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ABsTRACT. We discuss the universal orbifold Euler characteristic and generalized orbifold Eu-
ler characteristics corresponding to finitely generated groups A (the A-FEuler characteristics).
We show that the collection of all A-Euler characteristics for A of the form A’ X Z with finite
A’ determines the universal orbifold Euler characteristic.

1. INTRODUCTION

Additive invariants are of interest, for example, in topology and algebraic geometry since, in
particular, they can be used in statements and constructions involving versions of the integration
with respect to the Euler characteristic ([18]). Universal additive invariants are of special interest
since all other additive invariants are their reductions. Therefore, statements or equations for-
mulated in terms of a universal additive invariant give corresponding equations for other additive
invariants. For example, the universal additive invariant of complex quasiprojective varieties is
the class of a variety in the Grothendieck ring of them. It is used for the notion of motivic
integration (see, e. g., [3]). Statements formulated in these terms were used to obtain statements
for other additive invariants, say, for the Hodge-Deligne polynomial. Orbifolds are of interest
in algebraic geometry and mathematical physics, since, in particular, they are intensively used
in constructions related with the mirror symmetry. Here we deal with additive invariants of
orbifolds and compare the universal one with a collection of other ones: so-called generalized
orbifold Euler characteristics.

The (classical) orbifold Euler characteristic was defined by physicists in [4] and [5] (and
appeared in the mathematical literature in [1] and [13]). One can say that it is the simplest
invariant which reflects mirror symmetric pairs of orbifolds. Moreover, it appeared that the
corresponding symmetry holds not only for physically motivated cases, but in a more general
setting: [6]. There were defined some generalizations of this notion. First, in [1] and [2], there
were defined, so-called, higher order analogues of the orbifold Euler characteristic. Then, in [15]
(see also [7], [8]), there were defined their generalizations corresponding to arbitrary (or, rather,
almost arbitrary) finitely generated groups. (The higher order orbifold Euler characteristics
correspond to free abelian groups.) All of them were first defined for a manifold (or a topological
space) with an action of a finite group. The fact that they are really invariants of orbifolds is
related with the, so-called, induction property: [12]. (A more simple proof valid in a more
restrictive setting that is sufficient for this paper can be found in [10, Theorem 1].)
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In [11], there was defined the, so-called, universal orbifold Euler characteristic x"*(-) which
takes values in a certain ring R freely generated, as an abelian group, by the isomorphism classes
of finite groups. It was shown that xy"" is the universal additive topological invariant of orbifolds.
This fact means, in particular, that the universal orbifold Euler characteristic determines all the
generalized orbifold Euler characteristics corresponding to finitely generated groups.

There is a natural question, whether the generalized orbifold Euler characteristics carry the
same information as the universal one. In other words, whether the generalized orbifold Euler
characteristics corresponding to all finitely generated groups (or to finitely generated groups
considered in [15]: see Section 3) determine the universal Euler characteristic.

In this paper we give the affirmative answer to this question. For that, we reduce the problem
to a purely algebraic one and give a solution for the latter. The main result of the paper is the
following.

In all the paper, x(-) denotes the additive Euler characteristic defined as the alternating sum
of the ranks of the cohomology groups with compact support:

(1) X(X) = (-1) 1k HY(X;Z) .
q2>0

Theorem 1. The collection of the generalized orbifold Euler characteristics x“*%) (X, G) cor-
responding to all the groups A X Z with finite A determines the universal orbifold Euler charac-
teristic X" (X, G).

This statement implies, in particular, that this collection of generalized orbifold Euler char-
acteristics determines all other ones (corresponding to other finitely generated groups).
The authors are thankful to the referee for useful remarks.

2. THE UNIVERSAL ORBIFOLD EULER CHARACTERISTIC

The universal Euler characteristic of orbifolds (spaces with actions of finite groups in the sense
of [12]) was defined in [11].

