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ORBIFOLD SAITO THEORY OF A AND D TYPE SINGULARITIES

ALEXEY BASALAEV AND ANTON RAROVSKII

Abstract. Saito theory associates to an isolated singularity rich structure that plays an
important role in mirror symmetry. In this note we construct Saito theory for A and D
type Landau–Ginzburg orbifolds. Namely, for the pairs (f,G), where f defines an isolated
singularity of A and D type and G is a group of symmetries of f . In total we consider five
families of such pairs. In particular, we construct the orbifold versions of Brieskorn lattice
and the Gauss–Manin connection computing them explicitly for the A and D type Landau–
Ginzburg orbifolds.

To the memory of Wolfgang Ebeling

1. Introduction

Let f ∈ C[x1, . . . , xN ] be a polynomial, defining an isolated singularity, i.e. the system of
equations ∂x1

f = ∂x2
f = · · · = ∂xN

f = 0 has only isolated solutions in CN . One of the important
invariants of the singularity f is a Jacobian algebra Jac(f) := OCN ,0/(∂x1

f, ∂x2
f, . . . , ∂xN

f). It
is a finite-dimensional Frobenius algebra and we denote µ = dimCJac(f).

Fixing a C–basis {ϕα(x)}µ−1
α=0 of Jac(f), associate to f the universal unfolding

F (x, s) = f(x) +

µ−1∑
α=0

sαϕα(x),

where s0, . . . , sµ−1 are the parameters varying in the base space S — an open neighborhood of
0 ∈ Cµ.

Let H(0)
f and H(0)

F denote the Brieskorn lattices of f and F

H(0)
f := H∗(Ω•

CN ⊗ C[[z]], zd+ df∧),

H(0)
F := H∗(Ω•

CN ⊗ C[[z]]⊗OS , zd+ dF∧).

These are classical objects developed by [SK81, SK83, SM89]. The cohomology groups above are
concentrated at the top grading N and H(0)

f , H(0)
F are rank µ free C[[z]]-modules. Essentially,

H(0)
F can be viewed as a deformation of H(0)

f over the base S.
An important ingredient of Saito theory is the connection defined on the completion of HF .

Let C((z)) stand for the Laurent series in z. Define

Hf := H(0)
f ⊗C[[z]] C((z)), HF := H(0)

F ⊗C[[z]] C((z)).

Saito theory Gauss–Manin connection ∇F is introduced with the help of the unfolding F . Let
T S stand for the holomorphic tangent sheaf of S. Then ∇F is defined by

∇F : T S ⊗HF → HF , ∇F
Xζ :=

[
(X · ϕ+ z−1ϕ(X · F ))dx1 ∧ · · · ∧ dxN

]
,

where X ∈ T S and ζ = [ϕdx1 ∧ · · · ∧ dxN ] ∈ HF .
Endowed with the higher residue pairing and the primitive form, the pair (HF ,∇F ) gives

rise to the structure of Dubrovin–Frobenius manifold [SaiT],[SK83]. Such Dubrovin–Frobenius
manifolds played the key role in mirror symmetry conjecture (cf. [CR11]).

http://dx.doi.org/10.5427/jsing.2026.30c
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The main goal of our work is to construct an orbifold version of (HF ,∇F ) and investigate its
properties.

Orbifold theories. Set Gf := {α ∈ (C∗)N | f(α·x) = f(x)}. Let G ⊆ Gf . Then the pair (f,G)
is called Landau-Ginzburg orbifold. Investigation of these objects was initiated by physicists in
early 90s (cf. [IV], [V], [Witt]), and was followed by mathematicians. In [BTW1], [BT1] the
authors introduced the algebra Jac(f,G), which is a G-equivariant version of Jacobian algebra
Jac(f). In particular, as a vector space, Jac(f,G) ∼= ⊕g∈GBg for some vector spaces Bg. We
have Bid

∼= (Jac(f))G while the other direct summands are more complicated. In particular,
some of Bg can be zero vector spaces. However, the construction of the orbifold versions of HF

and ∇F appeared to be much more involved.
Some approaches towards the construction of an orbifold Saito theory appeared in the lit-

erature. Junwu Tu introduced in [Tu21a, Tu21b] the categorical approach to equivariant Saito
theory using category of G-equivariant matrix factorizations and the variations of the semi-
infinite Hodge structures (see also [AT22]). W. He, S. Li and Y. Li considered in [HLL] the
deformation of A∞–structure of two orbifold examples. In our work we are going to use a more
classical approach and introduce the orbifold Saito theory for A and D type singularities via the
unfoldings F .

Let S(f,G) stand for the small open neighbourhood of the origin in the dimJac(f,G)–dimensional
complex vector space. Denote the orbifold versions of Hf and HF by H(f,G) and Hdef

(f,G). Define
them via the following isomorphism

H(f,G)
∼= C((z))⊗ Jac(f,G), Hdef

(f,G)
∼= C((z))⊗ Jac(f,G)⊗OS(f,G)

.

In what follows for any g ∈ G we will denote by [ϕξg] the elements of Bg and by Πg the projection

Πg : Hdef
(f,G) → C((z))⊗Bg ⊗OS(f,G)

⊂ Hdef
(f,G)

acting trivially on the first and last ⊗–multiples.
Denote the coordinates of S(f,G) by vαg with α running up to dimBg for all g ∈ G. Assuming

every g–indexed coordinate vαg to have G–grading equal to g−1, the space S(f,G) becomes G–
graded. Then T S(f,G) and OS(f,G)

inherit the G–grading as well. Define the G–grading of z to
be id. Then the spaces H(f,G) and Hdef

(f,G) are G–graded, distributing the G–grading over the
tensor product multiplicatively.

We employ orbifold equivalence in order to introduce the orbifold version of the Gauss–Manin
connection

∇(f,G) : TS(f,G) ⊗Hdef
(f,G) → Hdef

(f,G).

Orbifold equivalence. Let τ : ĈN/G → CN/G be a crepant resolution of the quotient singu-
larity CN/G. In particular, we have the relation of the canonical classes τ∗KCN/G = KĈN/G

.

Let ĈN/G be covered by the smooth charts U1, . . . , Uk. We say that (f,G) is orbifold equiv-
alent to f , if f is the unique lift of f to the smooth charts Ui that has singularities different
from Morse singularities. Adopt also the notation (f,G) ∼ (f, {id}). Existence of a crepant
resolution does not guarantee existence of such f . In particular, it can happen that all the lifts
of f have non-Morse singularities.

The notion of orbifold equivalence can also be introduced in the context of homological algebra.
(cf. [Io], [Orl1], [Orl2] and Section 6 of [BT1]).

In [BTW1] authors established the orbifold equivalence for all polynomials f ∈ C[x1, x2, x3]
defining ADE singularities and G ∼= Z/2Z (see Table 1). Moreover, the authors found the explicit
isomorphism Ψf̄ between the Frobenius algebras Jac(f̄) and Jac(f,G).
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In the current work we use the classical Saito theory of f and this isomorphism Ψf in order
to give the definition of the orbifold Saito theory of (f,G).

f(x1, x2, x3) G f(y1, y2, y3)

1. xk+1
1 + x2

2 + x2
3, k ≥ 1

〈
1
2
(0, 1, 1)

〉
yk+1
1 + y2 + y2y

2
3

2. x2k
1 + x2

2 + x2
3, k ≥ 1

〈
1
2
(1, 0, 1)

〉
y2
1 + yk

2 + y2y
2
3

3. x2
1 + x2

2 + x2x
2k
3 , k ≥ 1

〈
1
2
(1, 0, 1)

〉
y2
1 + y1y

k
2 + y2y

2
3

4. x2
1 + xk−1

2 + x2x
2
3, k ≥ 4

〈
1
2
(1, 0, 1)

〉
yk−1
1 + y1y2 + y2y

2
3

5. x2
1 + x2

2 + x2x
2k+1
3 , k ≥ 1

〈
1
2
(0, 1, 1)

〉
y2
1 + y3y

2
2 + y2y

k+1
3

Table 1. (f,G) ∼ (f, {id})

Main results. Consider the pair (f,G) and a miniversal unfolding F = f+
∑µ−1

α=0 sαϕα. Denote
by FG the G-invariant part of F . Namely, FG := f+

∑
β∈R sβϕβ where R is the set of all indices

β, such that ϕβ is G–invariant. Such variables sβ can be identified with the id–graded coordinates
v•id of S(f,G). So, we can consider FG = FG(x, v•id).

