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ORBIFOLD SAITO THEORY OF A AND D TYPE SINGULARITIES

ALEXEY BASALAEV AND ANTON RAROVSKII

ABSTRACT. Saito theory associates to an isolated singularity rich structure that plays an
important role in mirror symmetry. In this note we construct Saito theory for A and D
type Landau-Ginzburg orbifolds. Namely, for the pairs (f,G), where f defines an isolated
singularity of A and D type and G is a group of symmetries of f. In total we consider five
families of such pairs. In particular, we construct the orbifold versions of Brieskorn lattice
and the Gauss—Manin connection computing them explicitly for the A and D type Landau—
Ginzburg orbifolds.

To the memory of Wolfgang Ebeling

1. INTRODUCTION

Let f € C[zy,...,2zn] be a polynomial, defining an isolated singularity, i.e. the system of
equations 0,, f = Oy, f = -+ = Oz, f = 0 has only isolated solutions in CV. One of the important
invariants of the singularity f is a Jacobian algebra Jac(f) := Ocn /(02 [, 0o fs- -, Oun f). It
is a finite-dimensional Frobenius algebra and we denote p = dimcJac(f).

Fixing a C—basis {(ba(x)}’é;(l) of Jac(f), associate to f the universal unfolding

F(x,8) = f(x) + 3 sada(x),
a=0

where sq,...,5,-1 are the parameters varying in the base space S — an open neighborhood of
0 e CH.
Let ’H;O) and 7—[;9) denote the Brieskorn lattices of f and F'

HY = H* (Ot ® C[[2]], zd + df 1),

HY = H*(Q%~ @ C[[2]] ® Os, 2d + dFA).
These are classical objects developed by [SK81, SK83, SM89]. The cohomology groups above are
concentrated at the top grading N and 'H;O), 'HE?) are rank p free C[[z]]-modules. Essentially,

’H%O) can be viewed as a deformation of ’H;O) over the base S.
An important ingredient of Saito theory is the connection defined on the completion of Hp.
Let C((2)) stand for the Laurent series in z. Define

Hy = HY Qe C(2)),  Hr =HY @cpay C(2).

Saito theory Gauss-Manin connection V¥ is introduced with the help of the unfolding F. Let
TS stand for the holomorphic tangent sheaf of S. Then V¥ is defined by

VETS@Mr » Hp, VEC=[(X-¢+2"0(X - F))day A+ Nday],

where X € TS and ¢ = [pdxy A--- Aday]| € H.

Endowed with the higher residue pairing and the primitive form, the pair (Hz, VI') gives
rise to the structure of Dubrovin—Frobenius manifold [SaiT],[SK83]. Such Dubrovin-Frobenius
manifolds played the key role in mirror symmetry conjecture (cf. [CR11]).
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The main goal of our work is to construct an orbifold version of (Hr, V") and investigate its
properties.

Orbifold theories. Set Gy := {a € (C*)V | f(a-x) = f(x)}. Let G C G. Then the pair (f, G)
is called Landau-Ginzburg orbifold. Investigation of these objects was initiated by physicists in
early 90s (cf. [IV], [V], [Witt]), and was followed by mathematicians. In [BTW1], [BT1] the
authors introduced the algebra Jac(f, G), which is a G-equivariant version of Jacobian algebra
Jac(f). In particular, as a vector space, Jac(f,G) = @4eccB, for some vector spaces B,. We
have Biq = (Jac(f))¢ while the other direct summands are more complicated. In particular,
some of By can be zero vector spaces. However, the construction of the orbifold versions of Hp
and VI appeared to be much more involved.

Some approaches towards the construction of an orbifold Saito theory appeared in the lit-
erature. Junwu Tu introduced in [Tu2la, Tu21b] the categorical approach to equivariant Saito
theory using category of G-equivariant matrix factorizations and the variations of the semi-
infinite Hodge structures (see also [AT22]). W. He, S. Li and Y. Li considered in [HLL] the
deformation of A, —structure of two orbifold examples. In our work we are going to use a more
classical approach and introduce the orbifold Saito theory for A and D type singularities via the
unfoldings F.

Let 84 ) stand for the small open neighbourhood of the origin in the dim Jac( f, G)-dimensional
complex vector space. Denote the orbifold versions of H; and Hr by H ;) and /H((i;fG)' Define
them via the following isomorphism '

Hiro) 2 C((2) @ Jac(f,G),  H{L,) = C((2)) @ Jac(f, G) ® Os, -
In what follows for any g € G we will denote by [¢,] the elements of B, and by II, the projection

de de
I, : H(f’fg) = C((2)) @ By @ Os(; ) C H(f,fG)

acting trivially on the first and last ®—multiples.

Denote the coordinates of S(f,g) by vy with a running up to dim By, for all g € G. Assuming
every g-indexed coordinate vy to have G-grading equal to g~ 1, the space S(y,c) becomes G-
graded. Then TS ) and Os,; , inherit the G-grading as well. Define the G-grading of z to

be id. Then the spaces H s,y and H?;g) are G—graded, distributing the G—grading over the
tensor product multiplicatively.

We employ orbifold equivalence in order to introduce the orbifold version of the Gauss—Manin
connection

,G) . def def
V(f ). TS(fyg) & H(f,G) — H(f,G)'
Orbifold equivalence. Let 7: (C/NETY — CN /G be a crepant resolution of the quotient singu-

larity CV /G. In particular, we have the relation of the canonical classes 7* K¢ 16 =K s

Let C/N%? be covered by the smooth charts Uy, ..., Ug. We say that (f, G) is orbifold equiv-
alent to f, if f is the unique lift of f to the smooth charts U; that has singularities different
from Morse singularities. Adopt also the notation (f,G) ~ (f,{id}). Existence of a crepant
resolution does not guarantee existence of such f. In particular, it can happen that all the lifts
of f have non-Morse singularities.

