -bilinear form η
W̃

on Ω1
Ẽ//W̃

given in Proposition 4.34
induces the one on TẼ//W̃ , which we denote by the same symbol η

W̃
. Define the product ◦ on

TẼ//W̃ by

∂

∂ti
◦ ∂

∂tj
:=

3∑
k=1

Ck
ij

∂

∂tk
,

where

Ck
ij =

3∑
a=1

η
W̃

(
∂

∂ti
,
∂

∂ta

)
Cka

j , Cka
j =


Γk1
j a = 1

2Γk2
j a = 2

δkj a = 3

.

Corollary 4.36. The tuple (◦, η
W̃
, e, E) defines a Frobenius structure on E//W̃ ∼= C×C×H of

rank 3 and dimension 1, whose intersection form g on Ω1
E//W̃

is

(g(dti, dtj)) =

− t42
12

1
(2π

√
−1)2

∂2E2(τ)
∂τ2 − t32

8
1

2π
√
−1

∂E2(τ)
∂τ t1

− t32
8

1
2π

√
−1

∂E2(τ)
∂τ

1
2 t1 −

1
8 t

2
2E2(τ)

1
2 t2

t1
1
2 t2 0

 .

Therefore, the Frobenius manifold restricted on M is isomorphic to the one in Corollary 4.6. �

5. Gamma integral structure

Based on the gamma integral structure of Iritani [I, Section 2.4], we define a map

chΓ : K0(D) −→ HH∗(D)

by the following matrix representation with respect to the basis {[P (3)], [P (2)], [P (1)]}

chΓ :=

1 0 0
0 Γ

(
1
2

)
0

0 0 1

 ·

1 0 0
0 −1 0
0 0 2π

√
−1

 ·

 1 1 0
−1 −1 −1
0 1 1

 =

 1 1 0√
π

√
π

√
π

0 2π
√
−1 2π

√
−1

 .

and the identification HH∗(D) ∼= H0,0(P1;C)⊕C⊕H1,1(P1;C), where the (normalized) degree
operator Q, defined by

Q :=

− 1
2 0 0
0 0 0
0 0 1

2

 ,

acts diagonally on the right hand side. Here the middle summand C can be considered as a
“twisted sector” (of the form H

1
2 ,

1
2 ) coming from the non-commutative resolution of the nodal

cubic E, the non-commutative algebraic variety whose category of coherent sheaves is coh(AE).
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It is important that, as the analogue in our setting of results of [I, Proposition 2.10], we have(
1

(2π)
1
2

chΓ

)−1

· e[Q] ·
(

1

(2π)
1
2

chΓ

)
=

 1 2 2
−2 −3 −2
2 2 1

 = χ−1
D χT

D,

(
1

(2π)
1
2

chΓ

)T

· e
[
1

2
Q

]
· η ·

(
1

(2π)
1
2

chΓ

)
=

1 2 2
0 1 2
0 0 1

 = χD.

Note that the bifurcation set B ⊂ M is empty. In particular, the Frobenius structure on M
is semi-simple at any point.

By mirror symmetry, it is expected that Stab(D) should be equipped with a Frobenius struc-
ture. As explained above, just as there are three types of descriptions of derived categories,
there are also three different constructions of Frobenius structures, from the Gromov–Witten
theory, the deformation theory with a choice of a primitive form, and the invariant theory
of Weyl groups. Under this expectation, especially in the case of the smooth algebraic va-
rieties, Dubrovin [Du3] conjectured that the Frobenius structure above is semi-simple if and
only if the bounded derived category of coherent sheaves has a full exceptional collection, and
that the monodromy data of the semi-simple Frobenius structure is compatible with numer-
ical data of the full exceptional collection. Dubrovin’s conjecture has since been refined to
Gamma Conjecture II (Galkin–Golyshev–Iritani [GGI]) and the refined Dubrovin conjecture
(Cotti–Dubrovin–Guzzetti [CDG]).

Unfortunately, the Gromov–Witten theory for non-commutative algebraic varieties has not
been constructed yet. However, if it is made, it is also very natural from the perspective of mirror
symmetry to expect that the Frobenius structure in this paper should be isomorphic to the one
obtained from the “Gromov–Witten theory for a non-commutative resolution of E mentioned
above”. Indeed, we have the following analogy for the above conjectures:

Proposition 5.1. Choose a point on M and an admissible line l,
(i) There is a full exceptional collection (E1, E2, E3) such that the Stokes matrix S of the

Frobenius structure is given by S = (χD([Ei], [Ej ])).
(ii) The central connection matrix of the Frobenius structure is given by (2π)−1/2chΓ.

Remark 5.2. The statement does not depend on the choice of a point on M and an admissible
line l due to [Du2, Isomonodromicity Theorem (second part)] and the compatibility of the two
braid group actions: the one on the set of pairs of Stokes and central connection matrices and
the one on the set of full exceptional collections.

