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Combinatorial computation of the motivic Poincaré series

E. Gorsky

Abstract

We give an explicit algorithm computing the motivic generalization of the Poincaré
series of a plane curve singularity introduced by A. Campillo, F. Delgado and S. Gusein-
Zade. It is done in terms of the embedded resolution. The result is a rational function
depending of the parameter ¢, at ¢ = 1 it coincides with the Alexander polynomial of the
corresponding link. For irreducible curves we relate this invariant to the Heegaard-Floer
knot homology constructed by P. Ozsvath and Z. Szabé. Many explicit examples are
considered.
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1 Introduction

In the series of articles (e.g. [3],[4]) A. Campillo, F. Delgado and S. Gusein-Zade proved
that the Alexander polynomial of the link of the plane curve singularity is related to the
generating function arising in the purely algebraic setup.

Let C = U;_,C; be a germ of a plane curve,

7i : (C,0) = (C;,0)

are the uniformizations of its components. If f € O = O¢z2 is a germ of a function on
(C2%,0), we define

vi(f) = Ordo f(vi(t)),

and the Poincaré series of the curve C' is defined ([4]) as the integral with respect to the Euler
characteristic

Pc(tl,...,tr):/ vty (1)
PO

where PO denotes the projectivization of O as a vector space. For example, if C' is irreducible,
we can define the decreasing filtration

OD>JiDJaD..., In ={f € Olva(f) > n}, (2)

and -
PO(t) = t"dimJ,/Jny1. (3)

n=0
Let A®(t1,...,t,) denote the Alexander polynomial of the intersection of C' with a small

sphere centered at the origin. The theorem of Campillo, Delgado and Gusein-Zade says that
if r =1, then
(1—1)PC(t) = A°(1), (4)

and if r > 1, then
PC(ty,...,t;) = A%(t1,. .. t,.).

In [B] there was proposed the following natural generalization of the Poincaré series. One
can naturally define the motivic measure on the space of functions, and consider the following
motivic integral, generalizing :

ch(tl,...,t,,):/ Lt dp. (5)
PO
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If » = 1, we can rewrite as the generalization of :

o0

PR =3

n=0 1_q

codimdy __ qcodin) Jnt1

: (6)

therefore in this case one can deduce P,(t) from P(t). If r is greater than 1, the situation
becomes more complicated. Nevertheless, the explicit algorithm for the computation of the
motivic Poincaré series is presented in Theorem

Definition: The reduced motivic Poincaré series is the power series

Py(tr,tr) = (L—qt1) .. (1—qt,) - Py(ts, ... t,). (7)

We prove that the reduced motivic Poincaré series satisfies the following properties.

1.

Polynomiality. ?g(tl, ..., tr;q) is a polynomial in variables t1, ..., ¢, and g. We give
a bound for its degree on tq,...,t,.

. Reduction to the Alexander polynomial. If n = 1, then

Py(tig=1) = A(t),
where A denote the Alexander polynomial of the link of the corresponding plane curve
singularity. If n > 1, then

T

Pg(t1,~"7t7“;q: 1) = A(tla"',t’l“) ! H(l 7t2)
i=1

. Forgetting components. Let C be a curve with r components, and C; be an irre-

ducible curve. Then

—=CuC —=C
Pg 1(t17"'7t7‘7t7"+1:1):(1_Q)Pg(tl7"'7t7‘)' (8)

If C has only one component, then

This property is clear from the equation , but seems to be curious and, for exam-
ple, does not hold for the Alexander polynomial (we cannot reconstruct the Alexander
polynomial of a sublink from the Alexander polynomial of a link by setting the corre-
sponding variable to 1).

. Symmetry. Let u, be the Milnor number ([2]) of Cy, let (C 0 Cj3) be the intersection

index of C, and Cpg, let u(C) be the Milnor number of C. Let

lo = fia+ ) (Ca©Cp), 8(C)=(u(C)+r—1)/2.
B
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Remark that Y| _ 1, =26(C).
It is known that the Alexander polynomial is symmetric in a sense that

K
Ayt ) =T Al o), r>1

a=1

and
At =t7HAt), r=1.