For any g ∈ G set Ig := {k | g · xk = xk} and Icg := {1, 2, 3}\Ig. Consider the polynomial

HF
g := m̃ det

(
∂2FG

∂xi∂xj

)
i,j∈Ic

g

∈ C[x, v•id]

with m̃ ∈ C∗, the certain constant fixed in Section 2.1.1.

Theorem 1. Let (f,G) be a Landau-Ginzburg orbifold from Table 1. Then
(i) ∇(f,G) is torsion-free and respects the G–grading.
(ii) for any [ϕξid] ∈ Hdef

(f,G) we have

Πid · ∇(f,G)
∂

∂vα
id

[ϕξid] = ∇FG

∂
∂vα

id

[ϕ]ξid

(iii) for any [ϕξg] ∈ Hdef
(f,G) we have

Πg · ∇(f,G)
∂

∂vα
id

[ϕξg] = ∇FG

∂
∂vα

id

[ϕ]ξg and Πg · ∇(f,G)
∂

∂vα
g

[ϕξid] = ∇FG

∂
∂vα

id

[ϕ]ξg.

(iv) for any [ϕξg] ∈ Hdef
(f,G) we have

∇(f,G)
∂

∂vα
g

[ϕξg] = cg∇(f,G)
∂

∂vα
id

[ϕHF
g ](ṽ)ξid

where ṽ = ṽ(v) is the certain linear change of the variables, and

cg =
1

[G]2
(−1)

1
2 (N−Ng)(N−Ng−1)e[−1

2
age(g)] ∈ C∗

as in Section 2.1.1.

Part (ii) of the theorem above is very important for the Dubrovin–Frobenius manifold of an
orbifold Saito theory. Such condition was assumed to hold true in [BT2] in order to construct
such Dubrovin–Frobenius manifold axiomatically.

Expanding the theorem above we also compute explicitly the connection ∇(f,G) for Landau–
Ginzburg orbifolds from Table 1. Our computations show that the connection ∇(f,G) agrees
with the product of Jac(f,G).

The methods, that we develop in this paper can also be used in a wider context. In particular,
orbifold equivalence was established by the second author for the series of non–invertible quasi-
homogeneous singularities (cf. [R1]). Our approach allows one to define orbifold Saito theory
for any such Landau–Ginzburg orbifold.
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2. Brieskorn lattice and Gauss–Manin connection

Consider C[x] := C[x1, x2, . . . , xN ] a ring of polynomials with complex coefficients. We call
a polynomial f ∈ C[x] non-degenerate if f defines an isolated singularity at the origin, i.e. the
system of equations { ∂f

∂x1
= ∂f

∂x2
= · · · = ∂f

∂xN
= 0} has the unique solution 0 ∈ CN .

Associate to f the Jacobian algebra Jac(f) := OCN /( ∂f
∂x1

, ∂f
∂x2

,..., ∂f
∂xN

). Its dimension µ, called

Milnor number, is finite if and only if f is non-degenerate (see [AGV]).
The group of maximal diagonal symmetries of f is defined by:

Gf := {g ∈ (C∗)N | f(g · x) = f(x)}.

A pair (f,G) with G ⊆ Gf is called a Landau-Ginzburg orbifold.
With each element g ∈ Gf we can associate the algebra Jac(fg) of the polynomial fg = f |Fix(g)

where Fix(g) = {x ∈ CN | g · x = x}. If Fix(g) = 0, set fg := 1 and Jac(fg) := C.

Proposition 2 ([ET1], Prop. 5). If the polynomial f is non-degenerate, then the polynomial fg

is non-degenerate for any g ∈ G such that Fix(g) ̸= 0 .

2.1. Orbifold local algebra. We associate with a Landau-Ginzburg orbifold (f,G) the alge-
bra Jac(f,G) which is G-equivariant generalization of Jac(f). Jac(f,G) is defined either as
Hochschild cohomology of the category of G-equivariant matrix factorizations or axiomatically
as in [BTW1, BTW2]. Two definitions agree for the polynomials we consider in this text (see
[Sh], [BT1] for details).

It was proved in [BTW1], that for any Landau–Ginzburg orbifold (f,G) from Table 1 there
is a non-degenerate polynomial f ∈ C[y1, y2, y3] and an explicit map Ψf , giving the algebra
isomorphism

Ψf : Jac(f)
∼−→ Jac(f,G). (2.1)

By the construction we have Jac(f,G) ∼= ⊕g∈GBg with Bid = (Jac(f))G and Bg ⊆ Jac(fg).
In order to distinguish between the direct summands of Jac(f,G) it will be useful to denote an
element of Bg by [ϕ]ξg, where [ϕ] stand for the class is Jac(fg) and ξg is the formal letter keeping
track of the direct summand Bg.

We skip full definition of Jac(f,G) because in the current text Jac(f,G) can be fully recon-
structed via the explicit isomorphism Ψf̄ . However the following will be very important in what
follows.

2.1.1. Key products. For a fixed pair (f,G) define a polynomial Hg ∈ C[x] by

Hg :=

m̃g det
(

∂2f
∂xi∂xj

)
i,j∈Ic

g

if Icg ̸= ∅

1 if Icg = ∅
, (2.2)

where m̃g ∈ C∗ is the constant uniquely determined by the following equation in Jac(f)

1

µfg

[hess(fg)Hg] =
1

µf
[hess(f)], (2.3)

where µfg and hess(fg) stand for the Milnor number and Hessian polynomial of fg respectively.
After the suitable choice of the basis, the product ◦ in Jac(f,G) satisfies

[a]ξg ◦ [b]ξg−1 = cg[abHg]ξid
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where on the right hand side we have the projection to (Jac(f))G of the product [a][b][Hg]
computed Jac(f) and

cg :=
1

[G]2
(−1)

1
2 (N−Ng)(N−Ng−1)e[−1

2
age(g)] ∈ C∗.

Remark 3. The formula above is the rescaling of Eq.(4.26) from [BTW1]. Exactly this rescaling
was used in Section 5 of loc.cit.

Remark 4. The polynomials Hg were introduced in a more general context in [BTW1] (cf.
Definition 27). In the notation of loc.cit. we only assume Hg,g−1 .

Remark 5. We only consider the so–called "diagonal" symmetry groups in this text. Never-
theless one may consider even nonabelian symmetries as well. See [B25, BI22, BI24].

2.2. Elements of Saito Theory. Let {ϕα}µ−1
α=0 be a C–basis of Jac(f). Then we define the

universal unfolding of f to be the following polynomial

F (x, s) = f(x) +

µ−1∑
α=0

sαϕα(x) ∈ C[x, s].

In what follows assume s0, . . . , sµ−1 to vary in the base space of the unfolding S — a small ball
in Cµ centered at the origin 0 ∈ Cµ.

The Brieskorn lattice and completed Brieskorn lattice of polynomial f is a cohomology ring:

H(0)
f := H∗(Ω•

CN ⊗ C[[z]], zd+ df∧), Hf = H(0)
f ⊗C[[z]] C((z)).

It’s easy to see that
H(0)

f
∼= (ΩN

CN ⊗ C[[z]])/(zd+ df).

In the same way, we define the Brieskorn lattices for the universal unfolding that can be seen
as a deformation of H(0)

f :

H(0)
F := H∗(Ω•

CN ⊗OS ⊗ C[[z]], zd+ dF ), HF := H(0)
F ⊗C[[z]] C((z)).

In what follows assume the notation Df := zd+ df and DF := zd+ dF . It is well-known that

Hf
∼= C((z))⊗ Jac(f) and HF

∼= C((z))⊗ Jac(f)⊗OS .

Gauss-Manin connection ∇F is defined on the chain level by

∇F : T S ⊗ Ω•
CN ⊗OS ⊗ C((z)) → Ω•

CN ⊗OS ⊗ C((z))

∇F
X (αdmx) :=

(
X · α+ z−1α(X · F )

)
dmx, m ≥ 0

where α = α(s,x, z). This connection is well–defined on HF as well because [∇F , DF ] = 0.