The notion of orbifold equivalence can also be introduced in the context of homological algebra.
(cf. [Io], [Orl1], [Orl2] and Section 6 of [BT1]).

In [BTW1] authors established the orbifold equivalence for all polynomials f € Clxy, zq, 3]
defining ADE singularities and G 22 Z/2Z (see Table 1). Moreover, the authors found the explicit

isomorphism V¢ between the Frobenius algebras Jac(f) and Jac(f, G).
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In the current work we use the classical Saito theory of f and this isomorphism \IJ? in order
to give the definition of the orbifold Saito theory of (f, G).

f(z1,22,73) G F(y1,y2,u3)
L[ T+ a2+22 k>1 20,1, [[ o7 +v2 + 213
2. || 2" + a3+ a3, k>1 (3(1,0,1)) || vf+ub+u213
300 et +ad +aeadt, k>1 | (3(1,0,1)) || yi+wiys +yu3
4| af + b raead, k>4 | (2(1,0,0) || vb Tt 4 vaye +yeu3
5. 2l + a3+ oot k>1 | (3(0,1,1)) || yi +ysus + yayh™!
TaBLE 1. (f,G) ~ (f,{id})

Main results. Consider the pair (f, G) and a miniversal unfolding F' = f —|—ZZ;(1) Sa®a. Denote
by F¢ the G-invariant part of F. Namely, F¢ := f—i—ZﬁeR sgpp where R is the set of all indices
B, such that ¢4 is G-invariant. Such variables sz can be identified with the id—graded coordinates
vg) of S(4.). So, we can consider F& = F%(x,vg)).

For any g € G set I :={k | g-ox = 21} and I := {1,2,3}\],. Consider the polynomial

2 G
HE .= mdet ( oF ) € C[x, vy]
Bxiaxj i,jEI;

g

with m € C*, the certain constant fixed in Section 2.1.1.

Theorem 1. Let (f,G) be a Landau-Ginzburg orbifold from Table 1. Then
(i) VUG is torsion-free and respects the G—grading.
(ii) for any [¢p&a)] € H?;fG) we have

M - V%2 [660] = V7o_[8l6a
via Yid
iii) for any [@€,] € HIT we have
9 (f,G)

G G
1, - V5P (0g)) = Vs (616, and 11, - VY2 96a] = V7o_[l¢,.

id

(iv) for any [¢&,] € H?;,fc) we have

VU 10] = ¢V T[0T |(0)6ia

where U = v(v) is the certain linear change of the variables, and

1 1 — — — 1 *
Cg = @(*1)2(1\[ Ne)(V=Ne Ue[*gage(g)} eC

as in Section 2.1.1.

Part (ii) of the theorem above is very important for the Dubrovin—Frobenius manifold of an
orbifold Saito theory. Such condition was assumed to hold true in [BT2| in order to construct
such Dubrovin—Frobenius manifold axiomatically.

Expanding the theorem above we also compute explicitly the connection V¢ for Landau—
Ginzburg orbifolds from Table 1. Our computations show that the connection V{/¢) agrees
with the product of Jac(f, G).

The methods, that we develop in this paper can also be used in a wider context. In particular,
orbifold equivalence was established by the second author for the series of non—invertible quasi-
homogeneous singularities (cf. [R1]). Our approach allows one to define orbifold Saito theory
for any such Landau—-Ginzburg orbifold.
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2. BRIESKORN LATTICE AND GAUSS—MANIN CONNECTION

Consider C[x] := Clz1,22,...,2N] a ring of polynomials with complex coefficients. We call
a polynomial f € C[x] non-degenerate if f defines an isolated singularity at the origin, i.e. the
system of equations {% = g—é =...= % = 0} has the unique solution 0 € C.

Associate to f the Jacobian algebra Jac(f) := O(CN/(aaf or | o). Its dimension u, called
®1 0wy 2" Ow

Milnor number, is finite if and only if f is non-degenerate (see [AGV]).
The group of maximal diagonal symmetries of f is defined by:

Gr={g € (C)"[flg-x) = fx)}

A pair (f,G) with G C Gy is called a Landau-Ginzburg orbifold.
With each element g € Gy we can associate the algebra Jac(f9) of the polynomial f9 = f|pix(g)
where Fix(g) = {x € CV | g-x = x}. If Fix(g) = 0, set f9 := 1 and Jac(f9) := C.

Proposition 2 ([ET1], Prop. 5). If the polynomial f is non-degenerate, then the polynomial f9
is non-degenerate for any g € G such that Fix(g) #0 .

2.1. Orbifold local algebra. We associate with a Landau-Ginzburg orbifold (f,G) the alge-
bra Jac(f,G) which is G-equivariant generalization of Jac(f). Jac(f,G) is defined either as
Hochschild cohomology of the category of G-equivariant matrix factorizations or axiomatically
as in [BTW1, BTW2|. Two definitions agree for the polynomials we consider in this text (see
[Sh], [BT1] for details).

It was proved in [BTWI], that for any Landau—Ginzburg orbifold (f, G) from Table 1 there
is a non-degenerate polynomial f € C[y;,y2,y3] and an explicit map Vs, giving the algebra
isomorphism

U Jac(f) = Jac(f, Q). (2.1)

By the construction we have Jac(f,G) & @®,eqBy with Biq = (Jac(f))¢ and B, C Jac(f9).
In order to distinguish between the direct summands of Jac(f, G) it will be useful to denote an
element of B, by [¢]¢,, where [¢] stand for the class is Jac(f9) and &, is the formal letter keeping
track of the direct summand B,.