In Theorem [] we prove a generalization of this identities that holds for any 7, namely,

— 1 1

Py(—,...,—)=q %Ot l - Py(ts,....t,).
g(qtlv ’qtr> q ];[oz 9( 1 ) )

5. Relation to the knot homology. For irreducible curves we prove that P,(t) can
be related by the simple procedure to the Poincaré polynomial of the Heegaard-Floer
knot homology constructed by P. Ozsvdth and Z. Szabd. This homology theory is
a ”categorification” of the Alexander polynomial, tightly related with the symplectic
topology and Seiberg-Witten theory. Since the origins of our and their construction are
quite far, the relation between them seems to be interesting. No conceptual proof for
this fact is known, and we just use that both answers are determined by the Alexander
polynomial in the same way.

The paper is organized in the following way. In the section 2 we recall the definition of
the Poincaré series of a plane curve singularity. Then we recall the definition of the motivic
measure on the space of functions and give, following [5], two definitions of the motivic
Poincaré series as a motivic integral and in terms of the multi-index filtration associated
with the curve. We give the simple method of deduction of the motivic Poincaré series from
the ordinary Poincaré series for irreducible curves. In Theorem [2| we recall the formula from
[5] expressing the motivic Poincaré series in terms of the embedded resolution of a curve.
This formula is proved by Campillo, Delgado and Gusein-Zade using thorough analysis of
the geometry of the functional spaces defined by the embedded resolution of a curve.

In the section 3 we apply Theorem [2] to a nonsingular curve and explain step-by-step
the calculation of all sums involved. It turns out to be a curious exercise, and this simplest
example is a toy model for the consequent combinatorial work.

The section 4 contains several steps of the simplification of Theorem In the result
(Lemma [6) the motivic Poincaré series is expressed in terms of some quantities cx(n). In
Lemma [5] the generating function for these quantities is explicitly written in the closed form.
This allows to compute the motivic Poincaré series.

Applying Lemma [f] directly, we get a lot of similar summands which cancel after all
substitutions, but this cancellation is not clear from lemmas [f] and [} For example, it is not
even clear, that the answer is a polynomial.

Therefore in the rest of section 4 we discuss the analogues of the identity

>0 n2+3n
Dot (g —tg) =1
n=0
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arising in the nonsingular case. The result of this investigation is Theorem [3] where we
formulate an explicit algorithm of calculation of the motivic Poincaré series. This algorithm
does not involve infinite sums, and can be implemented as a short Mathematica program.

The algorithm is presented in the same manner as in Lemma [6} the motivic Poincaré
series is expressed in terms of some quantities dp(n), which fit into the explicitly defined
generating function Hp(u). This function is generally more complicated than the one from
Lemma |5 but in some examples (Lemma E[) it has more or less compact form.

Section 5 contains a bunch of explicit answers for the curves with resolutions containing
up to 3 divisors.

In the section 6 we prove the symmetry property for the motivic Poincaré series (Theorem
4). It generalizes the known symmetry property for the Alexander polynomial of a link.
From the viewpoint of the algebraic geometry, it is related to the Gorenstein property of
the coordinate ring of a curve ([6]), thus it seems to be related to the Kapranov’s functional
equation ([II],[I0]) for the motivic zeta function of a curve.

We prove the symmetry property by proving the analogous statements for all steps of our
algorithm: the function Hp(u) is symmetric, what implies some relations for its coeflicients
dp(n) and, therefore, for the Poincaré series.

The main result of the section 7 is Theorem [6] describing the surprising relation between
the motivic Poincaré series of an irreducible plane curve singularity and another deformation
of the Alexander polynomial, namely, the Poincaré polynomial for the Heegaard-Floer knot
homology ([I8],[19]). The proof is based on the fact that in both cases the Poincaré poly-
nomial (and series) is defined by the Alexander polynomial. We also give some corollaries
from this fact which look more geometric. A filtered complex of Z[U]-modules analogous to
the Ozsvéath-Szab6 complex CFL™(K) is constructed. This gives an algebraic model for the
minus- and hat-versions of the Heegaard-Floer complexes for algebraic knots.

We also compare the motivic Poincaré series with the Heegaard-Floer homologies of two-
component links, corresponding to the singularities of type As,_1.

The motivic Poincaré series has been independently studied by J. Moyano-Fernandez and
W. Zuniga-Galindo in [I4]. Their approach is based on the study of the multi-dimensional
semigroup of the singularity instead of its resolution. In particular, they gave alternative
proofs of the Theorems [3] and [ of this article.
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2 Poincaré series and its generalization

2.1 Poincaré series

Let C = U!_;C; be a reduced plane curve singularity at the origin in C?, and C; are its
irreducible components. Let «; : (C,0) — (C;, 0) be the uniformizations of these components.
We define r integer-valued functions on the space O = O¢2 o by the formula

vi(f) = Ordo(f(7i(t)))

and Z"-indexed filtration
Jo =A{f € Olvi(f) = vi}.