Remark 6. Classical Saito theory contains also such important ingredients as higher residue
pairing, good section and primitive form. We do not introduce these objects here because they
do not play an important role in the current work.

3. Orbifold Brieskorn lattice

Given a Landau–Ginzburg orbifold (f,G), let S(f,G) stand for the small open neighbourhood
of the origin in the dimJac(f,G)–dimensional complex vector space. Let kg := dimBg. The
coordinates of S(f,G) will be denoted by vαg with α = 0, . . . , kg − 1 and g ∈ G. Denote the
orbifold versions of Hf and HF by H(f,G) and Hdef

(f,G) respectively. Define them via the following
isomorphism

H(f,G)
∼= C((z))⊗ Jac(f,G), Hdef

(f,G)
∼= C((z))⊗ Jac(f,G)⊗OS(f,G)

.
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In order to define the orbifold Gauss–Manin connection we make use of the “classical” Gauss–
Manin connection of the orbifold equivalent polynomial.

Let (f,G) ∼ (f, {id}) and Ψf̄ be the isomorphism of Eq. (2.1). When G is of order 2 generated
by g, fix a C–basis {[ϕα,id]}kid−1

α=0 ⊔ {[ϕβ,g]}
kg−1
β=0 of the Jacobian algebra Jac(f̄) such that

Ψf̄ ([ϕα,id]) ∈ Bid and Ψf̄ ([ϕβ,g]) ∈ Bg. (3.1)

Fix the universal unfolding F̄ (y, s̄, v̄) of f̄ ∈ C[y] by

F̄ (y, s̄, v̄) = f̄ +

kid−1∑
α=0

s̄αϕα,id +

kg−1∑
β=0

v̄βϕβ,g.

Denote by S̄ ⊆ Cµ the base space of this unfolding.
Extend Ψf̄ to the map ΨS : Jac(f) ⊗ OS̄ → Jac(f,G) ⊗ OS(f,G)

acting by Ψf̄ on the first
multiple and by

ΨS(s̄α) := vαid and ΨS(v̄β) := vβg

on the second multiple.
Define the orbifold Gauss-Manin connection

∇(f,G) : TS(f,G) ⊗Hdef
(f,G) → Hdef

(f,G)

by the commutativity of the following diagram:

T S̄ ⊗ HF̄ HF̄

T S(f,G) ⊗Hdef
(f,G) Hdef

(f,G)

∇F̄

(ΨS̄)∗⊗ΨS̄ ΨS̄

∇(f,G)

In particular
∇(f,G)

X [A] = ΨS̄ ◦ ∇F̄
Y ◦Ψ−1

S̄ (A)

where Y := (Ψ−1
S̄ )∗(X) is a push-forward of a vector field on S(f,G) and A ∈ Hdef

(f,G).

3.1. G-grading on orbifold Brieskorn lattice. Jac(f,G) =
⊕

g∈G Bg has the natural G-
grading. Let OS(f,G)

be G-graded by setting vαg to have G–grading g−1. Then

vαg [ϕβ ]ξg ∈ Jac(f,G)⊗OS(f,G)

has the identity grading. The G-grading is also induced on T S(f,G) by setting ∂
∂vα

g
to have

the grading g. Composing these G-gradings and assuming z to have identity grading, Hdef
(f,G) is

G–graded as well.
Call S id

(f,G) := S(f,G)

∣∣
vα
g =0 ∀g ̸=id

the identity subspace of S(f,G) and the space

Hid = C((z))⊗Bid ⊗OSid
(f,G)

⊆ Hdef
(f,G)

the strict identity sector of Hdef
(f,G).

Remark 7. Note that in general Hid is smaller than the space of all id–graded elements of
Hdef

(f,G). The latter contains for example the element vαg [ϕβ ]ξg that is not an element of the strict
identity sector.

Denote by πid the projection on Hid

πid : Hdef
(f,G) ↠ Hid.
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Assume the classes Ψf̄ ([ϕα,id]) from Eq. (3.1) to be equal to the classes [ϕα] in Jac(f). Denote

FG(x, s) := f(x) +

kid−1∑
α=0

sαϕα(x).

This function differs from the unfolding F by the summation on the right. Namely, it consists
only of those summands of F , that are G–invariant.

Then the Gauss-Manin connection of FG is well-defined and maps T S id
(f,G) ⊗Hid → Hid.

Consider one more piece of notation. Define the polynomial HF
g ∈ C[x, s] by

HF
g :=

m̃g det
(

∂2FG

∂xi∂xj

)
i,j∈Ic

g

if Icg ̸= ∅

1 if Icg = ∅
, (3.2)

where m̃g ∈ C∗ is the constant defined in Section 2.1.1. It follows immediately that

HF
g (x, s) |s=0 = Hg(x)

with the latter polynomial introduced by [BTW1] while computing the multiplication table of
Jac(f,G).

Remark 8. The construction of Hdef
f,G and ∇(f,G) above can be extended word for word to the

case of more general groups. Namely, not only “diagonal” (see Remark 5) and not only of order 2.
However, this construction makes use of the orbifold equivalent polynomial f , that is generally
hard to find.

3.2. Proof of Theorem 1. The connection is torsion-free by the construction. It will be proved
in Section 4 that it respects the G–grading, giving us part (i).

Part (ii) will also be proved in Section 4 except the last Landau–Ginzburg orbifold from
Table 1. This case together with part (iii) of the theorem will be proved in Section 5 via the
explicit computations.

4. Brieskorn lattice of a crepant resolution

We start by recalling the isomorphism Ψf̄ between Jac(f,G) and Jac(f̄) for each pair from
Table 1. We also introduce the specific Z/2Z–action on HF̄ that we denote by p for each orbifold
equivalent pair, except the last one. This Z/2Z–action on (y, s̄, v̄) ∈ C3 × Cµ will satisfy the
following properties:

p(ϕα,id) = ϕα,id, p(ϕβ,g) = −ϕβ,g, p(s̄α) = s̄α, p(v̄β) = −v̄β .

It defines Z/2Z-grading on Jac(f̄) and on OS̄ . It also lifts to the Z/2Z-grading on
HF̄ = HF̄ ,0 ⊕HF̄ ,1, T S̄ = T S̄0 ⊕ T S̄1 and OS̄ = O0

S̄ ⊕ O1
S̄ , where the indices 0 correspond to

p-invariant subspaces. Denote also

HF̄ ,id := C((z))⊗ C⟨ϕ0,id, . . . , ϕkid−1,id⟩dy1 ∧ dy2 ∧ dy3 ⊗O0
S̄ ⊂ HF̄ ,0.

Similar to the strict identity sector Hid ⊂ Hdef
(f,G), the subspace HF̄ ,id is generally smaller than

HF̄ ,0 (compare with Remark 7).
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1. (Ak,Z/2Z) ∼ (Ak ⊕D2, id).

f := xk+1
1 + x2

2 + x2
3, G := ⟨g⟩ , g :=

1

2
(0, 1, 1), f := yk+1

1 + y2 + y2y
2
3 ,

F̄ (y, s̄, v̄) = f̄ +

k−1∑
α=0

s̄αy
α
1 +

k−1∑
β=0

v̄βy
β
1 y3, FG(s, z) = f +

k−1∑
α=0

sαx
α
1 ,

Ψf̄ ([y1]) = [x1]ξid, Ψf̄ ([y2]) = [x2
2]ξid, Ψf̄ ([y3]) = ξg, Ψ(sα) := vαid, Ψ(vα) := vαg ,

p(y1) = y1, p(y2) = y2, p(y3) = −y3, p(s̄α) = s̄α, p(v̄α) = −v̄α.

