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A COMPLETE CHARACTERIZATION OF A,-SUFFICIENCY OF
PLANE-TO-PLANE JETS OF RANK 1

OLAV SKUTLABERG

ABSTRACT. Sufficient conditions for Ag-sufficiency of plane-to-plane r-jets are known. These
conditions are stated in the form of two Lojasiewicz inequalities which have to be satisfied.
The first of these inequalities is known to be necessary for Ap-sufficiency, and in this article
we prove that the second inequality is also necessary for Ag-sufficiency of all jets of rank 1.
We also prove that a simpler Lojasiewicz inequality is equivalent to the second inequality for
rank 1 jets.

1. INTRODUCTION

Let €,)(n,p) be the set of C" map germs (R",0) — (R?,0). Two map germs f and g in
€ (n, p) are Ag-equivalent if there exist germs of € diffeomorphisms £ : (R",0) — (R",0) and
k: (RP,0) — (RP,0) such that g = ko foh™'. If f,g € &,)(2,2) are A,-equivalent, then we
write f ~4, g. If f and g are Ag-equivalent, then we say that they are topologically equivalent,
and if f and g are not Ap-equivalent, then they are topologically different. A jet w € J"(n,p)
is Ag-sufficient in E(,j(n, p) if every f € Ep(n,p) with j7f(0) = w is Ag-equivalent to w. There
exists no general theorem giving necessary and sufficient conditions for Ag-sufficency of r-jets
in Epy(n,p) for arbitrary n and p. Known results include a characterization of Ag-sufficient
jets with 0 as an isolated singular point (see [I]), and a study of Ag-sufficiency in €1(2,2) of
jets from R? to R? (see [2]). The result in [2] gives a complete characterization of Ag-sufficent
plane-to-plane jets for a restricted class of jets, and it is the aim of this article to extend the
result of [2] to a complete characterization of Ag-sufficient plane-to-plane jets of rank 1.

We identify r-jets in J"(2,2) with polynomial maps R? — R? of degree < r with zero constant
term. Let w € J"(2,2). Let Jw(p) denote the Jacobian determinant of w at p and let ¥(w) =
Jw~1(0) denote the singular set of w. ¥(w) is an algebraic set. Let B(z, p) denote the open ball
in R? with center = and radius p. If w is a nonzero singular jet, then there is a real number
po > 0 and a natural number N such that (3(w) \ {0}) N B(0,p) has exactly N topological
components whenever 0 < p < pg. These components are called branches of w.

Let Cy,Cs,...,Cn denote the branches of w. Since ¥(w) is an algebraic set, the Curve
Selection Lemma implies that each of these branches has a well defined tangent direction at the
origin. We think of these directions as points on S*. If all these points are distinct, then we say
that w has different tangent directions at 0. Note that a line through the origin represents two
different tangent directions corresponding to antipodal points on S?.

Identify J1(2,2) with R* by identifying (az + by,cx + dy) with (a,b,c,d) and let ¥ =
{(a,b,c,d)|ad — bc = 0} C J'(2,2). Let F : R> — R? be a C" map with r > 2. The germ
of F at a singular point p is a fold singularity if two conditions are satisfied. The first condition
is that j1F M ¥ at p. If the first condition is satisfied, then X(F') is a C"~! manifold in a neigh-
bourhood of p. The second condition for fold singularities is that T,X(F) +ker D(JF)(p) = R%
Whether or not the germ of F' at a point p in the source of F' is a fold singularity is determined
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by the non-constant part of the 2-jet extension of F' at p, i.e. the 2-jet extension at 0 of the map
q— F(q+ p) — F(p) which will be denoted by J2F(p).

An element of J2(2,2) is then thought of as a polynomial map as above. We may use the
coefficients of these polynomials as coordinates of J?(2,2), and hence identify J2(2,2) with
R* x RS by identifying the polynomial map given by

(z,y) = (az + by + ex® + 2fzy + gy°, cx + dy + ha’ + 2ixy + jy°)

with (L, H) = ((a,b,¢,d), (e, f,g,h,i,7)). It is shown in [2] that in these coordinates, the set of
singular 2-jets which are not folds is given by

. . _ a b aj—bi—cg+df \ (0
F—{(a,...,J)Iad—bc—O’(c d) (—ai+bh+cf—de>_<0)}'

For every C? map F : R? — R? we may define a map (Lr, Hr) : R? — J?(2,2) = R* x R®
induced by J2F via the identifications above.

Let d(-,%) denote the distance function from a point in R* to ¥ with respect to the norm on
J*(2,2) induced by the Euclidean norm on R*. For all f € £,)(2,2), define

ds(p) = d(7' f(p),2).
For all ¢,p > 0 and f € €(2,2), define

Heo(f) = {p1dG" 1 (0),3) < ellpl™" 0 < |lpll < p}
H, ,(w) is a semialgebraic set with X(w) N B(0, p) \ {0} C H, p(w).

Proposition 1.1 (Proposition 2.1 of [2]). Let r > 2 and let w € J"(2,2) be a singular, nonzero
jet such that 0 is not isolated in X(w). LetT and C1,...,Cn and He ,(w) be as explained above.
Consider the following condition:

(I) There is a neighbourhood U of 0 and a constant C' > 0 such that if p € U and (L,H) € T,
then

IZo(p) = LIl + || Ho(p) = Hl o]l = C [lp] "

Assume that condition (1) is satisfied. Then there exist g > 0 and pg > 0 such that the following
is satisfied: For each p such that 0 < p < pg, and for each € such that 0 < € < €y, H, ,(w) has
exactly N connected components and we can label these components by H€17p7 . ,ng, such that
fori=1,...,N, C; C H! .

Theorem 1.2 (Theorem 2.3 of [2]). If w € J"(2,2) has an isolated singularity at the origin,
then w is Ag-sufficient in E(1(2,2) if and only if inequality (I) of Proposition L1l holds.

In this article, whenever w is an 7-jet which satisfies (I) and we speak about H, ,(w), it is
understood that € < ¢y and p < pp where ¢y and py have the properties stated in Proposition

in!

Theorem 1.3 (Main Theorem of [2]). Let r > 2 and let w € J"(2,2) be a jet as described in
Proposition [Tl . LetT', Cy,...,Cn and H, ,(w) be as defined above and assume that condition
(I) from Proposition[11] is satisfied. Let py and €y be as in the conclusion of L1l Consider the
following condition :

(IT) There exist p > 0 with p < po and € > 0 with € < ey and a constant C' such that if H! ,(w)
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and HJ ,(w) are distinct components of He ,(w) and p € H} ,(w) U{0} and ¢ € H ,(w) U {0}
then
r—1 r—1
lw(p) = w(@)l = Clpll" +llall") lp — gl -
Assume also that the condition (II) above is satisfied, then w is Ag-sufficient in E;(2,2) .

Moreover, the condition (I) of Proposition [I1l is a necessary condition for Ag-sufficiency in
€111(2,2) for all jets in J"(2,2) with r > 2, and if we consider singular, nonzero jets w where
0 is not isolated in X(w), and where w has different tangent directions at 0, then condition (II)
above is also a necessary condition for Ag-sufficiency in €,1(2,2).

Proposition 1.4. If w € J"(2,2) satisfies (I), then every C" realization of w has only regular
points and fold singularities outside the origin. If w does not satisfy (I), then there is a C”
realization of w with a sequence of simple cusp points converging to the origin. Furthermore,
simple cusps are topologically different from folds and regular points.

Proof. The first assertion follows from the defining property of I' and Lemma 4.1 of [2]. The
second assertion is the content of Lemma 6.3 of [2]. The last assertion is the content of Lemma
6.6 of [2]. O

Proposition 1.5. If w € J"(2,2) satisfies (I) and (II), then the restriction of every C" realiza-
tion of w to its singular set is injective. If w has different tangent directions and satisfies (I)
but does not satisfy (II), then there is a C" realization of w having a sequence of singular double
points converging to the origin.

Proof. The first part of the Proposition follows from Lemma 4.12 of [2] and the last part follows
from Lemma 6.4 of [2]. O

Definition 1.6. A map germ z = (21, 22) : (R?,0) — (R?,0) of rank 1 is in standard form if
21 (ZL’, y) =Z.

Theorem can be quite difficult to apply in practice. In the case of rank 1 jets in standard
form, the following theorem gives the neat conditions that characterize Ag-sufficient jets.

Theorem 1.7. Let r > 2 and let w(x,y) = (z, f(z,y)) € J(2,2) and let C1,...,Cn be as
above. Then w is Ag-sufficient in E(1(2,2) if and only if the conditions (i) and (ii) below are
satisfied:

(i) There are a neighbourhood U of 0 and a constant C > 0 such that if p € U, then

[y + Ly @) ol = C llpl ™"

(ii) There are a neighbourhood U of 0 and a constant C > 0 such that if C; and C; are
different components of X(w) \ {0} and p = (z,y) € C; U{0}NU and g = (z,v) € C; U{0}NU,
then

1F() = (@) > C(lpl™ ™" + llall"™ )y —ol.