Note that J, are also defined for negative values of v. This filtration is decreasing in a sense
that if v; < v,, then J, D J,,. Consider the Laurent series

Loty oty) = 3 50t - dim Jy /Ty
v

Definition:([6], [3]) The Poincaré series of the curve C' is defined by the formula

Le(ty,.ooty) - T (ti = 1)
tyeo . tr—1 '

Po(ty,y ... t,) =

For example, if r = 1, we have

Po(t) =Yt dimJ,/Jyp1.
v=0

One can prove, that P¢ is always a power series. More geometric meaning of this definition
is given by the following interpretation of the Poincaré series as an integral with respect to
the Euler characteristic.

Proposition.([4]) Let PO denote the projectivization of the functional space O as a vector
space. Then the following equation holds:

Potr,... t)) :/ £y (9)
PO

On the other hand, consider the link of C' — the intersection of C' with a small three-
dimensional sphere centred at the origin. We denote its multi-variable Alexander polynomial
by Ac(ty,...,t,). Campillo, Delgado and Gusein-Zade proved the following

Theorem 1 ([J) If r =1 then
Po(t)(1—1) = Ac(t), (10)
and if r > 1 then
PC(tla--',tr):AC(tlw'-vtT’)' (11)
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2.2 Motivic measure

Let O = Oc:2 ¢ be the space of formal germs of analytic functions at the origin on the plane.
It is the set of formal power series f(z,y) (without degree 0 term). Let O,, be the space of
n-jets of such arcs, let m, : O — O,, be the natural projection.

Let Ko(Varc) be the Grothendieck ring of complex quasiprojective varieties. It is gen-
erated by the isomorphism classes of complex quasiprojective varieties modulo the relations
[X]=[Y]+[X\Y], where Y is a Zariski locally closed subset of X. Multiplication is given
by the formula [X]-[Y] = [X x Y]. Let L = [C] € Ko(Varc) be the class of the affine line in
this ring.

The Euler characteristic provides a ring homomorphism

x : Ko(Vare) — Z.

Consider the ring Ko(Varc)[L™!] with the following filtration: Fj is generated by the
elements of the type [X]-[L~"] with n — dim X > k. Let M be the completion of the ring
Ko(Varc)[L™1] corresponding to this filtration.

On an algebra of subsets of @ Campillo, Delgado and Gusein-Zade ([5]), following the
ideas of Kontsevich, Denef and Loeser ([7]) constructed a measure p with values in the ring

M.

Definition:([5]) A subset A C O is said to be cylindric if there exist n and a constructible
set A, C O, such that A = 7 *(A,). For the cylindric set A define its motivic measure by
the formula

_ (nt1)(n+2)

#(A) = [A,] L

Remark that dim O,, = ("Hgﬂ, hence the definition of the motivic measure is in fact
independent on n. In a full analogy with [7], this measure can be extended to an countable-
additive M-valued measure on a suitable algebra of subsets of O.

Definition: A function f: O — G with values in an abelian group G is called simple, if its
image is countable or finite, and for every g € G the set f~1(g) is measurable. Using this
measure, one can define in the natural way the motivic integral for simple functions on O as

/ fap=">"g-n(f~(9)),
o geqG

if the right hand side sum converges in G ® M.

Remark. Note that for cylindric sets the Euler characteristic can be defined by the formula
x(A) = x(A,,). This gives a Z—valued measure on the algebra of cylindric sets. However, it
cannot be extended to the algebra of measurable sets. This measure provides a notion of an
integral with respect to the Euler characteristic for functions on O with cylindric level sets.

It is clear that for such functions
([ sdw = [ sax.
10) 10)
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Using the same construction, one can define the motivic measure on the projectivization
PO of the functional space.

As a direct generalisation of the equation @ Campillo, Delgado and Gusein-Zade pro-
posed the following

Definition: Motivic Poincaré series is the motivic integral

ch(tl,...,tr):/ t Lt dp (12)
PO

As above, this definition can be reformulated in terms of the multi-index filtration on the
space of functions. Let ¢ = L' be a formal variable. Let h(v) = codim.J,, and

gh@tD
Ly(ty, ... =y " — " UL

veL”
Then the following equation holds ([5]):

Lg(tl, conty) Tl (8 — 1)

PC(t1,... ty;q) =
g(17 77"7q) to ot —1

(13)

An example of the calculation of the motivic Poincaré series for the singularities of type
Ay, 1 directly from the equation is presented in the section 7.4 below.