2. (A2k−1,Z/2Z) ∼ (Dk+1, id).

f := x2k
1 + x2

2 + x2
3, G := ⟨g⟩ , g :=

1

2
(1, 0, 1), f := y21 + yk2 + y2y

2
3 ,

F̄ (y, s̄, v̄) = f̄ +

k−1∑
α=0

s̄αy
α
2 + v̄0y3, FG(s, z) = f +

k−1∑
α=0

sαx
2α
1 ,

Ψf̄ ([y1]) = [x2]ξid, Ψf̄ ([y2]) = [x2
1]ξid, Ψf̄ ([y3]) = ξg,Ψ(sα) := vαid, Ψ(v0) := v0g ,

p(y1) = y1, p(y2) = y2, p(y3) = −y3, p(s̄α) = s̄α, p(v̄α) = −v̄α.

3. (A4k−1,Z/2Z) ∼ (D2k+1, id).

f := x2
1 + x2

2 + x2x
2k
3 , G := ⟨g⟩ , g :=

1

2
(1, 0, 1), f := y21 + y1y

k
2 + y2y

2
3 ,

F̄ (y, s̄, v̄) = f̄ +

2k−1∑
α=0

s̄αy
α
2 + v̄0y3, FG(s, z) = f +

2k−1∑
α=0

sαx
2α
3 ,

Ψf̄ ([y1]) = [x2]ξid, Ψf̄ ([y2]) = [x2
3]ξid, Ψf̄ ([y3]) = ξg,Ψ(sα) := vαid, Ψ(v0) := v0g ,

p(y1) = y1, p(y2) = y2, p(y3) = −y3, p(s̄α) = s̄α, p(v̄α) = −v̄α.

4. (Dk,Z/2Z) ∼ (A2k−3, id).

f := x2
1 + xk−1

2 + x2x
2
3, G := ⟨g⟩ , g :=

1

2
(1, 0, 1), f := yk−1

1 + y1y2 + y2y
2
3 ,

F̄ (y, s̄, v̄) = f̄ +

k−2∑
α=0

s̄αy
α
1 +

k−3∑
α=0

v̄αy
α
1 y3, FG(s, z) = f +

k−2∑
α=0

sαx
α
2 ,

Ψf̄ ([y1]) = [x2]ξid, Ψf̄ ([y2]) = [x2
3]ξid, Ψf̄ ([y3]) = ξg, Ψ(sα) := vαid, Ψ(vα) := vαg ,

p(y1) = y1 p(y2) = y2 p(y3) = −y3 p(s̄α) = s̄α p(v̄α) = −v̄α.

5. (A4k+1,Z/2Z) ∼ (D2(k+1), id).

f := x2
1 + x2

2 + x2x
2k+1
3 , G := ⟨g⟩ , g :=

1

2
(0, 1, 1), f := y21 + y22y3 + y2y

k+1
3 ,

F̄ (y, s̄, v̄) = f̄ +

2k∑
α=0

s̄αy
α
3 + v̄1(y2 +

1

2
yk3 ) FG(s, z) = f +

2k∑
α=0

sαx
2α
3 ,

Ψf̄ ([y1]) = [x1]ξid, Ψf̄ ([y2]) = ξg −
1

2
[x2k

3 ]ξid, Ψf̄ ([y3]) = [x2
3]ξid,

Ψ(sα) := vαid, Ψ(v0) := v0g .

Proposition 9. Let Hdef
(f,G),id,H

def
(f,G),g stand for the G–grading id and g subspaces of Hdef

(f,G)

respectively. Denote by πid and πg the projections on these spaces from Hdef
(f,G). Denote by π0

and π1 the projections onto HF̄ ,0 and HF̄ ,1 from HF̄ .
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Then the following diagrams commute.

HF̄ Hdef
(f,G)

HF̄ ,0 Hdef
(f,G),id

ΨS̄

π0 πid

ΨS̄

HF̄ Hdef
(f,G)

HF̄ ,1 Hdef
(f,G),g

ΨS̄

π1 πg

ΨS̄

HF̄ Hdef
(f,G)

HF̄ ,id Hid

ΨS̄

π0 πid

ΨS̄

Proof. This follows immediately from the construction. □

Proposition 10. ∇(f,G) respects G-grading. Namely,

∇(f,G)
X : Hdef

(f,G),h1
→ Hdef

(f,G),h1h
−1
2

, ∀X ∈ T Sh2

(f,G).

Proof. We make use of the map p for all cases of Table 1 except the last one. For that last case
the proof is given in Proposition 17.

It’s enough to prove the proposition for X being ∂
∂vα

id
and ∂

∂vα
g
. Following the commutative

diagrams of the proposition above, it suffices to prove that ∇F̄ respects Z/2Z-grading of HF̄ ,
i.e.

∇F̄ : T S̄ā ⊗HF̄ ,b̄ → HF̄ ,a+b.

The differential operator ∂
∂s̄α

, multiplication by s̄α and multiplication by ∂F̄
∂s̄α

= ϕα,id do not
change the Z/2Z–grading. Similarly, the differential operator ∂

∂v̄α
, multiplication by v̄α and

multiplication by ∂F̄
∂v̄α

= ϕα,g alter the Z/2Z–grading.
The map p commutes with DF̄ and we do not need to distinguish between the classes and

their representatives. This completes the proof. □

Proof of part (ii) of Theorem 1. Let Hc
id stand for the complement to Hid in Hdef

(f,G),id. Then
by Proposition 10

∇(f,G)
∂

∂vα
id

[A] = ∇(f,G)
∂

∂vα
id

[A]

∣∣∣∣
Hid

+ ∇(f,G)
∂

∂vα
id

[A]

∣∣∣∣
Hc

id

for any A ∈ Hid.

Lemma 11. Denote F̃ (s̄, y) = F̄ (s̄, v̄, y)
∣∣
v̄α=0,Ψ−1

f [ξg ]=0
. Then

∇(f,G)
∂

∂vα
id

[A]

∣∣∣∣
Hid

= ΨS̄

[
∇F̃

∂
∂s̄α

Ψ−1
S̄ [A]

]
.

Proof. By linearity it’s enough to consider A to be given by [ϕid
β ] for some ϕid

β = ϕid
β (x).

∇(f,G)
∂

∂vα
id

[ϕid
β ξid]

∣∣∣∣
Hid

= ΨS̄

[
∇F̄

∂
∂sα

Ψ−1
S̄ ([ϕid

β (x)ξid])
]∣∣∣

Hid

= ΨS̄

[
∇F̄

∂
∂s̄α

[ϕid
β (y)]

∣∣∣
HF̄ ,id

]
= ΨS̄

[
∇F̄

∂
∂s̄α

Ψ−1
S̄ [ϕid

β ξid]
∣∣∣
v̄=0,Ψ−1

S̄ [ξg ]=0

]
= ΨS̄

[
∇F̃

∂
∂s̄α

Ψ−1
S̄ [ϕid

β ξid]
]
.

The statement follows now from the commutativity of p and DF . □
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Obviously F̃ (s̄, y) = Ψ−1
S̄

(FG(vαid, z)ξid), then

ΨS̄

[
∇F̃

∂
∂s̄α

Ψ−1
S̄ (A)

]
=ΨS̄

[
z−1 ∂F̃

∂s̄α
Ψ−1

S̄ (A)

]
= ΨS̄

[
z−1Ψ−1

S̄ [
∂FG

∂vαid
]Ψ−1

S̄ (A)

]
=

[
z−1 ∂F

G

∂vαid
ϕid
β

]
ξid = ∇FG

∂
∂vα

id

(A).

This completes the proof of part (ii) of Theorem 1.

5. Orbifold Gauss-Manin connection

In this section we make full computations of the connection ∇(f,G) and complete the proof of
Theorem 1. These computations can be summarized by the following proposition.

Let (f,G) be as in Table 1 and v0id, . . . , v
kid−1
id , v0g , . . . , v

kg−1
g be the coordinates on S(f,G).

Denote ϕβ :=
∂FG

∂vβid
.

Proposition 12. The connection ∇(f,G) on Hdef
(f,G) satisfies

(i) We have for any α+ β ≤ kid − 1

∇(f,G)
∂

∂vα
id

[ϕβξid] = ∇FG

∂
∂vα

id

[ϕβ ]ξid.