There is also an analogue of Theorem for rank 1 jets in standard form.

Theorem 1.8. Ifw € J"(2,2) is in standard form and has an isolated singularity at the origin,
then w is Ag-sufficient in € (2,2) if and only if (i) of Theorem [1.7] holds.

Proof. This follows immediately from Theorem and Lemma of Section which says
that for jets in standard form, (i) and (I) are equivalent. O

From now on we consider only singular jets where 0 is not an isolated singularity. The main
step in the proof of Theorem [I.7is to prove the following proposition:
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Proposition 1.9. For jets of rank 1 in standard form, (II) < (ii).

The virtue of Theorem [[7is that both the set I' and the sets H, , are left out of the theorem.
Also, when verifying (ii) one only needs to consider pairs of points with the same xz-components.
Finally, the validity of Theorem [[.7] is not restricted to the case of jets with different tangent
directions at 0.

Theorem [I7] holds for rank 1 jets given in a special form. For rank 1 jets in general, the
following theorem holds.

Theorem 1.10. Let r > 2 and let w € J"(2,2) be a jet of rank 1. Then w is Ag-sufficient in
€111(2,2) if and only if (1) of Theorem[L.3 and (II’) below hold:

(ID) There is a neighbourhood U of 0 and a constant C' > 0 such that if i # j and p € C;NU
and g € C;NU, then

lw(p) = w (@Il > Clpl™" + llal™™") lp — all

The article is organized as follows: In Section [2] we prove that Theorem [[7] implies Theorem
[LI0L Section B contains a thorough study of the hornshaped neighbourhoods H, ,. This enables
us to prove that inequality (II’) implies inequality (IT) for rank 1 jets. This is the topic of Section
@ In Section M we also give the proof of Proposition [l This proposition is the key to the
construction of a certain Whitney field in Section Bl This Whitney field is the main technical
tool in the proof of the necessity of (ii) for all rank 1 jets in standard form, and will conclude
the demonstration of Theorem [[.7 and Theorem [[.I0l

In the rest of the article, Ag-sufficiency of an r-jet is understood to mean Ag-sufficiency in
€111(2,2). Sometimes only the term ’sufficiency’ will be used.

Notation 1 (5, 2, ~). Let F and G be two nonnegative real-valued functions defined on some
subset of some Euclidean space E. We will use the notation F' 2 G if there is a constant a > 0
such that F' > aG. The notation F' < G means that there is a constant b > 0 such that F' < bG.
If F <G and F 2 G, then we write F' ~ G. For two sequences (p,,) and (g,) in E and positive
real valued functions F' and G, F(p,) 2 G(gn) means that there is a positive constant a and a
natural number N such that F(p,) > aG(g,) when n > N. Similarly, F(p,) < G(¢,) means
that there is a positive constant b and a natural number N such that F(p,) < bG(g,) when
n > N. Of course, F'(p,) ~ G(gy) means that F(p,) 2 G(g,) and F(p,) < G(gn).

Notation 2 (O, o). If F and G are real-valued functions defined in a neighbourhood of 0 in
some Euclidean space, then F'(z) = o(G(x)) means that F(z)/G(z) — 0 as x — 0. If (p,) and
(gn) are sequences converging to 0, then F(p,) = 0(G(¢,)) means that F(p,)/G(¢n) — 0 as
n — oo. For fractional power series § and «y, O(3) denotes the order of 5 and § = o(y) means

that O(8) > O(v).

Acknowledgements: The author wishes to thank Professor Hans Brodersen for sharing his
ideas and for many helpful discussions.

2. COORDINATE CHANGES

2.1. Suitable coordinates. To establish the connection between Theorem [[7 and Theorem
[[I0, we have to investigate how our Lojasiewicz inequalities behave under coordinate changes.
Let w € J"(2,2) and let w’ = kow o h™! where h and k are germs of C" diffeomorphisms
(R2,0) — (R2,0).

Lemma 2.1. w is Ag-sufficient if and only if 77w’ is Aqg-sufficient.
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Proof. Assume that w is sufficient and let @ be a C” realization of j"w’. Then j"(k~'o&oh) =
j"(k~toj"w oh) = w. Thus & ~4, j'w’, and hence, j"w’ is sufficient. Conversely, suppose j"w' is
sufficient and let @ be a C™ realization of w. Then clearly j"(kowoh™!) = j"(kowoh™!) = j"w'.
Thus @ ~4, kowoh™ ~y, j"w' ~4, W ~4, w, which shows that w is sufficient.

O

Lemma 2.2. w satisfies (1) < j™w' satisfies (I).

Proof. Assume that w satisfies (I) and that j"w’ does not satisfy (I). By Proposition [4] j"w’
has a C" realization @ with a sequence of singular points converging to 0, all topologically
different from folds. Then w = j” (k=1 0 & o h) has a realization which has a sequence of singular
points converging to 0, all of which are topologically different from folds. This contradicts the
assumption that w satisfies (I).

Let wy = j"w’. Then w = j" (k"' ow’oh) = j" (k=L owy 0 h), and hence, the other implication
follows from the first implication. O

Lemma 2.3. Let z and 2’ in €1(2,2) be such that 2’ = kozo h=1 for some germs at the origin
of origin-preserving C™ diffeomorphisms h and k . For each €,p > 0, there are €', p’ > 0 such
that h(He v (2)) C He,p(2).

Proof. Tt is enough to show that ||p|| ~ ||h(p)|| and d.(p) ~ d..(h(p)). An application of Taylor’s
formula gives ||p|| ~ ||h(p)]|. We also have

d-(p) = inf{||Dz(p)o|| | [lv]| =1}  (by (3.11) in [2])
~ inf{[[D(k o z)(p)v| | [[v]| =1}
~ inf{|[ D2 (h(p))v] | vl = 1}
= dz(h(p)),
and the lemma follows. O

Lemma 2.4. Suppose z and 2’ in E,(2,2) are such that j"2(0) = j"2'(0). Let €,p > 0. Then
there are €', p’ > 0 such that

He (') C He p(2).
Proof. Assume that z and 2z’ satisfy the premises of the lemma. Let Z = z—2’. Then j72(0) = 0,
and hence, | DZ(p)|| = o(||p||"~"). Using this, we see that

d-(p) = inf{||Dz(p)v| [|v]| = 1} < nf{[[D2(p)vl| + [ DZ(p)v] | l|v]| = 1}
< inf{|| D2 (p)ol| | o] = 1} + sup{||DZ(p)ol| | |v]| = 1} = dar(p) + ol ).

The lemma follows. O

Lemma 2.5. For every sequence (p,) of points converging to 0 such that d(j'w(p,),¥) =
0(||pn\|r_1), there is a subsequence (pnk)) of (pn) and a C" realization wy, of w such that p,) €
E(wp) for every k.

Proof. Let (pn) be as in the lemma. Choose p, ) such that Hpn(kH)H < %Hpn(’c)H' For every
k, let My, be a matrix such that || M|l = d(j'w(pnk)), X) and Dw(py,ky) + My is singular. Let
Q be the r-th order Taylor field defined on K = {0} U (Up{pn(x)}) with values in R? given by
Q' (p) = My, for p = Pn(r) and @ = 0 otherwise. It is clear that @ is a Whitney field. Let h be a
C" extension of Q). Then j7h(0) = 0. Let w, = w + h. It is clear that w, satisfies the conditions
in the lemma. U

Lemma 2.6. (1) and (II) hold for w < (I) and (II) hold for j"w'.
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Proof. Assume that (I) holds and (II) fails for w. By Lemma 2.2 (I) holds for j"w’ as well. We
proceed to show that (II) fails for j”w’. Since (II) fails for w, there are sequences (p,,) and (gy)
of points converging to 0 such that

d(j'w(pn), B) = o([lpal|"™") and d(j'w(gn), £) = o[lgn]" ")
and
-1 —1
lw(pn) = w(@n)ll = o(lpall"™ + llgal"™") IPn — aul

and p, and ¢, belong to different components of He ;(w). Since h and k are germs of diffeo-
morphisms, an application of Taylor’s formula shows that ||h(p)|| ~ ||k(p)]| ~ ||p|| for all p close
to 0. Furthermore, since h and k are diffeomorphisms, the definition of differentiability gives
lh(p) — h(q)|| ~ llk(p) — k(q)|| ~ |lp — ¢l| for p, q close to 0. Furthermore, j"w’ = w’ + & where
j72(0) = 0 and hence, |@(p)]| = o(lpll") and [|Da(p)|| = o(|jp|"~"). Using this and the Mean
Value Theorem, we get

157w (R(pn)) — 57w (h(gn))l
<k ow(pn) = ko w(gn)ll + [lw(h(pn)) — @(h(gn))ll
S llw(pn) —w(gn)ll + S 1D (th(pn) + (1 = 1)A(gn)[ 12(pn) = h(gn)l

= o(llpall"™" + llaall"™) I = aall + o(1A@)I™ " + [R(@n) 1"~ [1h(pn) = Algn)ll
= o) 1" + (@) 1™ 1e(pa) = hlan)]| -

By Lemma [2Z.5] there are subsequences (py,(x)) and (g, ) of (pn) and (g,) and C” realizations
wp and w, of w such that for each k, p,x) € X(wp) and g, ) € X(wy). Hence, for each of the
sequences (h(pn(xy)) and (h(gn(k))), there are C” realizations of j"(w’) having singular points
along the sequence. It follows that, given small positive € and p, then eventually the sequences
(h(Pn(ry)) and (h(gn))) are in He ,(j"w’).