2.3 Irreducible case
If » = 1, the equation has a very clear form, since in this case
Cipy _ 7C
Py (t) =Ly, (1)
Remark that
codimJ, = dim O/J; + dim J1/Jz + ...+ dim J,—1/Jy, (14)

so the series ch (t) can be reconstructed from the series Px(t).

The functional v(f) = Ordgf(y(t)) is a valuation on the ring O.The set of values of v
is an integer semigroup S = {01,02,03,...}. For example, for the singularity a? = y? (its
link is the torus (p,q) knot) we have x(t) = t9,y(t) = tP, so the corresponding semigroup is
generated by p and q. The coefficient at ¢tV in Po(t) vanishes, if J, = J,4+1 (or, equivalently,
v does not belong to the semigroup S) , and equals to 1 otherwise. Therefore we have

Po(t) =1+t7 +t72 +t7 4+ ...
Now the equation implies the following formula for the motivic Poincaré series:
C (1. _ o1 2409 3 0:
Py (t;q) =1+ qt™ +q*t7? + ¢°t7 + ... (15)

Example. Consider the cusp 22 = y3. Its semigroup is generated by 2 and 3, the Poincaré
series is equal to
Pit)y=1+*+3 4+t +...,
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the motivic Poincaré series is equal to
Pyt) =1+ qt® + 3 + Pt + .. ..
Note that
Pt)(1—t)=1—1t+12

what equals to the Alexander polynomial of the trefoil knot.

2.4 Formula of Campillo, Delgado and Gusein-Zade

In [5] Campillo, Delgado and Gusein-Zade gave a formula for the generalized Poincaré series
in terms of the resolution.

Let 7 : (X, D) — (C2%,0) be an embedded resolution where D = U$_, E; is the exceptional
divisor. Let E? be E; without intersection points of E; with other components of D, E?
be E? without intersection points of E; with the components of the strict transform of our
curve. Let A = (E; o E;) be the intersection matrix and M = —A~1.

Let Io ={(i,j) i < j,E;NE; =pt}, Ko ={1,...,r}. For o € Iy, 0 = (4,7) let i(0) =1,
jlo)=4j. For I C Iy, K C Ky let

Nk :={n= (ny,nl,n’ ag,ny):n; >0i=1...,s

no,na,o €Iy, > 0,7 >0,k e K}

Forne Ny g,i=1,...,s, let

iy =mn; + Z n, + Z ny + Z T (16)

o€l:i(o)=1 o€l:j(o)=1 keK:i(k)=1i
Let
1 s o s ) s . .
F(n) = 5( > magiiny + > (Y mix(E5) +1) + Y i, (17)
3,j=1 =1 j=1 keK
. 1 s o s R s .
F(a) = 5( > mighin;+ > 4> mix(E]) + 1)),
ig=1 =1 =1
and

wn) =Y fim,, vx(n) = wigy(n) + iy
i=1

Theorem 2 ([3])
Pt oty = 33 qF@-Shanc SRl (g g)11IKl
ICIy,KCKoneNT

s min{n;,1-x(E7)}

I X (T ) e

J=0
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We briefly recall the sketch of the proof from [5]. Consider a function f € O and its
pullback 7* f on the space of resolution X. Now let I(f) be the set of intersection points in
D such that there are components of the strict transform of X passing through them, K(f)
is the analogous set of intersection points of strict transform of C' with D. Now n;(f) is the
intersection index of the strict transform of f with the smooth part of F;, n/ and n! are
intersection indices of the component of the strict transform of f passing through o with
E;i(s) and Ej(,) respectively, nj, and 7y are intersection indices of the component passing
through the point k with E;y and corresponding component of C' respectively.

Given these sets and multiplicities, the value of the function t?l(f Yoo tfr(f ) is equal to
t2@)  Every summand in Theorem 2 is equal to this value multiplied by the motivic measure
of the set of functions providing such set of data.

3 Example: nonsingular curve

Let us check that for the nonsingular curve the complicated expression from Theorem 2
coincides with the expected one.