We skip full definition of Jac(f, G) because in the current text Jac(f, G) can be fully recon-
structed via the explicit isomorphism V7. However the following will be very important in what
follows.

2.1.1. Key products. For a fixed pair (f, @) define a polynomial H, € C[x]| by

2
i det (5254 it IC £
Hq — g Ox;0x i,jélg g ’ (22)
1 if Ig=10
where my € C* is the constant uniquely determined by the following equation in Jac(f)
1 1
[hess(f7)Hy] = —[hess(f)], (2.3)
Ko 1y

where 175 and hess(f9) stand for the Milnor number and Hessian polynomial of f9 respectively.
After the suitable choice of the basis, the product o in Jac(f, G) satisfies

[a]gg © [b]fgfl = Cg[ang]gid
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where on the right hand side we have the projection to (Jac(f))“ of the product [a][b][H,]
computed Jac(f) and

1L L(N=Ny)(N—N,—1
cq = @(_1)2( a)( g—1)
Remark 3. The formula above is the rescaling of Eq.(4.26) from [BTW1]. Exactly this rescaling
was used in Section 5 of loc.cit.

e[—%age(g)] eC.

Remark 4. The polynomials H, were introduced in a more general context in [BTW1] (cf.
Definition 27). In the notation of loc.cit. we only assume H ;1.

Remark 5. We only consider the so—called "diagonal" symmetry groups in this text. Never-
theless one may consider even nonabelian symmetries as well. See [B25, BI22, BI24].

2.2. Elements of Saito Theory. Let {¢,}"_5 be a C-basis of Jac(f). Then we define the
universal unfolding of f to be the following polynomial

Flx.8) = [(x) + 3 sada(x) € Clx.s].
a=0

In what follows assume so,...,s,—1 to vary in the base space of the unfolding S — a small ball
in C* centered at the origin 0 € CH.
The Brieskorn lattice and completed Brieskorn lattice of polynomial f is a cohomology ring:

HY = H*(Qtn @ Cll2]], 2d + dfA),  Hy = HY @cp C((2)).
It’s easy to see that
HY = (O @ C[[2]])/(=d + df).

In the same way, we define the Brieskorn lattices for the universal unfolding that can be seen

as a deformation of ’cho):
HY = H*(Qty © Os @ C[[2]], 2d + dF), Hp :=HY ¢y C(2)).
In what follows assume the notation Dy := zd + df and Dp := zd + dF. It is well-known that
Hy = C((2)) ® Jac(f) and Hp =C((2)) ® Jac(f) ® Os.
Gauss-Manin connection V¥ is defined on the chain level by
VEITS @ Qfn ® 05 @ C((2)) = Qv ® Os @ C((2))
VE (@d™z) = (X -a+2"'a(X - F))d"z, m>0

where o = (s, x, z). This connection is well-defined on Hr as well because [V, Dr] = 0.

Remark 6. Classical Saito theory contains also such important ingredients as higher residue
pairing, good section and primitive form. We do not introduce these objects here because they
do not play an important role in the current work.

3. ORBIFOLD BRIESKORN LATTICE

Given a Landau-Ginzburg orbifold (f, G), let S(¢,) stand for the small open neighbourhood
of the origin in the dim Jac(f, G)-dimensional complex vector space. Let k, := dim B,. The
coordinates of S( ) will be denoted by vy with a=0,...,k; —1 and g € G. Denote the
orbifold versions of Hy and Hr by H s ) and ’H?;]Z;) respectively. Define them via the following
isomorphism

Hiro) 2 C((2) @ Jac(f,G),  H{{L, = C((2)) @ Jac(f, G) ® Os, -
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In order to define the orbifold Gauss—Manin connection we make use of the “classical” Gauss—
Manin connection of the orbifold equivalent polynomial.
Let (f,G) ~ (f,{id}) and ¥ ¢ be the isomorphisrn of Eq. (2.1). When G is of order 2 generated

by g, fix a C-basis {[pa.ia]}F5" U {[¢p. g]}ﬁ " of the Jacobian algebra Jac(f) such that
fqasa ) € B and W(ds,]) € By, (3.1)
F(y,s,v) of f € Cly] by

kiqa—1 kg—1

F(y,s,v)=f+ Z SaPa,id + Z Ugda,g-

a=0 B=0

Fix the universal unfolding

Denote by S C C# the base space of this unfolding.
Extend Vs to the map Vg : Jac(f) ® Og — Jac(f,G) ® Os, ,, acting by ¥ on the first
multiple and by

U5(54) :=v{y and WUg(vg) := 5

G

on the second multiple.
Define the orbifold Gauss-Manin connection

VIO TS ) ¢y @ HIS

(e — Hir

(f,G)
by the commutativity of the following diagram:

TS®Hp v—F> Hp
(‘Ps)*®‘1’sl l‘l’é

def VY o def
TSir.0)®Higa) — Hifo)

In particular

VDA = g0 VE 0w (A)

def
(f.G)

3.1. G-grading on orbifold Brieskorn lattice. Jac(f,G) = @gea B, has the natural G-
grading. Let Os, ., be G-graded by setting vy to have G—grading g~ !. Then

v [Bsl€, € Jac(f,G) © Os,,

has the identity grading. The G-grading is also induced on 7S(f ) by setting % to have
g

where YV := (U2

51)*(X) is a push-forward of a vector field on S ) and A € H

the grading g. Composing these G-gradings and assuming z to have identity grading, H((i;fG) is
G—graded as well.