Proof. Fix a point t ∈ M such that u ∈ R>0, t2 ∈ R>0 and τ ∈
√
−1R>0. Choose as a full

exceptional collection (P (3), P (2), P (1)), or equivalently (L3, L2, L1), and denote by (γ3, γ2, γ1)

the corresponding elements in the Grothendieck group, identified with H1(p
−1(t), F

−1

t (+∞);Z).
Since 2π

√
−1dz is a primitive form, for any γ ∈ H1(p

−1(t), F
−1

t (+∞);Z), the exterior deriv-
ative of the exponential period

d

(
u−

1
2

∫
γ

e−
F (z;t)

u (2π
√
−1dz)

)
is flat with respect to the first structure connection. Therefore, by computing the behavior as
u→ +∞ of

3∑
a=1

ηia · (−u) ∂
∂ta

(
u−

1
2

∫
γj

e−
F (z;t)

u (2π
√
−1dz)

)
, i, j = 1, 2, 3,
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and comparing it with the fundamental matrix at u = ∞ in the sense of [Du1, Theorem 2.1], we
obtain chΓ. Indeed, we have

−u− 1
2

∫ 1
2+τ

1
2

e−
F (z;t)

u (2π
√
−1dz) = −2π

√
−1τ · u− 1

2 − (2π
√
−1τt1 + t22) · u−

3
2 +O(u−

5
2 ),

u−
1
2

(∫ τ

0

−
∫ 1

2+τ

1
2

)
e−

F (z;t)
u (2π

√
−1dz) = 2

√
πt2 · u−1 − 2

√
πt2t1 · u−2 +O(u−3),

u−
1
2

∫ 1+ τ
2

τ
2

e−
F (z;t)

u (2π
√
−1dz) = 2π

√
−1 · u− 1

2 − 2π
√
−1t1 · u−

3
2 +O(u−

5
2 ),

and hence

−δ2 =

 0
1
−1

 7→

1
0
0

 , −α =

−1
1
−1

 7→

 0
−
√
π

0

 , δ1 =

−1
1
0

 7→

 0
0

2π
√
−1


�

6. Appendix
6.1. Proof of Proposition 4.5. It follows that

∂F (z; t)

∂t2

∂F (z; t)

∂t2

= 4t
2
2

(
℘̃(z; τ) −

1

12
E2(τ)

)2

= 2t
2
2

1

2π
√
−1

∂

∂τ

(
℘̃(z; τ) −

1

12
E2(τ)

)
− t

2
2E2(τ)

(
℘̃(z; τ) −

1

12
E2(τ)

)
−

t22

2

1

2π
√
−1

∂E2(τ)

∂τ

+2t
2
2

(
−ζ̃(z; τ) −

1

12
E2(τ)z

)
∂

∂z

(
℘̃(z; τ) −

1

12
E2(τ)

)
,

= 2
∂F (z; t)

∂t3
−

t2

2
E2(τ)

∂F (z; t)

∂t2
−

t22

2

1

2π
√
−1

∂E2(τ)

∂τ

∂F (z; t)

∂t1
+ 2

(
−ζ̃(z; τ) −

1

12
E2(τ)z

)
∂F (z; t)

∂z
,

and
2

∂

∂z

(
−ζ̃(z; τ) −

1

12
E2(τ)z

)
= 2

(
℘̃(z; τ) −

1

12
E2(τ)

)
=

∂2F (z; t)

∂t2∂t2
.

It follows that
∂F (z; t)

∂t2

∂F (z; t)

∂t3

= 2t
3
2

(
℘̃(z; τ) −

1

12
E2(τ)

)
·

1

2π
√
−1

∂

∂τ

(
℘̃(z; τ) −

1

12
E2(τ)

)

= 4t
3
2

(
℘̃(z; τ) −

1

12
E2(τ)

)3

+ t
3
2E2(τ)

(
℘̃(z; τ) −

1

12
E2(τ)

)2

+
t32

2

1

2π
√
−1

∂E2(τ)

∂τ

(
℘̃(z; τ) −

1

12
E2(τ)

)
−2t

3
2

(
℘̃(z; τ) −

1

12
E2(τ)

)(
−ζ̃(z; τ) −

1

12
E2(τ)z

)
∂

∂z

(
℘̃(z; τ) −

1

12
E2(τ)

)
,

= −
t32

2

1

2π
√

−1

∂E2(τ)

∂τ

(
℘̃(z; τ) −

1

12
E2(τ)

)
−

t32

6

1

(2π
√
−1)2

∂2E2(τ)

∂τ2
+ t

3
2

1

(2π
√

−1)2

(
∂

∂z

(
℘̃(z; τ) −

1

12
E2(τ)

))2

−2t
3
2

(
℘̃(z; τ) −

1

12
E2(τ)

)(
−ζ̃(z; τ) −

1

12
E2(τ)z

)
∂

∂z

(
℘̃(z; τ) −

1

12
E2(τ)

)
,

= −
t22

4

1

2π
√

−1

∂E2(τ)

∂τ

∂F (z; t)

∂t2
−

t32

6

1

(2π
√
−1)2

∂2E2(τ)

∂τ2

∂F (z; t)