We have one divisor and one component of the strict transform of the curve. We have
Iy =0, Ko = {1}. Also we have x(E°) = 1,x(E®) = 2, hence 1 — x(E°) = 0. To sum over
K C Ky, consider two cases:

1) K = 0. In this case F(n) = £(n? + 3n), and we have a sum

> n243n
Z tnq 2 . qin
n=0

2) K = {1}. In this case F(n) = §(R? + 3n) + n”, and we have a sum

i 7'12+3ﬁ ~ n-l 1 e " " e ﬁ2+3ﬁ ~ ~ qt
P AL —n—1l _ nognt — 7 (g™~ 1) - .
> q nEOq 1-9) > q ;lq (q ) T
= A=

n=1 n’'=1

Summing these two expressions, we get

> O T qt —n 1 > n nitan
1+ "¢ = (g pppnl —1))=1+17qtth g —qt) =
n=1 n=1

14 1 (i m n(nt1) i b1 (nt1) (n+2) )
T q q :
n=1 n=1
In the last sum all coefficients at t™ for n > 2 cancel, therefore

tg 1
1—gqt 1—gt

Py(t;q) =1+

o7



4 Combinatorics

4.1 Preliminary simplification

Let

Ponlg) = S (197 (’;)

=0

(k can be negative, but n should be non-negative and integer).
Lemma 1 Let S™X denote the nth symmetric power of a space X. Then
[S™(CP' — k{pt})] = ¢~ " Pr-1.n(a)-
Proof. If Y denote the union of k points on C!, then we have
S™(CP*) = LU, SH(Y) x S™H(CP'\ Y),

what is equivalent to the following multiplicativity property:

i t"[S™(CPY)) Z Sy Z t"[S"(CP\ V).
n=0

n=0
Since
o n 1
we get
= nrQn 1)+t
> 18" (CB" — kipt))] = ((1 -
Z(_l)a(k_ )ta]thb Ztnz a(k_ 1>Ln a _
a,b n=0 a=0 a
Ztnqinpk—l,n(qy
n=0
(]

Let us fix some notations.

Definition: Let
LLE)= > 1+ Y 1+ Y

o€l:i(o)=1 o€l:j(o)=i keK:i(k)=1
fill) = Z 1+ Z 1.
c€l:i(o)=i c€l:j(o)=i

Note that >0, f;(I,K) = 2|I| + |K|,>;_, fi(I) = 2|1|.
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To any divisor E; we associate the factor

Gi(L, K, 1) = Piy(B2)— £ (1,K) s — fi (1K)

and let
G(I, K, i) = g!l(1— ) KT 6:(1, K, 7).

Now we can start the simplification of the algorithm proposed in Theorem [2| The next
two lemmas will allow us to reduce the summation over all quadruples (n;,n.,n/, 7)) to the
summation by a single variable n; defined by .

Lemma 2 Let us fix ;. Then

S g TP ey (@) = ¢ M (1K, ). (18)

. ’ U
ni,nl,nyn

Proof. By Lemma [I] we have

S g EOP peya@) = Y g R Sm(ED)).

ni,n’a,n’g’,ﬁ;C ni,n’g,n’a’,ﬁ;c
Consider a n;-tuple of points on E7, intersection points o € I such that i(o) = ¢ with
multiplicities n/, — 1, intersection points o € I such that j(o) = ¢ with multiplicities n” — 1,
intersection points k € K such that i(k) = ¢ with multiplicities 77}, — 1. We get the unordered
n; — fi-tuple of points on E? U f;(I, K). Thus the sum equals to
q PR [ (B2 U fi(T, K))] = qiﬁiPl*X(E?)ffi(I,K),ﬁi*fi(I,K)(Q)'
O

Lemma 3

Pyt oitra) = > ST MO T g M1 K, ) x (19)

ICIo,KCKo ;> fi(I,K) i=1
LT
q"'(1—q) kg( T

Proof. First, remark that for every k

so from now on we can forget about summation over 7}.

‘We have .
q Yimini— =K q\f\ qunrfi(l,K)’
i=1
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therefore we can reformulate the statement of Theorem Blin the form

Py(t1,. .. tr,q) = Z (1= ¢~ Z (Mg F(@) o
ICIy,KCKp A>fi (1K)

S

H Z q_ni_fi(LK)Pl—X(Ef)’n"’ (Q)

=1 [ n;,nl,nln)
Now the equation (19)) follows from the Lemma O
Definition: By the reduced motivic Poincaré series from now on we mean

r

Py(tr,... tr) = Pyltr, ..., 1) - [ (1 = t09).

j=1
Lemma 4
~ uf’(KI) °
Zu”G(KJ,ﬁ) = ¢l1l(1 — g)TIHIK] H 1z (1 — w;q) XED-[:(LE) (20)
; — Uy

The proof of this lemma can be found in the Appendix.