We need to show that for small ¢, p, eventually the sequences (h(pn(x))) and (h(gn(ry)) lie
in different components of H, ,(j"w’). To this end, use Lemma to pick €, p’ so small that
h™'(He (W) C He 5(w) where € and p are as above, i.e. such that (p,) and (g, ) lie in different
components of He 5(w). Then use Lemma [2.4] to pick €, p such that H, ,(j"w’) C He p(w'). As-
sume that there are subsequences (h(pn(x(1)))) and (h(gn k(1)) which lie in the same component
of H ,(j"w’). Since h~! is a homeomorphism, the component of H. ,(j"w’) containing (h(p,))
and (h(g,)) is mapped by h~! into one component of He ;(w). This contradicts the assumption
that (p,) and (g,) lie in different components of H; ;(w). Hence, (II) fails for j"w’.

To finish the proof, observe that w = j"(k=! o j"w’ o h), and hence the other implication
follows from the first. (]

2.2. Lojasiewicz inequality (I) for rank 1 jets. When w is in standard form, we have a
particularly convenient version of inequality (I).

Lemma 2.7. Let w(z,y) = (z, f(z,y)) be an r-jet in standard form. Then (I) holds for w if
and only if (i) of Theorem [I.7 holds for w.

Proof. To prove that (I) implies (i), notice that
(L,H) = (1,0, f2,0,0,0,0, faz, fay, 0)(p) €T
for all p, and hence, if (I) holds, then

[y + £y @) 1] = 1 Zu(p) = LIl + | Ho(p) = HIl o]l = C )™
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Conversely, if (I) fails, then there are a sequence (p,) in R? converging to 0 and a sequence
(Ln, Hy) € T such that

1Ze(Pn) = Lall + [ Hoo (pn) = Hall lpall = o(llpal™ ™).

Let (Ln, Hy) = (an, ... dn,en,...,j5n) € RO We get that a, = 1 — o||p,]|”"") and b, =
o(|lpall"™"). Also, since L, is singular, d, = cpbn/an = o(|lpn| "), which implies |f,(p,)]
o(|lpall”™"). We have H,(p,) = (0,0,0, fox, fay, fyy)(Prn). Thus we also have e,, fn,gn
o(|lpnl”"?). Furthermore, from the definition of I', we get that

an(an.jn — bpin — Cngn + dnfn) + bn(_anin +bnhn + cnfn — dnen) =0.
It follows that j, = o(||pn | ~%) and hence, | f,y(pn)| = o(|[pn||”2). This shows that (i) fails. [

Lemma 2.8. Let a be a real number and let ® be the diffeomorphism ®(z,y) = (P1(z,y), P2(z,y)) =
(v,ar +y). Let w € J"(2,2) be in standard form. Then we = wo ®~1 is an r-jet in standard
form and w satisfies (i) and (ii) if and only if we satisfies (i) and (ii).

Proof. The first assertion is clear from the form of ®. For the second assertion, assume that
w satisfies (i) but not (ii). Lemma and Lemma 27 imply that w o ®~! satisfies (i). Since
w does not satisfy (ii), there are distinct components C; and C; of X(w) \ {0} and sequences
Pn = (2, yn) € C; and ¢, = (zy,v,) € C;, both converging to 0 and such that

£ () = f@n)| = o(llpall™™" + llgall™ Hlyn — val-

From the definition of ®, it is clear that we (z, y) = (z, fo(z,y)) is in standard form. Furthermore,
®(C;) and ®(C};) are different components of X (wg) and

o (®(pn) = fo(@(gn) = |F(pn) = F(@n)] = o(llpal" ™" + lanl" ™) lyn — vnl
= O(H(I’(pn)nr_l + HcI)(Qn)||T_1)|(I)2(pn) - (I)Z(Qn)‘v

and hence (ii) fails for we.
Observe that ®~!(z,y) = (z, —az + ), and hence the other implication follows directly from
the argument above. O

Lemma 2.9. Let w be an r-jet which satisfies (I), and let ' be a C™ map germ with w ~4,_ W'.
Then (II’) holds for w if and only if (II’) holds for j"w'.

Proposition 2.10. If w is an r-jet in standard form satisfying (i), then (i) and (II’) are
equivalent for w.

The proofs of Lemma [2.9] and Proposition 2.10] will be postponed until Section @l

Proof that Theorem[I.]] = Theorem[LI0l Assume that Theorem [[7]is true. Assume now that
(I) and (IT’) hold for an r-jet w € J"(2,2) of rank 1. By Lemma 22 Lemma 27 Lemma
and Proposition 210, we may choose C" coordinates transforming w to the standard form
@(z,y) = (x, f(x,y)) such that (i) and (ii) hold for j”@. By Theorem [[7] j"@ is Ag-sufficient.
Lemma 2] implies that w is Ag-sufficient.

Conversely, if (I) fails for w, then, by Lemma [Z2] and Lemma [Z7] (i) fails for j"@ and hence,
j"@ is not sufficient by Theorem [[7l By Lemma 2] w is not sufficient. If (I) holds and (IT) fails
for w, then (IT") fails for j"@ by Lemma[20l By Proposition 2I0] (ii) fails for j”@. Theorem [[.7]
shows that j"& is not Ag-sufficient, and hence, by Lemma [2.1] again, w is not Ag-sufficient. [
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3. HORNSHAPED NEIGHBOURHOODS

3.1. Consequences of inequality (i). Let w(z,y) = (z, f(z,y)) be an r-jet of rank 1 in
standard form for which (I), or equivalently (i) holds. By Lemma[Z8 we may choose coordinates
such that no branch of ¥ (w) is tangent to the z-axis. Let

Hep={p:1f,®) <ellpl™",0 < lp| < p}.
Recall from (3.3) in [2] that

e
[1Dw (@)

It follows that for every € > 0 there are €1, €2, €3 > 0 such that
H€17P(w) - Hszyp(w) - He,p( w) C Hés p( w).

dy(p) = d(j'w(p), ) ~ ~ | fy(D)-

Lemma 3.1. Proposition [l holds when we replace Hc , by Heyp.

Proof. Let
The proof of Proposition [Iin [2] applies to H. ,(w) once we have shown that

(3.1) |(£19) )] Z llpl™ "

This corresponds to Lemma 3.1 in [2]. Let

D ={peS:|fyp)|<Ify(q)] forall g € S with [p]| = [lql| # 0}.

An application of the Tarski-Seidenberg Theorem shows that D is semialgbraic. Assume that
(1) does not hold. Then 0 € D and the Curve Selection Lemma implies that we can find an
analytic curve v = (v1,72) : [0,8) — R? with y(0) = 0 7(0,8) C D and |f,(y(t))| = O(H’y(t)Hr_l).
Assume that [|y(t)|| ~ t* and |f,(y(2))| ~ t¢. Then ¢ >r —1. Also, [|7/(¢)|| ~ t*~! and

VAG®): ||1/Et§| e
)

t
")/ 117/ ()]l Then v(t) - w(t) — 0 ast — 0% Let
w(t) where |a(t)| < 2 and |b(t)| < 2. Using that

Let v(t) = (72(t), =m1.(1))/ [[7()[| and w(t)
ea(t) = 8% ov(t). Then es(t) = a(t)v(t) +
~(t) € S, it follows that

fuy D] = IV £, (1(#)) - e2 (D] S 197° = o(lv(B)I"™),

and hence (i) fails along ~, contrary to our assumptions. Therefore (B.I]) must hold and the rest
of the proof goes as the proof of Proposition [[Tlin [2]. O

=7
(t)

In the rest of the article, when we consider jets in standard form, we will only talk about ffe’ P
and by abuse of notation, it will be denoted by H. ,. Lemma B gives very specific geometric
information about H, ,. The situation for € < €y and p < po is illustrated in Figure [Il

For the proof of Theorem [[.7] we need information about H. , of more quantitative character.
This section and the next contain the results we need.

Lemma 3.2. There is a 6 > 0 and a neighbourhood U of 0 such that
{(z,y) €R? ]2 <6y} NB(w) NU N\ {0} = 0.
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Components of H,,(w)

Y

B(0,p)

Components of 3(w)

FIGURE 1. The figure shows 6 different components of H, ,. The branches of
Y(w) are contained in different components of He ,.

Proof. Assume that the lemma is false. Then there is a branch of X(w) parametrized by an
analytic curve a(t) = (ai(t),az(t)) with «(0) = 0 and such that a;(t) = o(Jaa(t)[""!). Let
m = O(a1(t)), n = O(az(t)). Then m > n(r —1). We compute

d
3.2 0=—
(3-2) o

By (i),

fu(a(t)) = Vi (at) - o/ () = fya(a(t)a (t) + fyy(a(t))on(t).