Call SE%G) = S(f,G)| the identity subspace of S(y ) and the space

vy =0 Vg#id

Hia = C((2)) ® Bia ® Ogia _ C i

the strict identity sector ofH (f.G)"

Remark 7. Note that in general H;q is smaller than the space of all id—graded elements of
"H‘(ijffG). The latter contains for example the element v [¢5]¢, that is not an element of the strict
identity sector.

Denote by miq the projection on Hiq

d
Tid - ’H(;fG _’*,Hid-
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Assume the classes ¥ 7([¢q,ia]) from Eq. (3.1) to be equal to the classes [¢,] in Jac(f). Denote

kia—1

FG(X7 S) = f(X) + Z Sa¢a(x)'

a=0

This function differs from the unfolding F' by the summation on the right. Namely, it consists
only of those summands of F', that are G—invariant.
Then the Gauss-Manin connection of F¢ is well-defined and maps TS%? o ® Hiqg — Hiq-

Consider one more piece of notation. Define the polynomial H, f € C[x, s] by

~ 8%°F¢ : c
mgy det (7817;8% )i,jelg if Ig#0
£ K

F._
HY =
1 it 1=

(3.2)

where m, € C* is the constant defined in Section 2.1.1. It follows immediately that

Hf(x,S) ls=0 = Hy(x)

with the latter polynomial introduced by [BTW1]| while computing the multiplication table of
Jac(f, G).

Remark 8. The construction of ’H,?eé and V(&) above can be extended word for word to the
case of more general groups. Namely, not only “diagonal” (see Remark 5) and not only of order 2.

However, this construction makes use of the orbifold equivalent polynomial f, that is generally
hard to find.

3.2. Proof of Theorem 1. The connection is torsion-free by the construction. It will be proved
in Section 4 that it respects the G—grading, giving us part (i).

Part (ii) will also be proved in Section 4 except the last Landau—Ginzburg orbifold from
Table 1. This case together with part (iii) of the theorem will be proved in Section 5 via the
explicit computations.

4. BRIESKORN LATTICE OF A CREPANT RESOLUTION

We start by recalling the isomorphism W7 between Jac(f, ) and Jac(f) for each pair from
Table 1. We also introduce the specific Z/2Z-action on H 5 that we denote by p for each orbifold
equivalent pair, except the last one. This Z/2Z—action on (y,s,v) € C* x C* will satisfy the
following properties:

P(Paid) = Dajid, P(@sg) =—08,9, P(Ba)=3a, p(U5)=—7g.

It defines Z/2Z-grading on Jac(f) and on Og. It also lifts to the Z/2Z-grading on
Hp=Hpo®Hp,, TS = TS ® TS and Og = O% &) Oé, where the indices 0 correspond to
p-invariant subspaces. Denote also

Hia = C((2) ® Clbosids - -, Phig—1,ia)dy1 A dya A dys @ OF C Hp .

Similar to the strict identity sector Hiq C Ht(iﬁ,fc)’ the subspace Hp q is generally smaller than
Hp,o (compare with Remark 7).



68 ALEXEY BASALAEV AND ANTON RAROVSKII

1. (Ap,Z)2Z) ~ (A @ Ds,id).

f _$If+1+$§+{17§7 G = <g>7 g = (07171)7 f _yk+1+y2+y2y§7

DN =

k—1
F(y,5.9) = [+ Z Syt + Zvﬁyl va, FO(s,2) = f+ ) saaf,
a=0

i([pa]) = [z1]&a, Yr([ye]) = [%]&m Vr([ys]) = & V(5a) :=vig, ¥(Va) = vy,
p(yl) =Y, P(y2) = Y2, p(y3) = Y3, p(ga) = Sa, p('l_)oz) = —Vq.
2. (Asp1,2/2Z) ~ (Dis1,id).

1 _
fr=attaital, Gi=(g), g:=5(1,0,1), Fi=uyi+ys+veui,
k—1 k—1
F(y.50) =+ 545 +T0ys, FO(s,2) =+ ) sai®,

a=0
i) = [w2)éa, Ur(lya)) = [23)6a,  Pr(ys]) = &, ¥(5a) == vy, V(Do) := vy,
p(y1) =y1, py2) =y2, pYs) = —y3, P(5a) =30, pP(Ua)=—Ta-
3. (Age_1,7)2Z) ~ (Dajs1,id).

1 _
fi=ai+ad+ 223k, Gi=(g), g:= 5(L0,1),  fi= Yt + y1yh + you3,

2k—1 2k—1
F(y,5,0) =+ Y Sa¥s +00ys, FOs,2)=f+ Y sax3”,
a=0 a=0

U([yn]) = [22)6a,  Yilya)) = [23)6a,  Yi(lys]) = &, U(5a) = vil, ¥ (Vo) := vy,
py1) =y, p(y2) =v2, py3) = —ys, p(a) =5
4. (Dr, Z/2Z) ~ (Azk—3,id).

_ 1 _
fr=at+ab taal, Gi=(g), g:= 5(1,0,1), F=v +yiye + oyl

k—2
F(y,5,0) = f + Z Syt + Zvayl ys, FOs,2)=f+) saxs,
a=0

i ([y1]) = [22]&ia, \I’f([yz}) = [fﬂg]fid» Vs ([ys]) = &» V(5a) = vig, ¥(Va) = vy,
p(y1) =1 py2) =y2 p(ys) = —ys P(5a) =30 pP(Va) = —TVa-
5. (Aaksr, Z/2Z) ~ (Doguary,id).