Definition: Let
ex(n) =3 > (~)FIIIGEL, 1),
I KiCK

Ak (u) =Y u"cx(n).

The next lemma provides a closed formula for the function Ak (u), which can be considered
as a generating function for the quantities cx (n).

Lemma 5

Ak (u) = (-1)I¥] H(1 — uyq) KOFITE (1 — ) OB H(l — QUi(e) — qUj(o) + QUi(o)Uj(o))-

The proof of this lemma can be found in the Appendix. The next lemma expresses the
reduced motivic Poincaré series in terms of the quantities cx (n).

Lemma 6 -
Py(tr, . tr,q) = Y tMqP =2y " gl Klege (n). (21)
n K

60



Proof. From the equation we get

_ S
Pytr, o ostrg) = Y > MO e Mo, K a)x
1=1

ICIo,KCKo ;> fi(I,K)

g1 — g THE T 1 ¢ qtk

keK
tMn F(n) —nl [ K \I| |I|+|K| 9%
B
0, KCKo n; > fi(I,K) i=1 keK
A gy 2 e S S (R L) =
Hz 1(1—gq ICly KiCK

1 Mn, F(n)=Y n, K| .
7 g " trq™T e (n)
.0 i) 2 2

O

Lemma |§| together with Lemma [5| gives the explicit description of Pgy(t): it is expressed
in terms of some quantities cx(n), which fit together into the generating function Ag (u).
Lemma [f] provides a closed formula for this generating function.

Nevertheless, as the model example with a nonsingular curve shows, lots of summands in
the sum have the same power in ¢, and for n large enough we have a huge number of
cancellations.

4.2 Cancellations

We say that a subset K C Ky is proper everywhere, if for all ¢ K N E; is a proper subset of
Ko N E;. We denote the set of proper everywhere subsets by P. For any K C K let E(K)
be the set of divisors such that for ¢ € E(K) the set K N E; is empty. Sometimes we will
write ¢ € P, if i ¢ E(P).

Using these notations, every subset K C Ky can be presented (uniquely) in the following
way: we fix a proper everywhere subset P(K) and a set of divisors E C E(P(K)) where all
intersection points with K belong to K.

For a set E of divisors let A(E) be the number of pairs of intersecting divisors from FE.
Let u;(E) =1, if i € E and p;(F) = 0 otherwise.

Lemma 7 For a proper everywhere set P let

Hp(uy,... uy) = Z (_1)|KmE|Hu;Zamm,qA(E)H(q_ui)kiﬂ H (1—qug)* !

ECE(P) i€k i¢(PUE)
(22)
« H(l _ ql—ui(cy)(E)ui(g) _ ql—uj(a)(E)uj(g) + ql_ui(o)(E)_Hj(a)(E)ui(J)uj(a)).

Then the polynomial Hp is divisible by [Licpp) (1 —wi).
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The proof of this lemma can be found in the Appendix.

The next lemma explains the relation of the function Hp(uq,...,us) (which is a modifi-
cation of the function Ak (u)) to the coefficients cx (n) defined above. It is the main technical
instrument in the study of the cancellations.

Lemma 8
Soun 3 g e A Riep i PR oy + Y aiyi05(E)) =
n  ECE(P)
1 ~
~DPITTIA = qua)® P Y (1 — ug)P Y ———————Hp(uy, . .., us).
g’ Z z [Lienr)(1 —w) ’

The proof of this lemma can be found in the Appendix.
Definition: For a proper everywhere set P define the quantities dp(n) by the equation

_ Nki—pi—1 ]_— Api—1 -~
HqUZ) (1 E/L) Uz) ]HP(U17...,’U/5)' (23)
i€B(P)\T T

de ndP ) _ HiEP[(l

Remark that by Lemma [7| the function Hp(u) is polynomial in u, so we have only finite
number of non-zero coefficients dp(n).

Combining the statements of Lemma [6] and Lemma 8] we get the following result.