∂t1

+t2

(
1

(2π
√
−1)2

∂

∂z

(
℘̃(z; τ) −

1

12
E2(τ)

)
− 2

(
℘̃(z; τ) −

1

12
E2(τ)

)(
−ζ̃(z; τ) −

1

12
E2(τ)z

))
∂F (z; t)

∂z

= −
t22

4

1

2π
√

−1

∂E2(τ)

∂τ

∂F (z; t)

∂t2
−

t32

6

1

(2π
√
−1)2

∂2E2(τ)

∂τ2

∂F (z; t)

∂t1

+2t2
1

2π
√
−1

∂

∂τ

(
−ζ̃(z; τ) −

1

12
E2(τ)z

)
∂F (z; t)

∂z
,

and
∂

∂z

(
2t2

1

2π
√
−1

∂

∂τ

(
−ζ̃(z; τ) −

1

12
E2(τ)z

))
= 2t2

1

2π
√
−1

∂

∂τ

(
℘̃(z; τ) −

1

12
E2(τ)

)
=

∂2F (z; t)

∂t2∂t3
.
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It follows that
∂F (z; t)

∂t3

∂F (z; t)

∂t3

= t
4
2

(
1

2π
√
−1

∂

∂τ

(
℘̃(z; τ) −

1

12
E2(τ)

))2

= 4t
4
2

(
℘̃(z; τ) −

1

12
E2(τ)

)4

+ 2t
4
2E2(τ)

(
℘̃(z; τ) −

1

12
E2(τ)

)3

+ t
4
2

(
1

2π
√
−1

∂E2(τ)

∂τ
+

1

2
E2(τ)

2
)(

℘̃(z; τ) −
1

12
E2(τ)

)2

+
t42

4

1

2π
√
−1

∂E2(τ)

∂τ
· E2(τ) +

t42

16

(
1

2π
√
−1

∂E2(τ)

∂τ

)2

− t
4
2

(
−ζ̃(z; τ) −

1

12
E2(τ)z

)
∂

∂z

(
℘̃(z; τ) −

1

12
E2(τ)

)

·
(
4

(
℘̃(z; τ) −

1

12
E2(τ)

)2

+ E2(τ)

(
℘̃(z; τ) −

1

12
E2(τ)

)
+

1

2

1

2π
√
−1

∂E2(τ)

∂τ

)

+t
4
2

(
−ζ̃(z; τ) −

1

12
E2(τ)z

)2 ( ∂

∂z

(
℘̃(z; τ) −

1

12
E2(τ)

))2

= −
t42

6

1

(2π
√

−1)2

∂2E2(τ)

∂τ2

(
℘̃(z; τ) −

1

12
E2(τ)

)
−

t42

24

1

(2π
√
−1)3

∂3E2(τ)

∂τ3

+t
4
2

1

(2π
√
−1)2

(
℘̃(z; τ) −

1

12
E2(τ)

)(
∂

∂z

(
℘̃(z; τ) −

1

12
E2(τ)

))2

+
t42

4
E2(τ)

(
∂

∂z

(
℘̃(z; τ) −

1

12
E2(τ)

))2

+2t
4
2

(
−ζ̃(z; τ) −

1

12
E2(τ)z

)(
℘̃(z; τ) −

1

12
E2(τ)

)2 ∂

∂z

(
℘̃(z; τ) −

1

12
E2(τ)

)

−t
4
2

1

(2π
√
−1)2

∂2

∂z2

(
℘̃(z; τ) −

1

12
E2(τ)

)
∂

∂z

(
℘̃(z; τ) −

1

12
E2(τ)

)

+t
4
2

(
−ζ̃(z; τ) −

1

12
E2(τ)z

)2 ( ∂

∂z

(
℘̃(z; τ) −

1

12
E2(τ)

))2

= −
t32

12

1

(2π
√

−1)2

∂2E2(τ)

∂τ2

∂F (z; t)

∂t2
−

t42

24

1

(2π
√
−1)3

∂3E2(τ)

∂τ3

∂F (z; t)

∂t1
+ φ3,3(z; t)

∂F (z; t)

∂z
,

where, since (2.9) yields
1

(2π
√

−1)3
∂2

∂τ∂z

(
℘̃(z; τ) − 1

12
E2(τ)

)
= − 1

(2π
√

−1)2

(
−ζ̃(z; τ) − 1

12
E2(τ)z

)
· ∂2

∂z2

(
℘̃(z; τ) − 1

12
E2(τ)

)
+
(
3
(
℘̃(z; τ) − 1

12
E2(τ)

)
+ 1

2
E2(τ)

)
· ∂

∂z

(
℘̃(z; τ) − 1

12
E2(τ)

)
,

φ3,3(z; t) is given by
φ3,3(z; t)

:= t
2
2

1

(2π
√
−1)2

(
℘̃(z; τ) −

1

12
E2(τ)

)
∂

∂z

(
℘̃(z; τ) −

1

12
E2(τ)

)
+

t22

4
E2(τ)

∂

∂z

(
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