1 _
fr=at+2d+ 22t Gi=(g), g:= 5(0.1,1), f:= Y+ y2ys + yoys
2k 1
F(y,50) =f+) 5oy + 012+ 505) F(s,2) = f+ Z S5,
a=0

W (f]) = i, Vi) = € — 31316, V(i) = (316,

U (5,) = vy, ¥(0g) := vg.

Proposition 9. Let H(f e, 1(17H(f &) stand for the G-grading id and g subspaces of H(f &)

respectively. Denote by mia and my the projections on these spaces from H fG) Denote by my
and 1 the projections onto Hp o and Hp 1 from Hp.
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Then the following diagrams commute.

Hp ———— Uil Hp ———— Ml 1y s WL
7o Tid m Tg mo Tid
Hpo —, H((i;fG),id Hpy ————— H‘(iﬁ,fG)y Hpio =5 Hia
Proof. This follows immediately from the construction. O
Proposition 10. V%) respects G-grading. Namely,
v :’H((i;,fG),m N H?;,fc),hm;“ VX € TS(h]E’G).

Proof. We make use of the map p for all cases of Table 1 except the last one. For that last case
the proof is given in Proposition 17.
It’s enough to prove the proposition for X being 8% and 8%' Following the commutative
id g

diagrams of the proposition above, it suffices to prove that vE respects Z/27Z-grading of H,
i.e.

VF : 7-51& ® Hﬁ’g — ,HF‘,Ter'

The differential operator %, multiplication by 5, and multiplication by % = ¢a,id do not
change the Z/2Z-grading. Similarly, the differential operator %, multiplication by v, and
multiplication by 6871“; = @, alter the Z/2Z-grading.

The map p commutes with Dz and we do not need to distinguish between the classes and
their representatives. This completes the proof. [l

Proof of part (ii) of Theorem 1. Let ¢, stand for the complement to H;q in ’H?;fG) .q- Then
by Proposition 10

+ v

v v ‘ v ‘
id id Hia id HEy

for any A € Hiq.

Lemma 11. Denote F(5,y) = F(5,0,y)| Then

17(1:0,\11;1 [£g]=0"

e {Viﬁa \Ilgl[A]} .

Proof. By linearity it’s enough to consider A to be given by [qﬁ}f] for some gbiﬁd = d)iﬁd (z).

S [vF

9
s

a

VY0 6a]

: ’H \Ifgl([qs?(x)éid])”H = vy [VF, ()

id

=g [vFg U6 6]

]

] =¥
7=0,0 3" [£4]=0

The statement follows now from the commutativity of p and D. O
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Obviously F(5,y) = \Ilgl(FG(vi‘f‘j, 2)&a), then
OF

Vs [V U5 (4] =T la@ H(A4)| = ws [z—lwsl[au%1w31<A>
OFC o
_ |1 o OF
[ avldqb }&d vﬁ(A),

This completes the proof of part (ii) of Theorem 1.

5. ORBIFOLD GAUSS-MANIN CONNECTION

In this section we make full computations of the connection V{>&) and complete the proof of
Theorem 1. These computations can be summarized by the following proposition.

Let (f,G) be as in Table 1 and v?d,...,vi]fi‘d_l, v(g),...,vgg_l be the coordinates on Sy ).
OFC
Denote ¢g := 5
g

Proposition 12. The connection VG on H?ﬁfg satisfies
(i) We have for any a+ < kig — 1
G ¢
VY [9s6a] = V7o _[#s)ia-
81;51 Bvﬁ‘i

For a+ 8 = kiq we have

G G —~ 8FG
VY5 bptia) = VEo_[9sl€a + | Vo [0k, -] (D) + 61k, 009 5 | oo
v R E 2=0,Fix(q) avid i
and for a+ B > kiq + 1 we have
a 6 OF¢ _
V(JCL’G) [¢5€id] = VFL [¢5] - 51,:@;(112)2% &ia + v 5o [¢6] (’U)fg
via i 2 dug " 2=0,Fix(g)

where § € C* is a certain non-zero constant, and v = v(v) is a certain linear change of
variables.
(ii) We have for any o+ 3 < ks —1

G
VD166, = VEs 8516,
vl vig
And for o+ > kg we have

(£,3) FC FC ”2 oF¢
V5 P eslel = Vo _[¢4] £ — | Vo _[#5](0) + 0k, o gk, | i
vy ovia Fix(g) s 2=0,Fix(g) Ovyg = 7

where v = 0(v) is a certain linear change of variables.
(ili) We have for any index o and any G-grading g element [¢&,]

V9D 06] = ¢V 0 (0H] |06
811‘; 31)&
where v = v(v) is the certain linear change of the wvariables, H; and cg as in Sec-
tion 2.1.1.
Proof. Is summarized in Propositions 13, 14, 15, 17 and 16. (]

To simplify the formulae below, we adopt the following notation for the H z—elements

(97 = [pdyr A dy2 N dys].
We follow the indexing of Table 1 and make use of the data given Section 4.
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L fi=aft tad a3, 6= (g), g:= 50, 1,1), F =™ + o+ .
Proposition 13. For the pair (f,G) as above, the action of orbifold Gauss-Manin connection
reads
(i) Ifa+ B8 <k—1, then
.G
VD 6] = V(7716
Yid i
If a+ B >k, then
VOl = Vo _[#flga+ Vo 2ll6,®@)]
3”;"(‘1 81;51 01)% 2=0
where U5y = v5

5.
(i) Ifa+pB<k—1, then

G @
Vet 6a) = V0, (2116,
Yg Yid

If a+ B >k, then

G G« G G
V5D el ea) = VB age,) = VE5_[ah)e, — Vo [oF)6a|
vy 5“{2 vy vy 2=0

(e [e3
where vy = vy

(ii)

G ,G
Vg = ¢V o) By léia.
Yg Yid
Proof. (i) By the results of the previous section we have
el .G
VY eieal = Vo _lala + VYD [eleal
e v e s,

Now we calculate the second term of V(fL’G) [27 4] via the map Wg:
vy

V5D 2] = walyeto).