Theorem 3 Then

Py(ty,... t,) = Z( D)IPlglPltp x de JeMngF=Sni
Pep

Proof. From Lemma [ we have

P(t) = ZtM’“qF(nl)_Z"i Z tiqg"lex (ny) =
ny

KCKo

Z q‘PIt Zt]\/[nl F’ﬂl) Z’I’L1 Z tEq‘KOQEICPUE(nl)'

PeP ECE(P)

Let us collect the coefficient at tM™. We have
Mni + ZM](E) =Mn, ni=n-+ Zaijuj(E).

and

an Znh = %[—QZmijniajsuj(E)
_Zmijaisﬂs( a]l,ul ZmUX a]s,us(E) + Zaijuj(E)]

Remark that

> aij =2 x(E}),

i#j
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hence

an anl an—&—A

el
Thus

+Za”+\E|

ﬁ(t) Z q‘PltPZtMn F(n)=3>n; Z q_ ZiEE ni_A(E)_ZieK ai;—|E|

PeP ECE(P)

quKOﬂE|CPuE(7”L —+ Z al][L](E))

Now we apply Lemma
O

Corollary 1 The power series Py(t1,...,t.) is a polynomial.

4.3 The algorithm

If every line F; is intersected by the one component of the strict transform, any proper
everywhere set should be empty. Therefore we get the following statement as a corollary of

Theorem [3

Lemma 9 Suppose that each divisor E; is intersected by exactly one component of the strict
transform of the curve. Then the reduced motivic Poincaré series can be computed using the

following algorithm.
1. Consider the polynomial

Alu, ... up) = H(l — qUi(o) — qUj(o) T qUi(0)Uj(e))-

o

2. Consider the Laurent polynomial

Hus, o) = 30 (—)EIGAO T uy 2% - Afurg @, ..

KCKo

3. This polynomial is divisible by [[(1 — w;). Let

Hus,...,u)

H(uy,...,up) = m

4. Ezpand this polynomial:

H(uq,.. Z dpu™,

and now

Py(t1,... t,) = Z dptMngF - n:
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5 Examples

5.1 One divisor

We consider the singularity
xkg _ yko — O,

which is geometrically a union of kg pairwise transversal lines. Its minimal resolution has one
divisor and kg components of the strict transform intersecting it. In particular, for kg = 1 we
get a non-singular case considered above. For 0 < k < k¢ let the numbers ¢, (n) be defined
by the equation

o0
Ag(u) = Z ucp(n) = (1 —ug)™F 11 —u)kt,
n=0
and for k = 0 let the numbers cy(n) be defined by the equation

)t —u(u— gt

1—u

Ap(u) = Zu"co(n) = (1= ug
n=0

The polynomials Ay (u) have degree kg — 2 for k > 0, Ag(u) has degree kg — 1, so we have a
finite number of non-zero cg(n).
From the Theorem [l we conclude that

— > p n(n+l)
Pg(tr, ... th) = Z (*UlKI(}IK‘tKZQK\(”)(tl-~-tko) q 2

KCxKo n=0

For example, if kg = 2,

l—ug—u(u—gq)

Ar(u) =1, Ap(u) = T =1+u,
0 -
Py(ti1,t2) =1 —qty — qta + qtits.
If ko = 3,
Ay(u) =1 —qu, Ay(u) = 1 —u, Ag(u) = 1 + (1 — 2¢ — ¢*)u + u?,
0

Py(tr,ta,ts) =1 — q(ts + to +t3) + ¢*(tita + tits + tots) + q(1 — 2q — ¢*)tatats+

@Ptitats(ty +to 4+ t3) — titots(tits + tits + tots) + ¢>titats.

This answer can be rewritten as

Py(t1,ta,ta) = (1 — qt1)(1 — gt2) (1 — gt3) — > trtats(1 —t1)(1 — t2)(1 — t3) + q(1 — q)*t1tats.
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5.2 Two divisors

Suppose that the second divisor is intersected by two components of the strict transform,
and the first one by one component. This corresponds to the singularity

z-(y—a%) (y+a?)=0.

11
=i 2).

xX(ET) = x(E3) =1,

The matrix M is equal to

s0
1
F(ni,ng) = 5(71% + 2n1ng + 203 + 2ny + 3ny).