Let G be a finite group. For a topological G-space X (nice enough, say, homeomorphic to a
locally closed union of cells in a finite G-CW-complex, see, e. g., [17]) and for a subgroup K C G,
let XX be the fixed point set {x € X : gz = x for all g € K} of the subgroup K and let X (%)
be the set of points of X whose isotropy subgroups G, = {g € G : gz = x} coincide with K. Let
Conjsub G be the set of the conjugacy classes of subgroups of G. For a class [K] € Conjsub G
(containing the subgroup K), let X5 (respectively X(KD) be the set of points of X whose
isotropy group contains a subgroup from the class [K]| (respectively, is a subgroup from [K]).

For a G-space X and for a finite group H D G, let Indg X Dbe the induced H-space defined in
the following way. Let us consider the Cartesian product H x X and let us say that two points
(hi,x;), i = 1,2, of it are equivalent if there exists g € G such that

ho =hig and z9 =g 'z;.

Then Indg X is the quotient of H x X by this equivalence relation with the natural H-action:
h(h',xz) = (hh',x). For finite groups K C G C H, one has Ind = IndZ o Ind$ and
md2G/K = H/K.

The universal Euler characteristic of orbifolds takes values in the ring R which can be defined
as the Grothendieck ring of finite sets (“zero-dimensional varieties”) with actions of finite groups
in the sense of [12]. This means the following. Two finite sets X; and X» with actions of finite
groups G; and G respectively (that is a Gi-set (X1,G1) and a Ga-set (X3, G3)) are called
isomorphic if there exists a bijection h : X; — X5 and a group isomorphism ¢ : G; — G2
such that, for x € X; and g € Gy, one has h(gz) = ¢(g)h(z). Now R is the abelian group
generated by the isomorphism classes [(X, G)] of finite sets with actions of finite groups modulo
the relations:
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1) if Y is a G-invariant subset of a G-set X, then [(X,G)] = [V, G)] + [(X \ Y, G)];
2) if G is a subgroup of a finite group H, then [(X,G)] = [(IndZ X, H)).
The multiplication in R is defined by the Cartesian product:
(X1, G1)] - [(X2, Ga)] = [(X1 x X5, Gy x Ga)].

The ring R can be also described in the following way. Let G be the set of all isomorphisms
classes of finite groups. Then R is the free Abelian group generated by the elements T cor-
responding to the classes K € G. The element T* is represented by the one-point G-set G/G
with G € K: TN = [(G/G,G)]. Thus an element of R can be written as a finite sum of the
form ) g axT", where ax € Z. The multiplication is defined by K . TK" = T{&'*G"} with
G' € K', G” € K"”. According to the Krull-Schmidt theorem each finite group has a unique
representation as the Cartesian product of indecomposable groups. Let G;,q be the set of the
isomorphisms classes of indecomposable finite groups. The Krull-Schmidt theorem implies that
R is the polynomial ring Z[T*] in the variables T corresponding to the isomorphisms classes
of the indecomposable finite groups. See more details in [11, Section 5].

Definition 1. (¢f. [11, Definition 7]) For a G-space X (G is a finite group), the universal Euler
characteristic is defined by:

XX, G) = Z Z X(X([K])/G) .k
KegG \ [K]leConjsub G
[Klexk
(2) = S (x DGy s,

[K]eConjsub G
where {[K]} € G is the isomorphism class of the groups from [K].

The right-hand side of Equation (2) can be written as an integral with respect to the Euler

characteristic:
XX, G) = / TG dy,
X/G

where {G,} is the isomorphy class of the isotropy subgroup of a point from the orbit Gz.

This definition can be extended to orbifolds (that is to spaces locally isomorphic to quotients
X/G). It is not difficult to see that x"" is an additive and multiplicative invariant of orbifolds.
As was mentioned in Introduction, x"" is a universal additive topological invariant of orbifolds.