61;

Ho<a+pB8<k-—1,¥gly a+’8]p—[$?+5]§ld—vF [27]€&4. For k < a+ 8 < 2(k — 1) we need

to take into account the relations in the Brleskorn lattlce Hz. Denote r := aw+ 8 — k. Then
0 <r <k-—2. Applying Dy to [y]dys A dys] we obtain

& 1 r— _
i = - el '+ Z Y TS, + 0yys)p

The restriction to Hf,; gives us

a+p7 _ _ y4r—
i e, = k+1 Zvy 'oyys)
from where we obtain the claim.
(ii) By the definition V(JCL’G)[:U?&,] = V(Bfi’c)[mf&d} = Us[y*Pyslp. Ifa+p < k—1,
Oviyg Vg

e[y Pys)p = [25771¢, = vFy [25]€,. For a4+ 8 > k we need to take into account the
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relations in the Brieskorn lattice Hz. Applying Dg to [y]ysdys A dys] and [—y 1J”dyl A dys]
we obtain

k—1
(o7 1 r— - rT— T—
i e = =gl s+ s s + Zvval Y3
v=0
iy le = 0.
These relations give us
1
i e = =[Gy + szwyl s — Zwvy’” e
Moreover,
G a G)r .«
VI lalts) = Uslyl Pyl = VU 76
81}{;
what proves (ii)
(iii) V (’;G)[ el = W[yt y2) s, Applying Dy to [—y$ ™ dy; A dys], we obtain:

et + i BlE =0
from where we conclude

G a G
VU] = sl e = -V 6l

Yg vy
Note that chf |c%|2 HF —1 what completes the proof. O
2. fi=att a5+ a3, Gi=(g), 9:=35(1,0,1), f:= v + 45 +y203.

Proposition 14. For the pair (f,G) as above, the action of orbifold Gauss-Manin connection
reads

(i) Ifa+ B <k-—1, then
V9O eal = V1[0,
Yid Yid

If a+ B8 =k, then

0 G
(f,G),28¢ 1 _ oFC® 9 aFi
V@ﬂ&}é (21" &ial —Vaf'i [} Méia + 2 ok 8v%+5—k &g
If a+ B >k, then
W2 [  aFG
VS a4 = V5 [67)6q — L &ids
(o6 = Vi e - i | e

(ii) If 1 < 8 <k —1, then we have

0 G
(1.G) 28, 1 _ oG e q_ Vg | OF" | |
V% (27" &ial —Vﬁ [gg] - (%igd—l SER
and .
VAN g = vUPlg) = &,
g Yid

(iii)
VU1e) = VLD T 6l @) = ¢ H] (Fia))oa
vy 8"id

a 2k—1

(e r—
where Uiy 1= vig5 =y
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Proof. (i) By the results of the previous section we have
G G G
Vi 6a) = Vs [0116a + VYo (277 6d]
o v v He,

Now we calculate the second term of V' G)[ ]§1d via the map ¥gs:

v

v [xi%d} = Ws[ystp

Ov%
FO<a+B<k—1, Uglyst:) s = [22)gq = VF [22°)¢a. For k < a4 < 2k —2 we need

to take into account the relations in the Brieskorn lattlce Hz. Denote r := o+ 8 — k. Then
0 <r<k—2. Applying Dz to [y dy; A dys] and [yngdyl A dys] we have

[2(r + 1)yh + kys ™0 + g5 3 + ZV«SM” F =107,

[2y5 + 2y5 ™93 + voysys] F = [0] -
These relations give us

« 1 ’l’
v’ e == l(r+ yz +szwy”+ Pt *k[yzyB]

If r > 0, we need to express the last summand as well. Applying Dz to [y5~ *dy; A dys], we have
2y5ys + Poys |p =0

what completes the proof.
(ii) v G)[ fﬁfid] = \Ifg[ygyg]p. If 5 =0, the statement is clear. If 1 < 8 < k — 1, applying
61)

Dy to [y5 vy Ly A dys] we get

2y5ys + Toys '] = 0.
We calculate

_ 0 G
G Vo g _ v oF
VU9 6] = Wslhuslr = Vsl i e =~ 1 6 = — 5 || e
g 2 2 2 | Ovyg
Moreover
G G «
V0Dl = Uslysusle = V% 16l
1d Vg
what proves (ii).
(iii) V;fL’OG) (€5 = Y5[y3] 7. Applying D to [—dyi A dys] we obtain:
vg
[kys— +y3+2asaya Hg=0
from where we calculate
7G a— o—
VU] = Usldlr = Usl- (ks + D 0says e = — (ke + DS ot .
Note that
HE 11 o
cgHY = _ﬁ =~ (k2K -1 k=2 4 Z4a Doga3®?)

what completes the proof. O
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3. fi=a}+ad+ 023", G:=(g), g:=1(1,0,1), f:=y? +y195 + yo13.