[fun(@(@)a (O] Z lla()| 72 "7 H ~ g 2tnt = gnir=i=1,
By continuity of f,, at 0, we have that O(fy,(a(t))a)(t)) > m —1 > n(r — 1) — 1. It follows
that [B2]) cannot hold, and this contradiction proves the lemma. (]

Lemma 3.3. If € and t are small enough, then (0,t) ¢ H ,.

Proof. It is enough to check that the order in ¢ of f,(0,) is not greater than r —1. Assume that
O(fy(0,£)) > —1. We have

d
%fy(ov t)= fyy(07 t),
and our assumption implies that O(fy,(0,t)) > r — 2. This contradicts (i). O

3.2. Newton-Puiseux roots of Jw. The real polynomial Jw = f, has a Newton-Puiseux
factorisation of the form

E

fy(z,y) = u(z,y) -7 - | |y — Bi(z)]

p
=1

B
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where u € C{z,y} is a unit, E > 0 and each §; is a formal fractional power series in = with
complex coefficients. We may assume that O(f;) > 0 for all i. Furthermore, all of the fractions
occuring as exponents in these formal fractional power series have a common denominator N.
This means that for each 4, the formal fractional power series obtained by substituting ¢V for
is an ordinary formal power series in ¢. This factorization is a purely algebraic rewriting of the
original polynomial, but since the product is a holomorphic function, each of the power series
Bi(tV) are in fact convergent power series, and hence, they are holomorphic functions of ¢ for
small t. We call the ; convergent fractional power series.

Lemma B3 implies that F = 0, and we also assume that O(f5;) < 1 for each 7. This can
always be obtained by composition of w with a diffeomorphism of the type in Lemma 2.8

Lemma 3.4. For each branch C of w contained in the first quadrant of R? there is a uniquely
determined index i with 1 <1 < p such that t — (t"V, 3;(tN)),t > 0, is a parametrization of C.

Proof. Let C be a branch of w contained in the first quadrant of R2. The Curve Selection Lemma
gives an analytic parametrization v(¢) of C for ¢ > 0. By a change of parameter if necessary, we
may assume that v(t) = (tM N F(tV)). Now,

F(0(®) = u(v(®) - [THEY) = Bi(t* )] = 0.

=1

This is an equality between analytic functions, and hence, for some i, 7(tV) = g;(tMN). It
only remains to show that 3; = 3; = ¢ = j. If there are ¢ # j such that 8; = [;, then
Loy (N, B:(Y)) = £,(tY, Bi(tY)) = 0, and this contradicts (i). O

For real x > 0, we may think of the 3; as complex valued functions of z. By Lemma
3.4l each branch of w in the first quadrant is a part of the graph of one of these functions
Bi(x). Any such fractional power series 3; can have only real coeflicients, for we may write
Bi(z) = Re Bi(z) + IIm B;(z) where J is the imaginary unit and both terms on the right side
are convergent fractional power series of x. If Im §; # 0, then Im f3;(x) # 0 for small z, and
this cannot be the case. We may assume that (1, 0,...,0s correspond to the components
of ¥(w) \ {0} in the first quadrant and that fi(z) < f2(x) < ... < Bs(x) for small . The
corresponding components will be denoted by C1,Cs, ..., Cs.

In our factorisation of f,, we have in effect solved the equation fy(x,y) = 0 in terms of
x. We might equally well have solved the same equation in terms of y and obtained another
factorisation

q

fy(w,y) = (@,y) -y - TJle - 8; ()]
i=1
where v/ € C{z,y} is a unit, F' > 0 and each (3} is a convergent fractional power series in y
with O(8F) > 0. As before, we may assume that y — (5 (y),y),y > 0 is a parametrization of
C;fori=1,...,s. For (z,y) € C;, (z,0:(x)) = (5] (y),y), and hence, both f; o 8 and G} o f;
are the identity maps. In our case, F = 0 and O(8;) > 1 for i = 1,...s because O(f5;) < 1 for
1=1,...,s.

We will call the 3; the z-roots of f, and the 3; the y-roots of f,.

Notice that if v # 0 is a convergent real fractional power series in x for which the exponents
in the powers of x in the terms of « have a common denominator N and the term of lowest order
has positive coefficient, then v(t") = g(¢) for some real analytic function g(t) = t"™h(t) where
h is real analytic and h(0) > 0. Then s = t(h(t))™ is a real analytic change of parameter near
t =0, and t = k(s) for some real analytic function k. We have (tV,g(t)) = (k(s)",s™). Thus,
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if we set v*(y) = k(y= )", then we get a fractional power series v* such that v* oy = v o v* is
the identity map.

Lemma 3.5. Let 8 be a convergent fractional power series with real coefficients. Let ¢ be the
coefficient of the lowest-order term of 3. Assume that ¢ > 0. Then O(83) - O(8*) = 1 and the

coefficient of the lowest-order term of 3* is o

Proof. Let d be the coefficient of the lowest-order term of §*. Since 8 and 5* are both convergent
fractional power series, y = fo3*(y) = cd®B)yOB)O(B") L terms of higher order. The conclusion
follows immediately from this. O

Lemma 3.6. Let 3; be one of the x-roots of f,, and let 5] be a y-root of f,. Let a € Q4
and let t € R and let v5(z) = Bi(x) + sz + a(x) and let o (y) = B} (y) + ty* + a(y), where
is a convergent fractional power series with O(«) > a. Then there are finite sets S(i,a) C R
and T(j,a) C R, independent of o such that 0 € S(i,a) N T(j,a) and Oy(fy(z,vs(x)) and
Oy (fy(of(y),y) are constant numbers A and B, respectively, for all s ¢ S(i,a) and t ¢ T(j,a).
If s € S(i,a), then Ox(fy(x,vs(x)) > A, and if t € T(j,a), then Oy(fy(cf(y),y)) > B.

Proof. We prove only the part of the lemma concerning the z-roots, since the other part is
completely analogous. From the factorisation above we get

Fy@,75(2)) = u(@,75(2)) - (52 + (@) - [ [ s () = B; ().
J#i
The coefficient of the term of lowest order in this fractional power series is a nonzero polynomial
in s. Let S(i,a) be the set of real zeros of this polynomial. It is clear by definition that s = 0
has to be a root of this polynomial. O

Definition 3.7. Let 3; be an z-root of f, and let 57 be a y-root of f,.

We say that a fractional power series 7 is an a-perturbation of 5; if v(z) = B;(x) + sz® + a(x)
and « is a convergent fractional power series with O(a) > a. We say that v is a generic
a-perturbation of f3; if s ¢ S(i,a) and either a # O(f;) or O(y) = O(5;).

We say that a fractional power series o* is an a-perturbation of 55 if o*(y) = 35 (y) +ty* +a(y)
and « is a convergent fractional power series with O(«) > a. We say that ¢* is a generic a-
perturbation of 87 if ¢t € T'(j, a) and either a # O(B;) or O(c*) = O(5;).

J

Lemma 3.8. Let a = O(8;) and let v be a generic a-perturbation of B3;. Then v* is a generic

%-perturbation of B

Proof. Assume (;(z) = cz® + B(x) where O(8) > a. Let vs(z) = f;(x) + sz* + a(x). Then
v(z) = vs(z) for some 5 ¢ S(j,a). Since v is a generic a-perturbation of 8;, § # —c. Therefore
v(x) = (c+ 8)z® + B(x) + a(z) is of order a. It follows that

Bi(y) = Cll/ay”“ +8(y)

and

Y (y) = Y+ a(y).

(c+ §)l/a
Since S(j,a) is finite and 5 ¢ S(j,a), vs(x) is generic for s in some small interval I containing §
and such that —c ¢ I. Therefore, O, (f,(z,vs(x))) is constant for s € I, and hence,

Oy (42 (0):9)) = 1 Oalfy (0 735(2)

is constant for s € I. Since T'(j, 2) is finite , this means that 1/(c + §)'/* ¢ T'(j, 1). It follows
that v*(y) is a generic %—perturbation of B5. O
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3.3. Width of H ,(w). To obtain the necessary estimates of the next section, it is of great
importance to know more about how large H, ,(w) is and, in some sense, how well separated the
components of H, ,(w) are.

Forevery j =1,...,s—1, themapy — |f,(x, y)| has alocal maximum v;(z) € (5;(x), Bj+1(x))-
The 7;(z) have to lie in the open intervals because, by (i), |fyy(p)| > 0 for all p € X(w) \ {0}.
The functions y; have to be Newton-Puiseux roots of f,,, and are therefore convergent fractional
power series in x with real coefficients.

For a convergent real fractional power series 3, we denote by G(8) the set {(z, 5(z))|z > 0}
and by G*(3") the set {(3" (), y)ly > 0}.