3. GENERALIZED ORBIFOLD EULER CHARACTERISTICS

The (classical) orbifold Euler characteristic was defined in [4] and [5] by the following two
equivalent equations:

1

x°rb(X7G):@ S oxxleey = N (X9 /Calg)),
(90,91)€G2: [g]eConj G
9091=9190

where g is a representative of the class [g], Ca(g) is the centralizer {h € G : hg = gh} of the
element g in G, and (...) is the subgroup of G generated by the corresponding elements. (A
proof that these two equations are equivalent can be found in [13], see also [9, Proposition 6].)

For a G-space X, the higher order orbifold Fuler characteristics were defined in [1] and [2] by
the following equations

(3) WIXG) = = 3 X E) = S (X9 Cg(g)),

G
| | geGk+1: [g]€Conj G
9i95=959;
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where k is a non-negative integer (the order of the Euler characteristic), g = (go, 91, - - ., gr) and
(for the second, recurrent, definition) x(*)(X, G) is given by the first definition and coincides with
the Euler characteristic x(X/G) of the quotient: see, e.g., [9, Proposition 7]. The usual orbifold
Euler characteristic x°™(-,-) is the orbifold Euler characteristic of order 1. (One may include
the Euler-Satake characteristic x¥9(:) (see [14]) into this series: the characteristic x¥°(X, Q)
can be interpreted in a certain way as x(~Y(X,G).)

For a finitely generated group A, the (generalized) orbifold Euler characteristic corresponding
to A (or the A-Euler characteristic), is defined by

1
4 A(x G)= — E x#(A)
@p€Hom (A,G)

where the summation is over the set of homomorphisms ¢: A — G, X?(4) is the set of point
of X fixed with respect to all the elements of the image of ¢ ([15], see also [7]). The value
x4 (X, @) is, in general, a rational number. In [15], the author considered only the generalized
orbifold Euler characteristics corresponding to finitely generated groups of the form A =Z x A'.
An advantage of these classes of the generalized orbifold Euler characteristics is that they take
values in Z (see Proposition 1). Another advantage is the fact that there is a way to define
“motivic versions” of them. This means that, for a complex quasiprojective G-variety X, one
can define an element of the Grothendieck ring K(Varc) of complex quasiprojective varieties
whose Euler characteristic is equal to x4 (X, Q).

It is not difficult to see that, for the trivial group G (i.e., G = {e}) the A-Euler characteristic
(X, {e}) coincides with the usual Euler characteristic x(X). The definition directly implies
the additivity and the multiplicativity of the A-Euler characteristic in the following sense: if X;
is a G-invariant subset of a G space X, Xo = X \ Xy, then

(5) XX, @) = X (X1, G) + XD (X2, G);

if X7 is a Gy-space and X5 is a Ga-space, then

(6) X (X1 x X3, G1 x Ga) = xM(X1,G1) - XM (X3, Ga).

Proposition 1. ([15, Proposition 2-1]) If A = Ay x As, then

(7) WX = Y ) (X, Cale(4n))),
[pleHom(A;,G)/G

where the group G acts on the set Hom(Ay, G) by conjugation and ¢ is a representative of the
conjugacy class [p].

Proof. (cf. the proofs of [15, Proposition 2-1] and [9, Proposition 6]) One has:

1
XM (X,G) = ] Z X(X#)
peHom(A,G)

_ IiCl?I 3 e - 3 (X PB4

[pl€eHom(A1,G)/G ypeHom(Az,Cq(p(A1)))

— |761¥| Z ¢ Z X((XLP(Al))d)(A?))

[pl€Hom(A,G)/G |Calp(41))] EHom(Az2,Cc(¢(A1)))

- S XX, Ca(p(Ar). O
[¢]€Hom(A1,G)/G



ON UNIVERSAL & GENERALIZED ORBIFOLD EULER CHARACTERISTICS 211

4. REDUCTION TO A GROUP THEORETIC PROBLEM

One can consider the A-Euler characteristic as a function on the ring R, defining V) ([X, G])
(X is a finite G-set) as x()(X,G), where X is considered as a zero-dimensional topological
space (with the discrete topology). The fact that this function is well-defined is a consequence
of three equalities: one is the induction property, the second is equation (5), and the third is
equation (6). (The induction property, Proposition 2 below, was proved first for the higher order
orbifold Euler characteristics in [12, Theorem 1]. See a more simple proof for an arbitrary finitely
generated group A (in a purely topological setting) in [10, Theorem 1].)