For α+ β = kid we have

∇(f,G)
∂

∂vα
id

[ϕβξid] = ∇FG

∂
∂vα

id

[ϕβ ]ξid +

[
∇FG

∂
∂vα

id

[ϕβ+kg−kid
](ṽ)

∣∣∣∣
z=0,Fix(g)

+ δ1,kg
θv0g

∂FG

∂vα+β−kid

id

]
ξg,

and for α+ β ≥ kid + 1 we have

∇(f,G)
∂

∂vα
id

[ϕβξid] =

[
∇FG

∂
∂vα

id

[ϕβ ]− δ1,kg

θ

2
(v0g)

2 ∂FG

∂vα+β−kid−1
id

]
ξid + ∇FG

∂
∂vα

id

[ϕβ ]

∣∣∣∣
z=0,Fix(g)

(ṽ)ξg

where θ ∈ C∗ is a certain non-zero constant, and ṽ = ṽ(v) is a certain linear change of
variables.

(ii) We have for any α+ β ≤ kg − 1

∇(f,G)
∂

∂vα
id

[ϕβξg] = ∇FG

∂
∂vα

id

[ϕβ ]ξg.

And for α+ β ≥ kg we have

∇(f,G)
∂

∂vα
id

[ϕβξg] = ∇FG

∂
∂vα

id

[ϕβ ]

∣∣∣∣
Fix(g)

ξg −

[
∇FG

∂
∂vα

id

[ϕβ ](ṽ)

∣∣∣∣
z=0,Fix(g)

+ δ1,kg

v0g
2

∂FG

∂v
α+β−kg

id

]
ξid

where ṽ = ṽ(v) is a certain linear change of variables.
(iii) We have for any index α and any G–grading g element [ϕξg]

∇(f,G)
∂

∂vα
g

[ϕξg] = cg∇(f,G)
∂

∂vα
id

[ϕHF
g ](ṽ)ξid

where ṽ = ṽ(v) is the certain linear change of the variables, HF
g and cg as in Sec-

tion 2.1.1.

Proof. Is summarized in Propositions 13, 14, 15, 17 and 16. □

To simplify the formulae below, we adopt the following notation for the HF̄ –elements

[ϕ]F̄ := [ϕdy1 ∧ dy2 ∧ dy3].

We follow the indexing of Table 1 and make use of the data given Section 4.
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1. f := xk+1
1 + x2

2 + x2
3, G := ⟨g⟩, g := 1

2 (0, 1, 1), f := yk+1
1 + y2 + y2y

2
3 .

Proposition 13. For the pair (f,G) as above, the action of orbifold Gauss-Manin connection
reads

(i) If α+ β ≤ k − 1, then

∇(f,G)
∂

∂vα
id

[x2β
1 ξid] = ∇FG

∂
∂vα

id

[x2β
1 ]ξid.

If α+ β ≥ k, then

∇(f,G)
∂

∂vα
id

[xβ
1 ξid] = ∇FG

∂
∂vα

id

[xβ
1 ]ξid + ∇FG

∂
∂vα

id

[xβ
1 ]ξg(ṽ)

∣∣∣∣
z=0

,

where ṽαid = vαg .
(ii) If α+ β ≤ k − 1, then

∇(f,G)
∂

∂vα
g

[x2β
1 ξid] = ∇FG

∂
∂vα

id

[x2β
1 ]ξg.

If α+ β ≥ k, then

∇(f,G)
∂

∂vα
g

[xβ
1 ξid] = ∇(f,G)

∂

∂v
β
id

[xα
1 ξg] = ∇FG

∂
∂vα

id

[xβ
1 ]ξg − ∇FG

∂
∂vα

id

[xβ
1 ]ξid

∣∣∣∣
z=0

,

where ṽαid = vαg .
(iii)

∇(f,G)
∂

∂vα
g

[xβ
1 ξg] = cg∇(f,G)

∂
∂vα

id

[xβ
1H

F
g ]ξid.

Proof. (i) By the results of the previous section we have

∇(f,G)
∂

∂vα
id

[xβ
1 ξid] = ∇FG

∂
∂vα

id

[xβ
1 ]ξid + ∇(f,G)

∂
∂vα

id

[xβ
1 ξid]

∣∣∣∣
Hc

id

.

Now we calculate the second term of ∇(f,G)
∂

∂vα
id

[xβ
1 ξid] via the map ΨS̄ :

∇(f,G)
∂

∂vα
id

[xβ
1 ξid] = ΨS̄ [y

α+β
1 ].

If 0 ≤ α+ β ≤ k − 1, ΨS̄ [y
α+β
1 ]F̄ = [xα+β

1 ]ξid = ∇FG

∂
∂vα

id

[xβ
1 ]ξid. For k ≤ α+ β ≤ 2(k − 1) we need

to take into account the relations in the Brieskorn lattice HF̄ . Denote r := α + β − k. Then
0 ≤ r ≤ k − 2. Applying DF̄ to [yr1dy2 ∧ dy3] we obtain

[yα+β
1 ]F̄ = − 1

k + 1
[zryr−1

1 +

k−1∑
γ=0

γyγ+r−1
1 (s̄γ + v̄γy3)]F̄ .

The restriction to Hc
id gives us

[yα+β
1 ]F̄

∣∣∣
Hc

id

= − 1

k + 1
[

k−1∑
γ=0

γyγ+r−1
1 v̄γy3]F̄

from where we obtain the claim.
(ii) By the definition ∇(f,G)

∂

∂v
β
id

[xα
1 ξg] = ∇(f,G)

∂
∂vα

g

[xβ
1 ξid] = ΨS̄ [y

α+β
1 y3]F̄ . If α + β ≤ k − 1,

ΨS̄ [y
α+β
1 y3]F̄ = [xα+β

2 ]ξg = ∇FG

∂
∂vα

id

[xβ
2 ]ξg. For α + β ≥ k we need to take into account the
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relations in the Brieskorn lattice HF̄ . Applying DF̄ to [yr1y3dy2 ∧ dy3] and [−yr−1+γ
1 dy1 ∧ dy3]

we obtain

[yα+β
1 ]F̄ = − 1

k + 1
[zryr−1

1 y3 +

k−1∑
γ=0

γs̄γy
r−1+γ
1 y3 +

k−1∑
γ=0

γv̄γy
r−1+γ
1 y23 ]F̄ ,

[yr−1+γ
1 + yr−1+γ

1 y23 ]F̄ = 0.

These relations give us

[yα+β
1 ]F̄ = − 1

k + 1
[(zryr−1

1 +

k−1∑
γ=0

γs̄γy
r−1+γ
1 )y3 −

k−1∑
γ=0

γv̄γy
r−1+γ
1 ]F̄ .

Moreover,
∇(f,G)

∂
∂vα

id

[xβ
1 ξg] = ΨS̄ [y

α+β
1 y3]F̄ = ∇(f,G)

∂

∂v
β
g

[xα
1 ξid]

what proves (ii).
(iii) ∇(f,G)

∂
∂vα

g

[xβ
1 ξg] = ΨS̄ [y

α+β
1 y23 ]F̄ . Applying DF̄ to [−yα+β

1 dy1 ∧ dy3], we obtain:

[yα+β
1 + yα+β

1 y23 ]F̄ = 0

from where we conclude

∇(f,G)
∂

∂vα
g

[xβ
1 ξg] = −ΨS̄ [y

α+β
1 ]F̄ = −∇(f,G)

∂
∂vα

id

[xβ
1 ξid].

Note that cgH
F
g = − 1

|G|2H
F
g = −1 what completes the proof. □

2. f := x2k
1 + x2

2 + x2
3, G := ⟨g⟩, g := 1

2 (1, 0, 1), f := y21 + yk2 + y2y
2
3 .