Lemma 3.9. Ifi > j, a = O0(6; — §;) and O(5;) = O(B;), then for every generic a-perturbation
B of B; and B;, there are € > 0,p > 0 such that G(3) N H ,(w) = 0.

Proof. There is aroot 7y of f,, with 8;(x) < v(z) < B;(z). Since O(8;) = O(B;), v has to be an a-
perturbation of 8; and §;. Lojasiewicz inequality (i) implies that | f, (z,v(z))| 2 ||(z,v(x NI
Since @ is a generic a-perturbation, it follows that O(f,(z,5(z))) < O(fy(x,v(x))). We also
have O(B) = O(B;) = O(B;) = O(y), and hence, |[(z,v(z))| ~ ||(z,B(z))]]. Altogether this
shows that |f,(x, 8(z))| 2 || (=, B(z))||""", and the conclusion follows. O
Lemma 3.10. Let b = O(B}), and let 3* be a generic b-perturbation of Bf. Then, for small

(2

enough €,p >0, G*(6*) N He p(w) = 0.

Proof. The fractional power series v*(y) = 0 is a b-perturbation of 5, and from Lemma B3
we know that |f,(v*(y),y)| 2 I(v*(y),»)|I”~". Since B* is a generic b-perturbation of 37,
Oy (fy(8(¥): ) < Oy(fy(v*(y),y)), and since we also have [|(8"(y),y)l| ~ [(v* (), Il ~ v,

O

the lemma follows.

Lemma 3.11. Let a = O(8;), and let 8 be a generic a-perturbation of B;. Then there are
€>0,p >0 such that G(8) N He p(w) = 0.

Proof. Using Lemma [B.8] we see that §* is a generic %—perturbation of 37, and by Lemma [310]
for small € > 0, p > 0 we have G*(8*) N H, ,(w) = G(3) N H, ,(w) = 0. O

Lemma 3.12. Let €,, p, be sequences of real numbers such that €, — 0 and p, — 0 and let
DPn = (T, yn) and ¢, = (up,vy,) be in He, , (w). If u, <0 < x,, then

-1 -1
[w(pn) —w(@)ll 2 Pall"™ + llanll”

Proof. We claim that z,, > ||[pn|” ™" and |un| > [lgnl”~". Any branch of %(w) may be parametrized

by some convergent fractional power series 3(x) which by Lemma B2 must satisfy O(3) > —.

By LemmaB. Il there is a generic O(3;)-perturbation f3 of 8, such that B(x) > (Os(x). By Lemma
1

B2 O(3) = 0(B,) > —L_ and this shows that y,, < B(zn) < dzy ' for some § > 0. Consider
we = wo ® where ®(x,y) = (z,—y). From Lemma 2§ we know that (i) holds for we, and
it is clear that H¢ ,(w) = He¢ ,(ws). It is also obvious that the branches of ¥(wg) in the first

quadrant correspond to the branches of ¥(w) in the fourth quadrant. A similar analysis of we

as the above analysis of w will show that —6x£ 7' < yn. This shows that z, > [|ps|”~". Let
U(z,y) = (—z,y). A similar analysis of w o ¥ shows that |u,| > [g.]|”~". Altogether we get

-1 -1
1" I"

lw(pn) = w(gn)ll = [2n = unl Z IPall” + llgn
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3.4. Preliminary estimates. The proof of Theorem [[7 depends on a number of estimates.
The actual proofs of those estimates are a bit lengthy and quite delicate, so we include them
here in a separate section.

3.4.1. The first quadrant. For i = 1,...,s, let H;p(w) be the component of H, ,(w) containing
G(B;) N He p(w). Let €,,€,,pn and p, be sequences of positive real numbers converging to 0.
Let 1 < j <i < sandlet p, = (¢n,yn) € H , (w) and ¢, = (un,vn) € H. , (w) be two
sequences. We assume that (II) fails along these sequences, that is,

(3.3) lw(pn) — w(gn)ll = o(llpall™™" + llgnll™ ) P — anll -

Let P = (Tn,9n) € HE 5 (W) and Gy = (tn, Up) € Hejn,ﬁn (w). We want to see that

~ ~ ~ —1 ~ —1 ~ ~
|w(Bn) = w(@n)ll = ollpnll™" + 1@l ) 1P — Gull -
To this end we need to show that

(1) pnll = llpnll + o([[pall)

(2) llgnll = llgnll + o(llgnl)

(3) Hpn - QnH = Hf)n - Qn” + O(Hpn - an)

(4) [lpn = pnll = o(llpn — anl|)

() llgn = anll = o(llpn — anll)-
We have assumed that §;(x) > 3;(z). Let ¢ > 0 be a small number. We claim that there are
generic O(B; — ;)-perturbations Ql and (3, of 3; and generic a-perturbations gj and Bj of B;
where a = O(8; — 8;) if O(8;) = O(B;) and a = O(f;) if O(B;) > O(f;), such that for small z,

(3.4) B(x) < Bj(x) < By(x) < B,(x) < Bi(x) < B;(x),
(3.5) Bj(x) = B,(x) < d(B,(x) — B;(x))

and

(3.6) Bi(x) = B,(x) < 8(8,(x) — B;(2)).

To justify the claim, assume first that O(8;) = O(B;) and let vy (x) = ¢6;(z) + (1 — t)5;(x).
Let

Bi(2) = y14e(x)
ﬁi(x) =Y1—c(z)
BJ(@ = Ye(w)

B.(x) =7-c(2)

<.

All these fractional power series are generic O(8; — 3;) perturbations of 8; and f; for all but
finitely many choices of . We compute

X _(5.-73,).

Bi_gizﬁj_éj:]__Qef

The claim follows in this case if we choose € < min{, 2}. If O(8;) < O(f;), then we choose
and gi as before, but we choose
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Again, for all but finitely many e, these fractional power series are generic O(/3;)-perturbations
of B; and we compute

Bi - Ql = 2¢(f; 6])
Bj — ﬁj = 2¢f3;
B,—B;=(01—-¢Bi— B

Since O(8;) < O(B;), Bj(z) < 1B;(x) for small z. So for small z,

2 —
Bix) = B,(2) < T—(B,(x) = B;(x))
2
_ 2 _
Bj(@) = B,(@) < T (8,(x) = B, ()
2
and the claim follows from choosing € < min{7, g .

Lemma 3.13. There are ¢ > 0 and p > 0 such that H; , U H], C {(z,y) | B,(z) <y <
Bila) or B,(x) <y < Ba)}.
Proof. Tt is enough to check that
(G(B,) UGBy UG(B,) UG(B,) N (H ,UH! ) =0.
This follows directly from Lemma and Lemma [3.T11 O

Estimates (1) and (2) above can be shown by the same argument. To show (1), let § > 0 be
arbitrary and notice that by Lemma B.I3] and ([B3]), there is an N such that | ||p,|| — ||l | <
Hpn = Dulll = [yn — Fnl < |Bi(2n) — ﬁl(mn” < 5(@(%) - ﬂj(xn)) < 5§i(xn) < 0y, for all
n > N. Estimate (1) follows since ||p,|| ~ yn. To justify (3), (4) and (5) we introduce a pair
of new sequences which help clarify the geometry of the situation. Let € and p be given by
Lemma Let n be so large that €, and €, are less than ¢ and p,, and p,, are less than p.
Let p, = (un,gZ (up)) and g, = (zn,BJ(xn)) One possible configuration of these sequences is
illustrated in Figure 2

We have

Hﬁn - an” > ||pn - Qn” - ||pn _ﬁn” - HQn - Cjn”
> lpn — qnll = 6 |pn = Gnll = 0 llgn — Pl -
We consider the cases x,, > u, and z, < u, separately. If ,, > u,, then both ||p, — G,| and
|Pn, — qnl| are less than or equal to ||p, — ¢, ||. In this case, ||pn — dnll = (1 — 20) ||pn — gnl|-

Next is the case x,, < u,. If there is a K > 0 such that

Gn — qn
lgn — Gnl
then ||gn — @nll < |Zn — un|/K = o(||pn — ¢nl|)- The last inequality follows from E3)). If

-(1,0) > K,

u-(l,O)ﬁOasneoo,
lan — @nll

then we may assume that either v,, < Bj (zp,) for all n or that v, > Bj (z,) for all n by passing to
a subsequence. If v, < B,(xy), then [[p, — Gnll < |lpn — gnl|- Now, assume that v, > 3,(z,). In
this case, O(3;) < 1. To see this, let 6,, be the angle between g, — g, and (1,0). If O(8;) = 1, then

|tané,| < QEI(In) < 2M for a bound M on Fj/. It follows that cos 6, is bounded away from 0,
and that (¢, —gn)(1,0)/ [[gn — @x|| does not converge to 0, contrary to our current assumptions.
Therefore O(f;) < 1. Lemma also implies that 8;(y) 2 y" ! for k = 4,5. This implies
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FI1GURE 2. Example of a possible configuration of points when x,, < u,.