Proposition 2. Let G C H be finite groups. For a G-space X one has
YM(X,G) = M (IndZ X, H).
From the definition of the universal Euler characteristic, it follows that
XX, Q) = XD ("X, G)).

Now let A be a set of finitely generated groups (considered up to isomorphisms). The fact
that the generalized orbifold Euler characteristics x(4) for A € A define the universal Euler
characteristic x"" is equivalent to the fact that their common kernel in R is trivial, i.e., if
XA (r)=0forall Ac A (r € R), then r = 0.

We shall show that this is the case for A being the set of groups A of the form A = A’ x Z
with finite A’. For that we have to compute x()(r) for a finite sum r = > xeg axT® (ax € Z).
The following statement gives the answer for A = A’ x Z.

Proposition 3. (¢f. [16, Proposition 2-2]) One has
XA D(G/G,G) = [Hom(A',G) /G .
Proof. Proposition 1 applied to A; = A’, Ay = Z gives

XEGa e = S XPG/G)PN) Calp(A)))
p€eHom(A’,G)/G

On the other hand, x®)(Y,H) = x(Y/H) and (G/G)#“) is the one-point set. Therefore,
XP((G/G)PA), Ca(p(A) = 1. O

This gives the following criterion for the A-Euler characteristics for A of the form A’ x Z (with
A’ finite) to define the universal orbifold Euler characteristic: if, for ax € Z such that finitely
many of them are different from zero and for any finite group A’, one has

> ax Hom(4',G)/G| =0,
Keg

(G is a representative of K), then all ax are equal to zero. This will be proved in Section 5:
Theorem 2.

Remark. It is somewhat easier to prove that the A-orbifold Euler characteristics for all finitely
generated groups A determine the universal orbifold Euler characteristic. This can be deduced
from the statement that, for any two non-isomorphic finite groups G; and G4, there exists a finite
group A such that [Hom(A, G1)/G1| # |Hom(A, G2)/G2| (a very particular case of Theorem 2
below).
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5. COUNTING MORPHISMS BETWEEN FINITE GROUPS

We shall prove some statements in a somewhat more general setting than it is necessary for the
described aim of the paper. In what follows, for every given group G, we chose a fixed subgroup
w(@G) of Aut(G). The assignation w is not required to fulfill any other extra hypothesis; it needs
not to be functorial or consistent within any class of groups.

Now, if A, B are groups, then there is a left-action of Aut(B) on the set Hom(A, B) given by
post-composition, thus a left w(B)-action as well.

Definition 2. Let A, B be groups, then
(1) The set of w-representations of A in B is the set of w(B)-orbits:
Rep,, (A, B) := w(B)\ Hom(A4, B).
(2) The set of faithful w-representations of A in B is the set of w(B)-orbits:
FRep,, (4, B) := w(B)\ Mono(A, B).
Lemma 1. Let A, B be groups, then
Rep,,(4,B) = | | FRep,(4/K,B).
K<A

Proof. Notice that every group morphism f: A — B factors in a unique way as
A / B,
X y
A/ ker(f)

where f is a monomorphism. In other words, every group morphism f: A — B is completely
determined by the pair (ker(f), f) where ker(f) < A and f: A/ ker(f) — B is a monomorphism.
And given any pair (K, f), where K < A and f: A/K — B is a monomorphism, there exists a
unique group morphism f: A — B determined by the composition