Proposition 15. For the pair (f,G) as above, the action of orbifold Gauss-Manin connection
reads

() Ifa+ B <2k—1, then
v a3 6] = Vs _[137)6a

iy id
If a+ 8 =2k, then
ﬁ 3 Sid ﬁ 3 id A _7av%+ﬁ_2k g-

If a + B > 2k, then

.G
V6] = Vo (03716 —
9%ia id L id

(ii) If 1 < 8 < 2k — 1, then we have

v) | OFC
V(fva) 1.25 . :v(fva) __ 9 s
% [ 3 fd] 6;91% [59] 9 aufd‘l &id
and
.G G
V(af% )[1 : gid] = V(;;?o )[59] = fga
g id
(iii)
G .G ~ ~
VU] = ¢V ] €alFia) = ol H (Bia)léia
vg Oviq
where U5y 1= vy gij

Proof. (i) By the results of the previous section we have
Va3 6] = V7o (23160 + V7 (03 6]
vy vy vy He,
V(f G)[
d

,G) o
VD 22 ea) = Uslys P 5

Ev"‘

Now we calculate the second term of ]§1d via the map Us:

FO<a+p<2k—1, Uglyst)s = [22)gq —VF [22%)€q. For 2k < a+ B < 4k — 2 we

need to take into account the relations in the Brleskorn lattice Hz. Denote r := o + 5 — 2k.
Then 0 < r <2k —2. Applying Dz to [y +kdy2 Adys], [~y T ysdyr A dys), and [y5ysdyy A dys],

we have

o+

r+k + Y

IF =0,
2k—1

[2(r + V)b + kyys ™ + y3u5 ™ + Z Vs ) =

[2y1y5

25 + 255 + 1702922/3] = 0.
These relations give us
9 1 2k—1
s ) r = = clEr+5)ye + PR e + 2 P S lybys]p
¥=0
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If r > 0, we need to express the last summand as well. Applying Dy to [y5~ *dy; A dys], we have

2y5ys + Toys '] = 0.
what completes the proof.
(il) If 0 < 8 < 2k — 1, then V(fL’OG) [xgﬁfid} = \Ifg[ygyg] Applying Dz to [ dy1 A dyz] we

ng
obtain:

295 ys + voys 1p =0
from where we calculate

0 0 G
,G Vo g v _ vy | OF
VDN 6a) = Valysyslr = Usl——vh 'p = — 2236 = — 2 57| &id:
81); 2 2 2 avid
Moreover,
1G (03 7G «
v(;%)[gg] = Vglysyslp = V(afio )[xg &ial
Vid vg
what proves (ii).
(iii) V(fL’G) [€4] = Ys[y3]. Applying Dy to [—dyi A dys] we obtain:
8.0
2k—1
Fyys ™ + 3+ Y asays 'p =0
a=0
from where we calculate
2k—1 2k—1
G i
V) = Wsly) = ~Vslkyays ™ + Z 0says Mg = ka3 o+ Y avida G
v a=0
Note that
HE 1 1
F _ 9 _ 2k—2 id_2a—2
CgHg__|G|2_12/€—1 4k(2k — 1)xoxs —|—Z4a20¢—1v x5
what completes the proof. O

4. f _xl +.’E2 +£L’2£C§7 G* <g> g = (1,0,1),?12 yf71+yly2+y2y§'

Proposition 16. For the pair (f,G) as above, the action of orbifold Gauss-Manin connection
reads

(i) Ifa+ B <k —2, then
v“‘G’[ 26al = V7a_[25)6a,

d
Ifa+38>k—1, then
VU e 6a) = V1o a6 + V7o 2f @)
R vy v 2=0
where Uit = v (a+ §).
(i) Ifa+ B <k-3, then
G
VD lesg) = VUi asa) = Vo _la3le,.
vl Vg Yid

If a+38>k—2, then

v age,) = V(afi’f) [25&a] = Vzga [25)6q — VF o Lo 51(@)&a

81;‘% v Vid Vid 2=0

where T2 = v (a+ 3).
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(iii)
VU ) = gV L (@) Hy

Proof. (i) By the results of the previous section we have

,G G .G
VD s ea) = VI [e5)6a + VR (a5 &)
Bvi(fi Bvioé 61;% H]Ld

Now we calculate the second term of V(fL’G) [27)€q via the map Wg:

vy

v(ff (@5 6a] = sly? 5.

FO0<a+8<k—2 sy P)s = [27)¢a —VF [#5)64. For k—1<a+ 8 <2k —4 we

need to take into account the relations in the Brleskorn lattice H . Denote r:= a+ 5 — (k—1).
Then 0 < r < k — 3. Applying Dy to [y} dyz A dys], —[yiy2dys A dys), and [y7ysdy; A dys], we
obtain

[+ D + (k= Dy 7 + 7wl (55 + 0ywa)lp =0,

291 + 95wz + yivews]F = 0,
k-3
291 + 2019095 + > 0yy1 yslp =0
~v=0
where we assume v;_o = 0. These relations give us

k—2 k—3
N 1 L . 1 1
Wit e = ———[a(r + St + D5 TE = =D (v + 2)v )l s
k—1 2 k-1 2
v=0 ~7=0
This completes the proof.
(ii) By the definition V f’[ [2§€,] = f@ [ngid} = Ualy?Pyslp. I a+p < k—3,
B'u
syt Pyslp = 25, = VFG (25, For a+ 8 > k — 2 we need to take into account

Yid
the relations in the Brieskorn lattlce Hp. Denote r:=a+ 3 —(k—2). Then0<r <k-—3.
Applying Dy to [yTysdys A dys], [yTdyr A dys] and [—y +k 2dy; A dys] we have

k—2
— — — _ 1
Lryi s + (k= D)yt ys + yiyays + Y (5, +0yys)yr yslp =0,
v=0
k—3
2yiyoys + >0y IE =0, iy 5] =0
~=0

where we assume U_o = 0. These relations give us
k—

1 1
Pyl = — - [(zry; ™ + Z Vs )y Z u' Z Y091 ] F

This completes the proof.
(it)) V5P [056,) = Wslyi ™ y3). Applying Dy to [y dyy A dys), we get:

a+pB+1

[y} +y3lr =0
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from what we conclude
.G a
V(;La)[zgfg] = —[zy +ﬁ+1fid]-

Note that ch_f |G|2 H —x9 what completes the proof. O

5. f =2t + 2} +aa3", G = (g), g:=1(0,1,1), [ =y} +ydys + yoyi !