that Bi(z) < 2/0~Y and B, (z) < 2=/ for k = 4,j. Since O(B;) = O(B;), similar
inequalities must hold for Ej and 3; as well. We also claim that ||gy|| / ||| is bounded. Assume
this is not the case. Then, by passing to a subsequence, we may assume that ||p,| = o(||qn]|) for
large n. Then y,, = o(v,) for large n, but by Lemma again, this implies

20— wn] > 18" (W) = B; ()| > [B; (yn) — B; (vn)

which is false, because, since (II) fails,

Zon e~ gl

1 —1
|Zn — un| = O(HPnHT + an”T ) [1Pn = anll -

This proves the claim. Using these observations, we see that

_ —/
lgn = Gnll < 20 = un|(B;(2n) +1)

1 . —/ _
5 |xn - un|E (Slnce O(ﬂ]) = O(ﬂ;) 2 _:_?)
T !
1 . =
Slan — un|ﬁ (since [|pn |l ~ yn ~ Bi(wn) S0 ")
pall
—1 —1
(72

= o([lpn — aull)- (since [|gnll / [[pn ]| is bounded)
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We conclude that

||pn - QnH S Hpn - Qn” + ”qn - (777,“ = ”pn - Qn” + O(HPn - Qn“)

Completely analogous arguments show that ||g, — Pnll < |pn — @nll + o(||pn — gnll). Altogether
we have

Hﬁn _(jnH > Hpn - QnH _5||pn _Q7L|| - 5an _an > (1 - 36) ||pn _Qn” .

To finish the justification of (3), let d; be a sequence of positive real numbers converging to 0. By
the above, for each k there is a natural number N (k) such that ||p, — ¢nll > (1 —30k) ||Pn — ¢nl]
when n > N (k). Since d; — 0, (3) follows. To justify (4), notice that there is a natural number
M (k) such that ||p, — pull < 0k [pn — Gnll < 0k(llpn — @nll +o(llPn — nll)) when n > M (k). This
clearly implies (4), and (5) follows by similar arguments.

3.4.2. The other quadrants. Let ®(z,y) = (z,—y) and let wg = w o . By Lemma and
Lemma 277 (i) holds for we. Hence, we may parametrize the components of X (wg) in the first
quadrant by Newton-Puiseux roots 8,7 = 1,..., s and the analysis of Section B.4.1 holds for
we as well.

The fractional power series —(g,;,7 = 1, ..., s parametrize the components of ¥(w) contained
in the fourth quadrant, and also, Hc ,(ws) = ®(H ,(w)). Hence, if we instead of §; and f;
consider —(3g ; and —fg ; in the discussion of Section B.41] we get the same estimates (1)-(5). If
we instead of §; and 3; consider —fs; and §;, we also obtain (1)-(5) after a minor modification
of the justification of (3)-(5). In the latter case the corresponding branches of ¥(w) have different
tangent directions.

To study He ,(w) in the second and third quadrant, let ¥(z,y) = (—=z,y), and study the
r-jet wy = w o W. The components of H, ,(wy) contained in the first and fourth quadrant
can be studied in the manner explained above, and since H, ,(wy) = U(H, ,(w)), this gives
the estimates (1)-(5) when we consider parametrizations of components of ¥ (w) in the second
and/or third quadrant instead of 3; and §;.

Since, by Lemma B12] (II) only fails along pairs of sequences on the same side of the y-axis,
this establishes our estimates in all possible cases.

4. RELATIONS BETWEEN THE LOJASIEWICZ INEQUALITIES
Le w be an r-jet of rank 1 such that (I) holds. Let {C;} be the components of ¥(w) \ {0}.

Recall the second Lojasiewicz inequality of Theorem [[L.I0

There is a constant C' > 0 and a neighbourhood U of 0 such that if p € C; NU and ¢ € C; NU
for some i # j, then

(1) lw(p) = w (@Il = CClpl™" + llgl™™) llp — gl

Proposition 4.1. If w is of rank 1 and in standard form, then (II) holds for w iff (II’) holds.

Proof. (II) = (IT) is obvious, (II') being a weakening of (II). We assume w(zx,y) = (z, f(x,y))
and proceed to show that (II') = (II). If (II) fails, then there are ¢ # j and sequences €,
and p, of positive real numbers converging to 0 and sequences p, = (n,y,) € H! and

€n,Pn
Gn = (tn,v0) € HI , . Then we have f,(pn) = o(|pnl"™"), fy(an) = ollgn]"™") and

(4.1) lw(pn) — w(gn)ll = o(lpall™™" + llgnll™ )P0 — anll -
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Let p,, and G, be the points on C; and C; having the same z-component as p,, and g,, respectively.
These points exist by Lemma [321 By the estimates (3)-(5) of the previous section we have

(4'2) ||pn - QnH ~ Hﬁn - QH‘l
and

(4.3) lPn — Dull = o(llPn — qull)
and

(4.4) lgn = @nll = oll[pn — gull)-

As remarked in Section B 42 (1)-(5) hold regardless of whether (p,) and (g,) are in the same
quadrant or not. By (1) and (2), ||pnll ~ ||l and |lgn|| ~ [|@n]]- Let € < o where € is given
by Proposition [LTl Assume that n is so large that e, < e. Then p,,p, € H and since H’
is semialgebraic and connected, the line segment between p,, and j, must be contained in H.
If b, is a sequence such that for every n, b, lies on the line segment between p, and p, or
on the line segment between ¢, and G,, then ||b,|| ~ ||pnll or ||bn]l ~ |lgn]l, and since (I), and
therefore (i) holds, we must have |fy, (25, y)| > 0 on the open line segment between p,, and p,.
It follows that |fy(bn)| < |fy(n)] = o(|pall”™") = o(||ba]|"™"). In a similar fashion we obtain
similar inequalities for points on the line segment between ¢,, and §,,. Now, using the Mean Value
Theorem, we can find ¢, on the line segment between p,, and p, and d,, on the line segment
between ¢, and ¢, such that

lw(Pn) = w(@n)|| < [lw(Pn) = w(pn)ll + lw(pn) — w(gn)ll
+ [w(gn) — w(gn)
= [fy(en)[Pn = pull + olllpn
+1fy(d)l llgn = gnll

"™+ llaall™) lpn — gl

= o(llpall"")o(llpn = anll) + olllpall”™™" + llgall™™") P = gul
+o(llgal" ol — gnll)
= o[l "™+ N@all"™) 150 — Gl
This shows that (IT’) fails. O

Lemma 4.2 (=Lemma[Z9)). Let w be an r-jet which satisfies (I), and let W' be a C" map germ
with w ~4_ W'. Then (II’) holds for w if and only if (II’) holds for j"w'.

Proof. Let w be an r-jet, h and k C"-diffeomorphisms of neighbourhoods of 0 and w’ = kowoh™!.
We may assume that w is in standard form. Assume that (I) holds for w and that (II’), and
hence (II), fails for w along sequences in H; and H; which are different components of He ,(w).
Let C; and C; be the branches of 3¥(w) corresponding to H; and H; respectively. From the proof
of Lemma we know that in a small neighbourhood of 0, h(C;) and h(Cj) are in different
components of He ,(j"w’). Let C] and C} denote the components of ¥(j"w’) contained in the
same components of He ,(j"w’) as h(C;) and h(Cj) respectively. Since h='(C}) and h='(C})
belong to the singular set of k=" 0 j"w’ o h, which is a C" realization of w, h='(Cj) and h='(C%)
belong to H! ,(w) and H] ,(w) for every small e. It now follows from the proof of Proposition
A1 that (IT) fails for w along sequences in h~1(C?) and hil(C’j’-). Then it follows from the proof
of Lemma [2.6] again that (IT) fails for j7w’ along sequences in C} and C?. This shows that (II’)
fails for 57w’ and finishes the proof of the lemma. O
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Proposition 4.3 (=Proposition 2Z10). If w is in standard form and satisfies (i), then (II’) and
(ii) are equivalent.

Proof. (II')= (i) is obvious, (i7) being a weakening of (II’). Assume that w is in standard form
and satisfies (i), but not (II). Since (i) is satisfied, Lemma implies that (II') fails along
sequences on the same side of the y-axis. Assume they are in the 1st or 4th quadrant. Note that
Lemma [3.4] also holds for singular branches in the 4th quadrant, and by arguments similar to
the arguments in Section B4.2] we may parametrize the branches of ¥(w) in the 4th quadrant
by convergent fractional power series. Let now [3;, ¢ = 1,...,S be parametrizations of the S
branches of ¥(w) in these quadrants. Then there are i # j and sequences p,, = (2y,y,) and
dn = (un,vy) both converging to 0 such that p,, € G(8;), ¢g» € G(f;) and

-1 —1
[w(pn) = w(gn)ll = o(lpall™" +llgnll""") lpn — anll -

We may assume that z, > u, > 0 Let 9, = §;(x,). Then ¢, = (z,,0,) € G(5;). Let B(t) =
(B'(t), 3%(t)) be the parametrization of G(3;) by arclength with 3(0) = 0 and 3(t) € G(8;) for
t > 0. Assume that (uy,v,) = B(ty, ) and (z,,0,) = B(ts,). Then there are parameter values
¢, and d,, between t,, and t, such that

(0t ) — (s )| = (Bt )) — w(B(ta)]
_H(Df (ﬁcn())n)ﬁ’ el >H
d,)

d g
i — 1y since t)) =0
| (a1 =t e a0 =0
d
< ! Ydo)| ¢ [tu, — ta, |-
S mae {| 500|556 )| b, 0
If O(B;) =1, then t ~ || 3(¢)]| ~ |8*(¢)], and in that case,
HW(Un,’Un) - W(xnvan)” rg |xn - un|
If O(B;) < 1, then
iﬁl(c )| ~ %ﬂl(cn)
dt %Bz(cn)
since [ is parametrised by arclength. Since we have assumed that xz, > u,, we have t, > t,, .
Then
d g1
aP (cn) 1
G| <Bi(@n)
| £6%(cn) !