Proposition 14. For the pair (f,G) as above, the action of orbifold Gauss-Manin connection
reads

(i) If α+ β ≤ k − 1, then

∇(f,G)
∂

∂vα
id

[x2β
1 ξid] = ∇FG

∂
∂vα

id

[x2β
1 ]ξid,

If α+ β = k, then

∇(f,G)
∂

∂vα
id

[x2β
1 ξid] = ∇FG

∂
∂vα

id

[x2β
1 ]ξid +

v0g
2k

[
∂FG

∂vα+β−k
id

]
ξg,

If α+ β > k, then

∇(f,G)
∂

∂vα
id

[x2β
1 ξid] = ∇FG

∂
∂vα

id

[x2β
1 ]ξid −

(v0g)
2

4k

[
∂FG

∂vα+β−k−1
id

]
ξid,

(ii) If 1 ≤ β ≤ k − 1, then we have

∇(f,G)
∂

∂v0
g

[x2β
1 ξid] = ∇(f,G)

∂

∂v
β
id

[ξg] = −
v0g
2

[
∂FG

∂vβ−1
id

]
ξid,

and
∇(f,G)

∂
∂v0

g

[1 · ξid] = ∇(f,G)
∂

∂v0
id

[ξg] = ξg,

(iii)

∇(f,G)
∂

∂v0
g

[ξg] = cg∇(f,G)
∂

∂v0
id

[HF
g ξid](ṽid) = cg[H

F
g (ṽid)]ξid

where ṽαid := vαid
2k−1
2α−1 .
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Proof. (i) By the results of the previous section we have

∇(f,G)
∂

∂vα
id

[x2β
1 ξid] = ∇FG

∂
∂vα

id

[x2β
1 ]ξid + ∇(f,G)

∂
∂vα

id

[x2β
1 ξid]

∣∣∣∣
Hc

id

.

Now we calculate the second term of ∇(f,G)
∂

∂vα
id

[x2β
1 ]ξid via the map ΨS̄ :

∇(f,G)
∂

∂vα
id

[x2β
1 ξid] = ΨS̄ [y

α+β
2 ]F̄ .

If 0 ≤ α+β ≤ k−1, ΨS̄ [y
α+β
2 ]F̄ = [x

2(α+β)
1 ]ξid = ∇FG

∂
∂vα

id

[x2β
1 ]ξid. For k ≤ α+β ≤ 2k−2 we need

to take into account the relations in the Brieskorn lattice HF̄ . Denote r := α + β − k. Then
0 ≤ r ≤ k − 2. Applying DF̄ to [yr+1

2 dy1 ∧ dy3] and [yr2y3dy1 ∧ dy2] we have

[z(r + 1)yr2 + kyα+β
2 + yr+1

2 y23 +

k−1∑
γ=0

γs̄γy
γ+r
2 ]F̄ = [0]F̄ ,

[zyr2 + 2yr+1
2 y23 + v̄0y

r
2y3]F̄ = [0]F̄ .

These relations give us

[yα+β
2 ]F̄ = −1

k
[z(r +

1

2
)yr−1

2 +

k−1∑
γ=0

γs̄γy
γ+r
2 ]F̄ +

v̄0
2k

[yr2y3]F̄

If r > 0, we need to express the last summand as well. Applying DF̄ to [yr−1
2 dy1 ∧ dy2], we have

[2yr2y3 + v̄0y
r−1
2 ]F̄ = 0

what completes the proof.
(ii) ∇(f,G)

∂
∂v0

g

[x2β
1 ξid] = ΨS̄ [y

β
2 y3]F̄ . If β = 0, the statement is clear. If 1 ≤ β ≤ k − 1, applying

DF̄ to [yβ−1
2 dy1 ∧ dy2] we get

[2yβ2 y3 + v̄0y
β−1
2 ]F̄ = 0.

We calculate

∇(f,G)
∂

∂v0
g

[x2β
1 ξid] = ΨS̄ [y

β
2 y3]F̄ = ΨS̄ [−

v̄0
2
yβ−1
1 ]F̄ = −

v0g
2
[x2β−2

1 ]ξid = −
v0g
2

[
∂FG

∂vβ−1
id

]
ξid.

Moreover
∇(f,G)

∂
∂vα

id

[ξg] = ΨS̄ [y
α
2 y3]F̄ = ∇(f,G)

∂
∂v0

g

[x2α
1 ξid]

what proves (ii).
(iii) ∇(f,G)

∂
∂v0

g

[ξg] = ΨS̄ [y
2
3 ]F̄ . Applying DF̄ to [−dy1 ∧ dy3] we obtain:

[kyk−1
2 + y23 +

∑
αs̄αy

α−1
2 ]F̄ = 0

from where we calculate

∇(f,G)
∂

∂v0
g

[ξg] = ΨS̄ [y
2
3 ]F̄ = ΨS̄ [−(kyk−1

2 +
∑

αs̄αy
α−1
2 )]F̄ = −[kx2k−2

1 +
∑

αvαidx
2α−2
1 ]ξid.

Note that

cgH
F
g = −

HF
g

|G|2
= −1

4

1

2k − 1
(4k(2k − 1)x2k−2

1 +

k−1∑
α=0

4α(2α− 1)vαidx
2α−2
1 )

what completes the proof. □
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3. f := x2
1 + x2

2 + x2x
2k
3 , G := ⟨g⟩, g := 1

2 (1, 0, 1), f := y21 + y1y
k
2 + y2y

2
3 .

Proposition 15. For the pair (f,G) as above, the action of orbifold Gauss-Manin connection
reads

(i) If α+ β ≤ 2k − 1, then

∇(f,G)
∂

∂vα
id

[x2β
3 ξid] = ∇FG

∂
∂vα

id

[x2β
3 ]ξid

If α+ β = 2k, then

∇(f,G)
∂

∂vα
id

[x2β
3 ξid] = ∇FG

∂
∂vα

id

[x2β
3 ]ξid +

v0g
k

[
∂FG

∂vα+β−2k
id

]
ξg.

If α+ β > 2k, then

∇(f,G)
∂

∂vα
id

[x2β
3 ξid] = ∇FG

∂
∂vα

id

[x2β
3 ]ξid −

(v0g)
2

2k

[
∂FG

∂vα+β−2k−1
id

]
ξid.

(ii) If 1 ≤ β ≤ 2k − 1, then we have

∇(f,G)
∂

∂v0
g

[x2β
3 ξid] = ∇(f,G)

∂

∂v
β
id

[ξg] = −
v0g
2

[
∂FG

∂vβ−1
id

]
ξid,

and
∇(f,G)

∂
∂v0

g

[1 · ξid] = ∇(f,G)
∂

∂v0
id

[ξg] = ξg,

(iii)

∇(f,G)
∂

∂v0
g

[ξg] = cg∇(f,G)
∂

∂v0
id

[HF
g ξid](ṽid) = cg[H

F
g (ṽid)]ξid

where ṽαid := vαid
2k−1
2α−1 .

Proof. (i) By the results of the previous section we have

∇(f,G)
∂

∂vα
id

[x2β
3 ξid] = ∇FG

∂
∂vα

id

[x2β
3 ]ξid + ∇(f,G)

∂
∂vα

id

[x2β
3 ξid]

∣∣∣∣
Hc

id

.

Now we calculate the second term of ∇(f,G)
∂

∂vα
id

[x2β
3 ]ξid via the map ΨS̄ :

∇(f,G)
∂

∂vα
id

[x2β
3 ξid] = ΨS̄ [y

α+β
2 ]F̄ .

If 0 ≤ α + β ≤ 2k − 1, ΨS̄ [y
α+β
2 ]F̄ = [x

2(α+β)
3 ]ξid = ∇FG

∂
∂vα

id

[x2β
3 ]ξid. For 2k ≤ α + β ≤ 4k − 2 we

need to take into account the relations in the Brieskorn lattice HF̄ . Denote r := α + β − 2k.
Then 0 ≤ r ≤ 2k− 2. Applying DF̄ to [yr+k

2 dy2 ∧ dy3], [−yr+1
2 y3dy1 ∧ dy3], and [yr2y3dy1 ∧ dy2],

we have
[2y1y

r+k
2 + yα+β

2 ]F̄ = 0,

[z(r + 1)yr2 + ky1y
r+k
2 + y23y

r+1
2 +

2k−1∑
γ=0

γs̄γy
r+γ
2 ] = 0,

[zyr2 + 2yr+1
2 y23 + v̄0y

r
2y3] = 0.