Proposition 17. For the pair (f,G) as above, the action of orbifold Gauss-Manin connection
reads

(i) If o+ B < 2k, then
VI 6 = Vs 06

iy
If a+ 3 =2k+1, then
200 OFC
(f,G)p,28¢ 1 _ oFC 1,287 g
Vﬁ (27" &id] Vﬁ[% J&ia 2% + 1 avic:;rﬁkafl £
If a4+ B >2k+1, then
02 fe
(£, 284 1 _ oFC (vy) OF
Vﬁ [371 fld]—vavaid[ ]€1d+2k+1 o0 a+[‘3 2k_2 fld
(ii) If 1 < B < 2k, then we have
vy | OFC
VDN ga) = VLI g) = -2 | = | G,
vg Ovig 2 uig

and

el G
-2 )[1 : fid] = Vg%)[fg] = 597

(iii)
V(afi’g) (€] = cgv(fL’G) [Hffid](ﬂid)
Ug 81!?{1

— a,Q 2k+1
where Uiy = v 5o+

Proof. (i) In this case we can not apply the map p and we prove the proposition by explicit
calculations via the map ¥gs:
VY a3 6] = wslys ™)

o
vy

Ifo<a+pg <2k Ugly a+ﬂ] = [xg(a+’8)]£id = Vli [22°]¢1q and the statement holds. For
2k +1 < a+ f < 4k we need to take into account the relations in the Brieskorn lattice He.

Denote 7 := a+  — (2k +1). Then 0 < r < 2k — 1. Applying Dy to —[y5 *dy, A dys] and
[y5 T dyy A dys] we have

20255+ ys ™ 4 Toys R = 1205 (yaus + 5 D+ Pp =0,
2k
[2(r + 1)y + ks (yaus + 5 20) 4yt (2 + yoyh) + > 15w TR =0
~y=0

These relations give us
2k

o 2 T T T
[ys +B]F = E[Z(T +1ys + 3/3+ (v3 + yzyg + Z’styw— Ip-
v=0
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We also note that

[ r+1

i 1 1 1 1
ys T s 4+ 25 e = s (g2 + 5y§) e e =y (y2 + §y§)2 - iy?ﬁ]

F
which gives us

2k

. 1
[0+ Dy + 057 (w2 + 55)° + D _ 75303
~y=0

a+py
]F_2k+1

Finally, applying Dz to [y5(y2 + 345 )dy1 A dys] we have

e

1 o 1
~y8) + voyh (y2 + §y§)]p =

[z5 + 255 (12 + 5

This relation gives

N 4 . 4 Ty, 1
Ws™Ple = s —[a(r yﬁszw”* 5 [ yr (g + =98]

2k+1 2k+1"2 2

If » > 0 we need to express the last summand as well. Applying Dz to [yg_ldyl A dys] we have

T 1 = o r—
[2y5(y2 + §Z/§) + 0oy~ =0,

what gives the expression for the second term.
To complete the proof we show that the first term is determined by VF [;vgﬁ J&ia. Note that

Yid

Vﬁ[mgﬁ]& = [z 2(a+5)]§ If 0 < o+ B < 2k, the statement is clear. If 2k + 1 < o+ 5 < 4k,

61)

applylng Dpec to [—a2 2 dg) A das] and 237 dzy A das] we have
[2ap22 2L 4 xg(a+5)]FG =0,

2k
1 r
[2z(r + i)xgr + (2k + 1)zquarT2h 1l 4 Z 27U%x§(7+ )]FG’ =0.
v=0
These relations give us

4
2(a+ 2(y+r)
[xg( Mg = Dy 1( "+ Z’Y”ld%h

This completes the proof.
(i) V(fi’oc) (220 €] = Wsys (2 + sy5)] 7. Applying Dy to [~y dy, A dys] we obtain:

vy

1 _ g
295 (yo + 3¥3) + toys F=0
from where we calculate
0 0 G
(F.G),28¢ 1 _ Vo g1y _ Ug oopo, Vg | OF
V% [331 &a] = [ (y2 + 21/3)] =gl §y3 lr = _5[333 1&ia = DY (%igd—l SER

Moreover

1
VI leo) = Wslu (a + qus)e = V3l

(o3
vy

what proves (ii).
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(iif) V(afi’f) [69] = Usl(y2 + 595)%] 7 = Us[y3 + 2y + 33*] . Applying Dp to [dy A dyo] w
vg

obtain:
2k k
(W3 + wowh + K2y + Y953+ ogus e =0,
v=0

Applying D to [—y5~dy, A dys] we obtain:
29295 + y3" + voys']p = 0.

This gives
2k 2k
1 o _k y3k 2k +1 o
(v + 59817 = [hyavh = D703~ = vogah ™ + Zlp = [T = D503
v=0 v=0
G i
VUl = 112k +1 Zm 4237 ?)6ia.
Bug
Note that
HF
chj:_ﬁ: Zv Ay(2y — Dy ™t — (2k 4 1)%28F
2k
1 4k AR
=1 (2k + 1)z5" — ;vidél'ka 1%
what completes the proof.
O
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