Now, since O(3;) < 1, there is a small € > 0 such that |5;(x)| is a concave function on [0, €).
This implies that for large enough n,

‘mn|

n n

But since j3; is a fractional power series in z, \ﬂj (xn)| ~ |20]|B}(2n)]. Thus

— Un
8y ~ |2,
and hence,
d —u
aﬁl(cn)(tun te,)| S U — : [V = On| = |Zn — unl.
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The same holds if we replace ¢, with d,,. In any case,

-1 -1
1"+ llanll™ ) [P — anll -

[w(un, vn) = w(@n, n)ll S [0 — unl = of|[pn
Using this we get
lw(pn) = w(@n)ll < [lw(pn) —w(gn)ll + [[w(gn) = w(gn)ll
-1
= o(llpnll"™" + llgnll™™) llpn — gnll
~1 - =1 -

= o(llpnll"™" + 1GnlI") llpn = Gnll
which means that (ii) fails to hold. The last equality needs some justification. Notice that
Up < X, implies that ||g,|| < ||g.||. We also have to show that ||p, — ¢l < [lpn — Gnl|- We claim
that u, = ©,+o(zy). If not, then |z, —u,| = v, —u, ~ . By LemmaB2 z,, 2 ||pn||7"_1. This

||T—1

implies that |z, —u,| = [[pn]|”~" which contradicts the failure of (IT’). Therefore, we may assume
that w, = x, + o(z,). This gives |B;(u,)| ~ |B;(x,)| and hence, ||gn| ~ [|gn]|. Assume that
lgnl = o(lpall)- Tn this case, Gal| = o(llpn ) and it follows that [lps ]l ~ 7 — gall ~ n — dnll
Assume now that ||p,| < |lgn]. We have

1Pn — anll < 1o — Gall + 185 (2) = B (wn)| + |2 — unl.
Using that [8;(2a) — 8, (ua)| < (18}()] + 15} ()l — ], we get
19n = @ull < Ipn = @all + (8 (a)| + 185(ua)| + Dl — ual.

As in the justification of (3) in Section B4l Lemma implies that |3} (z,)|
1/ 11Gnll"% ~ 1/ llga]l"~* and similarly, |3 (u,)| < 1/ [lga]” % Now we have

AN
8
S
L
24N

1Pn = qnll < llpn — dnll + (1 + )| — tn]

—2
lgm "

~ r—1 r—1
= llpn — Gull + (1 + Jo(llpnll"™ + llanll" ") [IPn — gnll

lgnl|”
= ||pn - ‘jnH + O(HPn - an)

The last equality follows from the assumption that ||p,| < ||¢n|l. This completes the proof of
Proposition O

Proof of Proposition[1.9d This is a direct consequence of Propositiond.Iland Proposition[43l [

5. CONSTRUCTION OF WHITNEY FIELD AND PROOF OF THEOREM [[.7]

This section deals with the construction of a Whitney field which leads to the proof of the only
if part of Theorem [[7l Let w(z,y) = (x, f(x,y)) be an r-jet of rank 1 in standard form having
no branches of its singular set tangent to the z-axis. Assume that (i) holds and (ii) fails for w.
We only consider the case when (ii) fails along sequences in the first quadrant. Then there are
sequences p, = (Zp,Yn) € C; and ¢, = (2, v,) € C; such that ||p,|| — 0, ||gn|| — 0 and

1 _
£ (Pn) = £(gn)l = o(llpall ™" + llgnl™ Dy — vnl.

In this case, ||pn|| ~ yn and |lgn| ~ vn. We assume that y, > v, and that ||p, —qn.| =

o(|lpnll + llgnll) and thus, [|pa|| ~ [lgnll-

Lemma 5.1. There are sequences of real positive numbers €, and p, converging to 0 and se-

quences pn, = (Tn, Yn) € Hgim and Gn, = (T, On) € Hgn,ﬁn such that

- - Tn,Un) — f(xph, 0 N

o) = (g, ) = LI 2T B)
Yn — Un

Pn

—1 ~ —1
I+ ldnll ™).
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.f(‘T’m )

Up Un y

FIGURE 3. Illustration of the geometric idea behind Lemma [5.11

The points 4, and 9,, are chosen such that we obtain the geometric situation illustrated in
Figure 3

Proof of Lemma[5dl If there are subsequences (py, ) and (¢, ) of (p,) and (g,) respectively such
that f(Zn,,Yn,) = f(Tny,Un,), then, since fy(xn,yn) = fy(Tn,vn) = 0, we may take g, = yy,
and 0, = v,,. If there are no such subsequences, let p,,(t) = (, yn +t) and g, (s) = (p, v +5).
Recall that we have assumed that (p,) and (g, ) are in the first quadrant. We have also assumed
that y,, > v, and hence, y, +t > v, + s and ||pn(¢)|| > ||gn ()] for small s and ¢. In particular,
[pn (0)[| > llgn (s)|| when py,(t) € H! , and g, (s) € H/ ,. Since (i) holds, there is a constant C' > 0
such that

@)+ L fy @ el = C ol

for all p in a neighbourhood B(0, p) of 0. Let ¢ < C' and as always, assume that € < ¢y where
€0 is chosen such that the conclusion of Lemma B holds. Since f,,(p) # 0 for all p € H ,, the
restriction of the function u — fy(p + (0,u)) to any component of the set {u|p + (0,u) € Hc ,}
is injective. Assume that p is large enough to ensure that

sup{[lpn ()| | pu(t) € HL )} < p.

Since [|pn (8[| > llan ()l {fy(an(s)) | an(s) € HL,} € {fy(pn(t)) | pa(t) € H,}. In fact, both
these sets are intervals. Using that f,,(p) # 0 for all p € H , together with the definition of the
H, , and the assumption on p, we see that there are real numbers s, s2,t1,t2 such that

{£4(an(9)) | gn(s) € HL )} = [=€llgn(s) "™ € llgn(s2) " ™"]
and
{£y(pn()) | pa(t) € Hi )} = [—e[lpn(t)I™™" s lpa(t) ] ).
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It follows that when g,(s) € H/
t = h(s) with p,(t) € H! .
Let F': R? — R be given by F(s,t) = f,(pn(t)) — fy(gn(s)). We have
OF
E(S»t) = fyy(pu(t)) #0
when p,,(t) € He ,. The function h(s) above satisfies F'(s, h(s)) = 0, and by the Implicit Function

Theorem, h is a smooth function.
Define the function G by

the equation f,(gn(s)) = fy(pn(t)) has a unique solution

0ah) ~ Sanl)
Gls) = S T — i)

Clearly G is continuous near s = 0. Let €, be defined by

(5.1) () = f (@) = enlllpnll™™ + llanl"™lyn — val.

Note that €, > 0 and that €, — 0 as n — oo. For constants K and indices n such that |K|e, < e,
let S(K,n) € {s | qn(s) € H,} be defined by

Fy(an(S(K,n))) = Kep [ln (S(K,n))[I""

This definition is unambiguous because fy, # 0 in H. ,. There are eight cases to consider, one
for each possible value of

() = (L) = f@n)  fyy(Pn)  fuy(an) o
Sign(w) (If(pn)f(qn)l’ £y ()] |fyy(qn)|) e {-1,1}%

The denominators in the definition of Sign(w) cause no problems, because fy,(p) # 0 when
fy(p) = 0 as a consequence of (i). Suppose Sign(w) = (—1, —1, —1). This situation is illustrated
in Figure[3 Since h(0) = 0, G(0) < 0. Let S = S(K,n) for some fixed K < 0 and assume that
G(S) < 0. Notice that necessarily, S > 0. There is a sequence p,, converging to 0 such that

pn(R(S)) € H\iK\empn and ¢,(S) € Hljl(lsrupn. We get

F(pn(M(S))) = f(qn(S)) < fy(@n(S9))(yn + R(S) — v, — S5) < 0.
By our assumption that [[p, — gull = o([pall + lgall), we have [lpall = llgall + o(lgal). By the
estimates (1)-(3) of Section Bl |y, + h(S) — v — S| = |yn — vn| + 0o(lyn — vnl)s llpn(R(S))] =
[pnll + o(llp.l) and (¢, (S)]| = llgnll + o(l|gnll). This gives