A—Lw AJK SN}
Hence
(8) Hom(A, B) = | | Mono(A/K, B).
K<A

Finally, the w(B)-action on Hom(A, B) is via post-composition, and therefore, given a pair
(K, f) the w(B)-action only applies to f. Indeed, if # € w(B) and f € Hom(A4,B) then
ker(f) = ker(fo f), hence the orbit [f] € Rep,, (A, B) is fully determined by the pair (ker(f), [f])
where ker(f) does not depend on the representative of the w(B)-orbit [f], and

[f] € FRep,,(A/ ker(f), B).
Therefore, the w(B)-action on Hom(A, B) is compatible with the decomposition given by Equa-
tion (8), and the result follows. O
A straightforward consequence of Lemma 1 is the following:
Corollary. Let A, B be finite groups, then

|Rep,,(4,B)| = Y |FRep, (A/K, B)|.
K<A

Remark. Note that the assumption of finiteness for both A and B is solely to ensure that the
sum on the right-hand side of the formula makes sense.
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The following result shows that considering linear combinations involving the size of w-
representation is equivalent to considering linear combinations involving the size of faithful
w-representation.

Lemma 2. Let R be a ring, ay,...,as € R, and G1,...,Gg be finite groups. Then the following
are equivalent:

(1) For every finite group A, the following equation holds:

Zai| Rep,,(4,G;)| = 0.

i=1

(2) For every finite group A, the following equation holds:

> " ai| FRep, (4, Gy)| = 0.

i=1
Proof. First assume (2). Then, according to Lemma 1:

S

> ail Rep, (4,Gi)[ =Y ai( Y [FRep,(A/K,G)|)

i=1 i=1  K<9A
= Z (Zai\FRepw(A/K,Gi)D
K<QA =1
:07

hence (1) follows.

Now, we assume (1), and prove that (2) follows by an inductive argument on |A]|.

If |A] = 1, then A is the trivial group and FRep, (A, G;) = Rep, (A4, G;) for every i, hence
there is nothing to prove.

Assume now that (1) holds for every finite group of size smaller that n, and let A be a group
with |A| = n. Then, according to Lemma 1:

0 = >i_iailRep,(4,Gi)l =37 1 ai( Xgaa | FRep, (4/K, Gi)|)
> i1 ail FRep,, (4, Gi)|+2{1}¢KgA (Ef:1 a;| FRep,, (4/ K, Gi)|),

where if {1} # K < A then |A/K| < n and >_._, a;| FRep,,(A/K,G;)| = 0 by the induction
hypothesis. Hence (2) holds for A too. O

We now state our main result in this section.

Theorem 2. Let R be a ring and {G1,...,Gs} be a finite set of pairwise non-isomorphic finite
groups such that | FRep,, (G;, G;)| is not a zero divisor in R, i = 1,...,s. If a1,...,as € R are
such that for every finite group A the equation

S

Zai| Repw(Aa G1)| =0

i=1
holds, then a; =0 fori=1,...,s.

Proof. According to Lemma 2, we may assume that for every finite group A the equation

(9) i a;| FRep,,(4,G;)| =0

i=1

holds.
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We may also assume that the finite groups have been ordered so that
|G1] < [Ga| < ... <Gy,
and since the groups G; are pairwise non-isomorphic, this implies
| FRep,,(G;,G;)| =0 for j >i.
Now, if A = G, then Equation (9) gives rise to
4:| FRep,, (Gs, G)| = 0,

and since |FRep, (G5, Gs)| is not a zero divisor in R, this implies a; = 0. So we can assume
now that we are dealing with just s — 1 pairwise non-isomorphic finite groups, and iterate this
process to end that 0 =as =as_1 = ... = a;. O

Now Theorem 1 follows from Theorem 2 applied to w(G) being the group of inner automor-
phisms of G (and R = Z).

Theorem 3. The collection of the generalized orbifold Euler characteristics x(A*%) (X,G) cor-
responding to all the groups A X Z with finite A determines the universal orbifold Fuler charac-
teristic x"™(X, G).

This statement implies, in particular, that this collection of generalized orbifold Euler char-
acteristics determines all other ones (corresponding to other finitely generated groups).
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