These relations give us

[yα+β
2 ]F̄ =

2

k
[z(r +

1

2
)yr2 +

2k−1∑
γ=0

γs̄γy
γ+r
2 ]F̄ +

v̄0
k
[yr2y3]F̄
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If r > 0, we need to express the last summand as well. Applying DF̄ to [yr−1
2 dy1 ∧ dy2], we have

[2yr2y3 + v̄0y
r−1
2 ] = 0.

what completes the proof.
(ii) If 0 ≤ β ≤ 2k − 1, then ∇(f,G)

∂
∂v0

g

[x2β
3 ξid] = ΨS̄ [y

β
2 y3]F̄ . Applying DF̄ to [yβ−1

2 dy1 ∧ dy2] we

obtain:
[2yβ2 y3 + v̄0y

β−1
2 ]F̄ = 0

from where we calculate

∇(f,G)
∂

∂v1
g

[x2β
3 ξid] = ΨS̄ [y

β
2 y3]F̄ = ΨS̄ [−

v̄0
2
yβ−1
2 ]F̄ = −

v0g
2
[x2β−2

3 ]ξid = −
v0g
2

[
∂FG

∂vβ−1
id

]
ξid.

Moreover,
∇(f,G)

∂
∂vα

id

[ξg] = ΨS̄ [y
α
2 y3]F̄ = ∇(f,G)

∂
∂v0

g

[x2α
3 ξid]

what proves (ii).
(iii) ∇(f,G)

∂
∂v0

g

[ξg] = ΨS̄ [y
2
3 ]. Applying DF̄ to [−dy1 ∧ dy3] we obtain:

[ky1y
k−1
2 + y23 +

2k−1∑
α=0

αs̄αy
α−1
2 ]F̄ = 0

from where we calculate

∇(f,G)
∂

∂v0
g

[ξg] = ΨS̄ [y
2
3 ] = −ΨS̄ [ky1y

k−1
2 +

2k−1∑
α=0

αs̄αy
α−1
2 ]F̄ = −[kx2k−2

3 x2 +

2k−1∑
α=0

αvidα x2α−2
3 ]ξid.

Note that

cgH
F
g = −

HF
g

|G|2
=

1

4

1

2k − 1

(
4k(2k − 1)x2x

2k−2
3 +

k−1∑
α=0

4α(2α− 1)vidα x2α−2
3

)
what completes the proof. □

4. f := x2
1 + xk−1

2 + x2x
2
3, G := ⟨g⟩, g := 1

2 (1, 0, 1), f := yk−1
1 + y1y2 + y2y

2
3 .

Proposition 16. For the pair (f,G) as above, the action of orbifold Gauss-Manin connection
reads

(i) If α+ β ≤ k − 2, then

∇(f,G)
∂

∂vα
id

[xβ
2 ξid] = ∇FG

∂
∂vα

id

[xβ
2 ]ξid,

If α+ β ≥ k − 1, then

∇(f,G)
∂

∂vα
id

[xβ
2 ξid] = ∇FG

∂
∂vα

id

[xβ
2 ]ξid + ∇FG

∂
∂vα

id

[xβ−1
2 ](ṽ)ξg

∣∣∣∣
z=0

where ṽα+1
id = vαg (α+ 1

2 ).
(ii) If α+ β ≤ k − 3, then

∇(f,G)
∂

∂v
β
id

[xα
2 ξg] = ∇(f,G)

∂
∂vα

g

[xβ
2 ξid] = ∇FG

∂
∂vα

id

[xβ
2 ]ξg.

If α+ β ≥ k − 2, then

∇(f,G)
∂

∂v
β
id

[xα
2 ξg] = ∇(f,G)

∂
∂vα

g

[xβ
2 ξid] = ∇FG

∂
∂vα

id

[xβ
2 ]ξg − ∇FG

∂
∂vα

id

[xβ
2 ](ṽ)ξid

∣∣∣∣
z=0

where ṽα+1
id = vαg (α+ 1

2 ).



76 ALEXEY BASALAEV AND ANTON RAROVSKII

(iii)

∇(f,G)
∂

∂vα
g

[xβ
2 ξg] = cg∇FG

∂
∂vα

id

[xβ
2H

F
g ]ξid..

Proof. (i) By the results of the previous section we have

∇(f,G)
∂

∂vα
id

[xβ
2 ξid] = ∇FG

∂
∂vα

id

[xβ
2 ]ξid + ∇(f,G)

∂
∂vα

id

[xβ
2 ξid]

∣∣∣∣
Hc

id

.

Now we calculate the second term of ∇(f,G)
∂

∂vα
id

[xβ
1 ]ξid via the map ΨS̄ :

∇(f,G)
∂

∂vα
id

[xβ
2 ξid] = ΨS̄ [y

α+β
1 ]F̄ .

If 0 ≤ α + β ≤ k − 2, ΨS̄ [y
α+β
1 ]F̄ = [xα+β

2 ]ξid = ∇FG

∂
∂vα

id

[xβ
2 ]ξid. For k − 1 ≤ α + β ≤ 2k − 4 we

need to take into account the relations in the Brieskorn lattice HF̄ . Denote r := α+β− (k− 1).
Then 0 ≤ r ≤ k − 3. Applying DF̄ to [yr+1

1 dy2 ∧ dy3], −[yr1y2dy1 ∧ dy3], and [yr1y3dy1 ∧ dy2], we
obtain

[z(r + 1)yr1 + (k − 1)yα+β
1 + yr+1

1 y2 +

k−2∑
γ=0

γyγ+r
1 (s̄γ + v̄γy3)]F̄ = 0,

[zyr1 + yr+1
1 y2 + yr1y2y

2
3 ]F̄ = 0,

[zyr1 + 2yr1y2y
2
3 +

k−3∑
γ=0

v̄γy
r+γ
1 y3]F̄ = 0

where we assume v̄k−2 ≡ 0. These relations give us

[yα+β
1 ]F̄ = − 1

k − 1
[z(r +

1

2
)yr1 +

k−2∑
γ=0

γs̄γy
γ+r
1 ]F̄ − 1

k − 1
[

k−3∑
γ=0

(γ +
1

2
)v̄γy

γ+r
1 y3)]F̄ .

This completes the proof.
(ii) By the definition ∇(f,G)

∂

∂v
β
id

[xα
2 ξg] = ∇(f,G)

∂
∂vα

g

[xβ
2 ξid] = ΨS̄ [y

α+β
1 y3]F̄ . If α + β ≤ k − 3,

ΨS̄ [y
α+β
1 y3]F̄ = [xα+β

2 ]ξg = ∇FG

∂
∂vα

id

[xβ
2 ]ξg. For α + β ≥ k − 2 we need to take into account

the relations in the Brieskorn lattice HF̄ . Denote r := α+ β − (k − 2). Then 0 ≤ r ≤ k − 3.
Applying DF̄ to [yr1y3dy2 ∧ dy3], [yr1dy1 ∧ dy2] and [−yr+k−2

1 dy1 ∧ dy3] we have

[zryr−1
1 y3 + (k − 1)yk−2+r

1 y3 + yr1y2y3 +

k−2∑
γ=0

γ(s̄γ + v̄γy3)y
r−1+γ
1 y3]F̄ = 0,

[2yr1y2y3 +

k−3∑
γ=0

v̄γy
γ+r
1 ]F̄ = 0, [yr+k−1

1 + yr+k−2
1 y23 ]F̄ = 0

where we assume v̄k−2 ≡ 0. These relations give us

[yα+β
1 y3]F̄ = − 1

k − 1
[(zryr−1

1 +

k−2∑
γ=0

γs̄γy
r−1+γ
1 )y3 −

k−3∑
γ=0

v̄γ
2
yr+γ
1 −

k−3∑
γ=0

γv̄γy
r+γ
1 ]F̄ .

This completes the proof.
(iii) ∇(f,G)

∂
∂vα

g

[xβ
2 ξg] = ΨS̄ [y

α+β
1 y23 ]. Applying DF̄ to [yα+β

1 dy1 ∧ dy3], we get:

[yα+β+1
1 + yα+β

1 y23 ]F̄ = 0
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from what we conclude
∇(f,G)

∂
∂vα

g

[xβ
2 ξg] = −[xα+β+1

2 ξid].

Note that cgH
F
g = − 1

|G|2H
F
g = −x2 what completes the proof. □

5. f := x2
1 + x2

2 + x2x
2k+1
3 , G := ⟨g⟩, g := 1

2 (0, 1, 1), f := y21 + y22y3 + y2y
k+1
3 .