K . .
F@ah(S) ~ ()] > Bl eupall™™ + gl — vl
Let 0 < 6 < §. By estimates (4) and (5) of Section B}, ||pn(h(S)) — pnll = o(|yn — vn|) and

¢2(S) = qull = o(|yn—vn|). Furthermore, since fy, # 0 in H ,, the maximum of | f, [ppn (h(S5))]

is | fy(pn(R(S)))| and the maximum of |fy|qnqn(S)| is | f,(¢n(S))]. Using this and our assumption
that [|pa[l = llgn | + o(llgn|l), we get

[f(pn) = Fgn)l Z [F(Pn(A(5))) = f(gn ()] = |f (pn(h(S))) = F(Pu)| = [f(an(S)) = F(gn)]
> | £ (pa(R(5))) = f(an(S)] = |Ken lan (S (1pn(h(S)) = pall + 192 (S) = anll)
> £ (pa(R(5)) = F(an(S)] = |Kend(llgnll™ + lIpall"™yn — val

|K| r—1 r—1
> Een(l = 48)(Ipal"™" + laal ™) lgn = val-

When n is large, we may take | K| > 4/(1—46) and this contradicts (&), and hence, G(S(K,n)) >
0. By the Intermediate Value Theorem, there is a sequence (s,) with 0 < s, < S(K,n) such



110 OLAV SKUTLABERG

that G(s,,) = 0. The proof is finished in this case by choosing €, = |K|en, ¥n = yn + h(s,) and
Uy, = Up, + S

All the other seven cases are checked by essentially the same argument. It is just a matter of
keeping track of the signs and the directions of the inequalities, so the details are left out. [J

Let p,, = (vpn, Jn) and G, = (z,,0y) be the sequences given by Lemma [5.I1 We may assume
that for all n, ||Ppi1]| < 3 [/Gn|l. Remember that we have also assumed that [|,|| > ||G.| and
1. — Gnll = o(||Pnl])- Let K = {0} UU,,{Pn,dn}. We define an r-th order Taylor field @ on K
with values in R by

f(‘jn) - f(?n)v b= ﬁn, m = (070)7
Qm(p) = —LE=L) = 5 G, m = (0,1);

Yn—Un ’

0 otherwise.
Lemma 5.2. Q) is a Whitney field.
Proof. Let X = (x,y). We have to show that for all p,q € K, m € N2,

|m|
(R,Q)"(p) = Q™ () - ng (Z((i!@a(q)(x - q)f*))

X=p

T—lm\).

=o(llp — 4l
There are a number of cases to consider, each of which is straightforward. In any of the cases
»,q) = (Pn,Gn) or (p,q) = (Gn,Pn), the definition of @ gives us that (R,Q)"(p) = 0 =
0(||p—q||r_‘m‘) for m = (0,0) and m = (0,1). In the remaining combinations, |p —q| >

gmax{|[p[, lll} and (R,Q)™(p) = o((max{||p||.[|g[})"~"™!) for m = (0,0) and m = (0,1).
Since (R,Q)™(p) = 0 when m = (1,0) or |m| > 1, it follows that @ is a Whitney field. O

Proof of Theorem[I.7 Assume first that (i) and (ii) hold for w of rank 1 in standard form
w(z,y) = (z, f(z,y)). By Lemma[Z7 and Proposition[[.9 (I) and (II) holds for w as well. Then
we may use Theorem [[.3] to conclude that w is Ag-sufficient.

Now, suppose that (i) fails for w. By Lemma [Z7], (T) also fails for w, and by Theorem [[3] w
is not Ag-sufficient.

Finally, suppose that (i) holds and (ii) fails for w. Then there are distinct components C; and
C; of ¥(w) and sequences p,, = (zp,yn) € C; and ¢, = (xy,v,) € C; such that

-1 -1
[f(Pn) = fan)| = o(llpall™™ + llanll™™)lyn — val.
By passing to a subsequence, we may also assume that ||[p,|| > |lgn | and [|ppt1]| < 2 [|gn| for
all n. If there are subsequences (pp, ) and (¢, ) of (p,) and (gy), respectively, with
||pnk — Gny ” ~ maX{”pnk ” ) ||anH}a
then it is easy to see that the Taylor field
Qm(p): f(an)_f(pnk)v p:pnk,mZ(O,O);
! 0, otherwise
is a Whitney field. By Whitney’s Extension Theorem ([3]), we may extend @7 by a C" map
hy defined in a neighbourhood of 0. By construction of @1, j7h1(0) = 0, and hence, w + hy
is a C" realization of w. However, p,, and ¢, are singular points of w + h; for every n, and
(w+h1)(pn,) = (wW+h1)(gn,)- This gives sequences of singular double points of w+hy converging

to 0, and it is shown in [2] that a sufficient jet cannot have any such representative. Thus, w is
not Agp-sufficient.
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If there are no subsequences as above, then we may assume that ||p, — ¢ || = o(||lpall + ll¢nl])-
By Lemma[2J] LemmaP.6] Lemma[2.§ and Proposition[[.9] we may assume that p,, and g,, are in
the first quadrant and that ||p,| ~ v, and ||¢, || ~ v,. In this situation, we can find the sequences
(pn) and (G,) of Lemma [5.1] and construct the Whitney field @ of Lemma By Whitney’s
Extension Theorem again, we may extend @) by a C" map h defined in a neighbourhood of 0.
By construction of @, j7h(0) = 0, and hence, w + h is a C" realization of w. Again, p, and g,
are singular points of w + h for every n, and (w + h)(pn) = (w+ h)(gn). This gives sequences of
singular double points of w 4+ h converging to 0, and hence, w is not Ag-sufficient. The proof is
finished. U

6. EXAMPLES

Example 6.1 (Example 1 of [2] revised). Let r > 3 and let w(z,y) = (z, f(x,y)) = (z,zy+y").
Since w is given in standard form, we can apply Theorem [[L7] to prove that w is Ag-sufficient in
€11(2,2). We have fy(z,y) =z + ry" ! and fyy(z,y) =r(r— 1)y 2.

Assume that (i) does not hold for w. Then there is a sequence p,, = (Zn,yn) converging to 0
such that

fy )| + 1 fyy ) Pl = o).

Thus, |f,(pn)| = |zn + ry 7t = o(||(@n, yn)||"™") and this implies that |Zn| ~ |yn and
lprll ~ |yn|. But then fy,(pn) > pnll” 2, which contradicts that (i) fails. This proves that w
satisfies (i).

If r is even, then w has one branch on each side of the y-axis, and (ii) is trivially satisfied.
Assume that 7 is odd. Then ¥(w) = {(x,y)|z = —ry""'}. Let p = (—ry""!,y) and ¢ =
(=ry"~', —y). Then [lp —ql| ~ [lp]| = llg|l ~ |y| and we get

£ () = f(@)l = 12ry" +2y"| Z (lpll"™" + lal™ DIyl
This shows that (ii) holds, and by Theorem [[L7 w is sufficient as claimed.

|r—1

Example 6.2. Let a > b > ¢ > 0 and let w(z,y) = (z, f(z,y)) in J7(2,2) be such that
fy(z,y) = (= ay?) (@ — by?)(z — cy?). Let

1 1 5 5
Flz,y)=x—y— g(aJr b+ )z —y3) + g(abJr ac+ be)(z® —y°) — Zabe(z” —y").

We claim that w is Ag-sufficient in €77(2,2) if 0 ¢ {F(a"2,b72),F(a"2,c"2),F(b~2,c2)}.
This means that we need to verify (i) and (ii) of Theorem [T for w with r = 7.
Assume that (i) fails. Then there is a sequence p, = (2, yn) converging to 0 such that

| fy )l + | fyy (Pl [Ipall = o(lIpall®).

From the expression for f, we conclude that (i) can only fail along the sequence if x,, = dy2+o(y2)
for some d € {a, b, c}. We also have

fuy(,y) = —2(a + b+ c)xy + 4(ab + ac + be)zy® — 6abey®.
Suppose 2, = ay? + o(y2). Then [py | ~ |yn| and
fyy(Pn) = —[2a%(a + b+ ¢) — 4a(ab + ac + be) + 6abe]y’ + o(y2).
But f,,(pn) = o(y3) since (i) fails, and hence,
2a*(a + b+ ¢) — 4a(ab + ac + be) + 6abe = 0.
Since a # 0, this implies the equation

(6.1) (a—b)a—c)=0
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which cannot hold since @ > b > ¢. The same argument applies when x,, = by2 + o(y2) and
when z,, = cy? + o(y2) and gives equations
b—c)b—a)=0
and
(c—a)(c=0b)=0.
None of these two equations can have a solution with a > b > c¢. Altogether this shows that (i)

holds for w when r = 7.
To verify (ii), notice that for s,¢ > 0,

o)D) - o [5)| = a1

This proves that (ii) holds with r = 7, since we have assumed that

0¢ {F(a™,b7%),Fa 2,¢ %), F(b"*,c2)}.

ATE)

=
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