Proposition 17. For the pair (f,G) as above, the action of orbifold Gauss-Manin connection
reads

(i) If α+ β ≤ 2k, then

∇(f,G)
∂

∂vα
id

[x2β
3 ξid] = ∇FG

∂
∂vα

id

[x2β
3 ]ξid.

If α+ β = 2k + 1, then

∇(f,G)
∂

∂vα
id

[x2β
1 ξid] = ∇FG

∂
∂vα

id

[x2β
1 ]ξid −

2v0g
2k + 1

[
∂FG

∂vα+β−2k−1
id

]
ξg.

If α+ β > 2k + 1, then

∇(f,G)
∂

∂vα
id

[x2β
1 ξid] = ∇FG

∂
∂vα

id

[x2β
1 ]ξid +

(v0g)
2

2k + 1

[
∂FG

∂vα+β−2k−2
id

]
ξid.

(ii) If 1 ≤ β ≤ 2k, then we have

∇(f,G)
∂

∂v0
g

[x2β
3 ξid] = ∇(f,G)

∂

∂v
β
id

[ξg] = −
v0g
2

[
∂FG

∂vβ−1
id

]
ξid,

and
∇(f,G)

∂
∂v0

g

[1 · ξid] = ∇(f,G)
∂

∂v0
id

[ξg] = ξg,

(iii)

∇(f,G)
∂

∂v0
g

[ξg] = cg∇(f,G)
∂

∂v0
id

[HF
g ξid](ṽid)

where ṽαid := vαid
2k+1
2α−1 .

Proof. (i) In this case we can not apply the map p and we prove the proposition by explicit
calculations via the map ΨS̄ :

∇(f,G)
∂

∂vα
id

[x2β
3 ξid] = ΨS̄ [y

α+β
3 ]

If 0 ≤ α + β ≤ 2k, ΨS̄ [y
α+β
3 ]F̄ = [x

2(α+β)
3 ]ξid = ∇FG

∂
∂vα

id

[x2β
1 ]ξid and the statement holds. For

2k + 1 ≤ α + β ≤ 4k we need to take into account the relations in the Brieskorn lattice HF̄ .
Denote r := α + β − (2k + 1). Then 0 ≤ r ≤ 2k − 1. Applying DF̄ to −[yr+k

3 dy1 ∧ dy3] and
[yr+1

3 dy1 ∧ dy2] we have

[2y2y
r+k+1
3 + yα+β

3 + v̄0y
r+k
3 ]F̄ = [2yr+k

3 (y2y3 +
v̄0
2
) + yα+β

3 ]F̄ = 0,

[z(r + 1)yr3 + kyr+k
3 (y2y3 +

v̄0
2
) + yr+1

3 (y22 + y2y
k
3 ) +

2k∑
γ=0

γs̄γy
γ+r
3 ]F̄ = 0.

These relations give us

[yα+β
3 ]F̄ =

2

k
[z(r + 1)yr3 + yr+1

3 (y22 + y2y
k
3 ) +

2k∑
γ=0

γs̄γy
γ+r
3 ]F̄ .
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We also note that

[yr+1
3 (y22 + y2y

k
3 )]F̄ = [yr+1

3 ((y2 +
1

2
yk3 )

2 − 1

4
y2k3 )]F̄ = [yr+1

3 (y2 +
1

2
yk3 )

2 − 1

4
yα+β
3 ]F̄

which gives us

[yα+β
3 ]F̄ =

4

2k + 1
[z(r + 1)yr3 + yr+1

3 (y2 +
1

2
yk3 )

2 +

2k∑
γ=0

γs̄γy
γ+r
3 ]F̄ .

Finally, applying DF̄ to [yr3(y2 +
1
2y

k
3 )dy1 ∧ dy3] we have

[zyr3 + 2yr+1
3 (y2 +

1

2
yk3 )

2 + v̄0y
r
3(y2 +

1

2
yk3 )]F̄ = 0.

This relation gives

[yα+β
3 ]F̄ =

4

2k + 1
[z(r +

1

2
)yr3 +

2k∑
γ=0

γs̄γy
γ+r
3 ]F̄ − 4

2k + 1
[
v̄0
2
yr3(y2 +

1

2
yk3 )]F̄ .

If r > 0 we need to express the last summand as well. Applying DF̄ to [yr−1
3 dy1 ∧ dy3] we have

[2yr3(y2 +
1

2
yk3 ) + v̄0y

r−1
3 ]F̄ = 0,

what gives the expression for the second term.
To complete the proof we show that the first term is determined by ∇FG

∂
∂vα

id

[x2β
3 ]ξid. Note that

∇FG

∂
∂vα

id

[x2β
3 ]ξid = [x

2(α+β)
3 ]ξid. If 0 ≤ α+ β ≤ 2k, the statement is clear. If 2k + 1 ≤ α+ β ≤ 4k,

applying DFG to [−x2r+2k+1
3 dx1 ∧ dx3] and [x2r+1

3 dx1 ∧ dx2] we have

[2x2x
2r+2k+1
3 + x

2(α+β)
2 ]FG = 0,

[2z(r +
1

2
)x2r

3 + (2k + 1)x2x
2r+2k+1
3 +

2k∑
γ=0

2γvγidx
2(γ+r)
3 ]FG = 0.

These relations give us

[x
2(α+β)
3 ]ξid =

4

2k + 1
(z(r +

1

2
)x2r

3 +

2k∑
γ=0

γvγidx
2(γ+r)
3 ]ξid.

This completes the proof.
(ii) ∇(f,G)

∂
∂v0

g

[x2β
1 ξid] = ΨS̄ [y

β
3 (y2 +

1
2y

k
3 )]F̄ . Applying DF̄ to [−yβ−1

3 dy1 ∧ dy3] we obtain:

[2yβ3 (y2 +
1

2
yk3 ) + v̄0y

β−1
3 ]F̄ = 0

from where we calculate

∇(f,G)
∂

∂v0
g

[x2β
1 ξid] = ΨS̄ [y

β
3 (y2 +

1

2
yk3 )]F̄ = ΨS̄ [−

v̄0
2
yβ−1
3 ]F̄ = −

v0g
2
[x2β−2

3 ]ξid = −
v0g
2

[
∂FG

∂vβ−1
id

]
ξid.

Moreover

∇(f,G)
∂

∂vα
id

[ξg] = ΨS̄ [y
β
3 (y2 +

1

2
yk3 )]F̄ = ∇(f,G)

∂
∂v0

g

[x2α
3 ξid]

what proves (ii).
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(iii) ∇(f,G)
∂

∂v0
g

[ξg] = ΨS̄ [(y2 +
1
2y

k
3 )

2]F̄ = ΨS̄ [y
2
2 + y2y

k
3 + 1

4y
2k
3 ]F̄ . Applying DF̄ to [dy1 ∧ dy2] we

obtain:

[y22 + y2y
k
3 + ky2y

k
3 +

2k∑
γ=0

γs̄γy
γ−1
3 + v̄0

k

2
yk−1
3 ]F̄ = 0.

Applying DF̄ to [−yk−1
3 dy1 ∧ dy3] we obtain:

[2y2y
k
3 + y2k3 + v̄0y

k−1
3 ]F̄ = 0.

This gives

[(y2 +
1

2
yk3 )

2]F̄ = [−ky2y
k
3 −

2k∑
γ=0

γs̄γy
γ−1
3 − v̄0

k

2
yk−1
3 +

y2k3
4

]F̄ = [
2k + 1

4
y2k3 −

2k∑
γ=0

γs̄γy
γ−1
3 ]F̄ ,

∇(f,G)
∂

∂v0
g

[ξg] =
1

4
[(2k + 1)x4k

3 −
2k∑
γ=0

4γvidγ x2γ−2
3 ]ξid.

Note that

cgH
F
g = −

HF
g

|G|2
= − 1

2k + 1

1

4

(
2k∑
γ=0

vγid4γ(2γ − 1)x2γ−1
3 − (2k + 1)2x4k

3

)

=
1

4

(
(2k + 1)x4k

3 −
2k∑
γ=0

vγid4γ
2γ − 1

2k + 1
x2γ−1
3

)
what completes the proof.

□
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