If P =0, we get
ﬁ@(ul,uQ) = (1 — qui — qua + quiuz)(1 — qua) — (1 — uy — qug + uyuz)(l — qug)ufug_l

+(1 — qui —ug + uyus)(q — uz)ufluz —q(l —u; —us + q_lulug)(l — quo)u; =
1

- (1 —up) (1 — ug)(—ud + ugug + ufus — quiug — g*uius + quiug
1U2

2 2 2 2. .2 2,2 3
+qus + urus — quius — ¢ urus + ujuz — uy),
if P is one point on the second divisor, we get

ﬁpt(ul,UQ) = (1 —qui — qua + quiug) — (1 —uyg — qua + u2)u%u2_1 =

—U—Q(l —uy)(u? — ug — urup + quitug — udug + qui).

Finally we get the following answer (o corresponds to the first divisor):

Fg(to, t1, tg) =1—qty —qt1 + C]Qﬁ()tl — qtg + q2t0t2 + q2t1t2 + qtoti1to — q2t0t1t2 — q3t0t1t2
—@PtotTts + gtotits — ¢Ptotits + ¢ totrts + ¢Ptotits — ¢’ totits — g totits + ¢ t3tTE;
+a'totits — g GtTEs + gttotTts — MGt — gttotits + ¢ gt

This answer can be rewritten as
Py(to, t1,t2) = (1 — qto)(1 — gt1)(1 — qta) — g tot{t5(1 — to) (1 — t1)(1 — t2)
+(1 — q)qtotltg(l — qtl — th + qtltg).
If ¢ = 1, we get the known Alexander polynomial:
?g(to,tl,tg; q= 1) = (1 — to)(l — tl)(l — tg)(l — tot%t%).

If t5 = 1, we get the known answer for A; singularity:

Pg(to,tl, 1) = (1 — q)(l —qto — qt1 + qtotl).
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If tg = 1, we get the answer for A3 singularity:
Py(Lt1,t2) = (1= q)(1 = gty — gtz + gtats + ¢*tits — ¢*tits — ¢*1it3 + ¢*1113),

SO
—A
P (t1,t2) = (1 — qt1)(1 — qta) + qtata(1 — gty — qta + qtrts) =

(1 —qt1)(1 — qta) + Ptita(1 — 1) (1 —to) + (1 — q)qt1ts.

This answer agrees with the general answer for the singularities of type As,_1 in the
section 7.5.

5.3 Three divisors

For simplicity we assume that each divisor is intersected by one component of the strict
transform. This corresponds to the singularity

zoy- (2* —y°) =0.

Matrix M is equal to

1 1 2
M=[1 2 3],
2 3 6
L] L] L]
X(ET) = x(E3) = 1,x(E3) =0,
SO
1
2 2 2
F(ny,ng,ng) = 5(711 + 2n5 + 6n3 + 2nyng + 4ning + 6nang + ny + 2ng + 4ng).
Now
A(uq, ug, us) = (1 — qui — qus + quius)(1 — qua — qus + quaug),
SO
E _ 1 3 3, 2 4 2 2 2 2 2
(Ul,Ug,Ug) = 2(“2 UsU] — U1 U3 g + U1 Uz — UL U UST — U U3 UL+
Uiru2usz
4,3 3, 2 3 2 3,3 2.3 3
U U U — U3 UL — UL UU3T + U UL US UL U2 U3 — U3TqU2—
3, 2. 2 3 2 2 2 2 2 2. 4 3, 3
U U"U3T — U3TUIG — U2 USTG — U UUST — U3TULU2 + U2T UL U3 — U UL qU3 T
2. 2 2 4 2 4, 2 3, 2 3 2 3, 2
U2 Uz UL"q — U UzU2”q — U U3 U2g — U2"UZ UG — U2 U3UL TG + U3 UIG U2+
2. 2. 9 3, 2. 9 3, 2. 9 4, 3 2.3 3 2.2
U2 U3 U1q” + U1 U2 " u3q” + U1 Uz U2q” — U U” + U1 u3z” + uz"ur + uz U u2q+
3,3 3, 2 3 3 4
u uz” + uz us” +uz ug +uz” —usz”),
and

Pyt ta,ts) = 1 —t3q + t122°137q7 + t1%2%t3°¢° + titats®q® + tita?ta*q* — t122 37"+

totzq® — titat33q? + titag® — tita’t3*q® — 1227137 ¢ — tita?t3%q% — t1 %> t37 ¢ —
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t1°0°t37q" — 1%t 50" + 11213 + 177t P + t12t22t33q4 — t 2% t5% ¢+
1223320 + 12t 30q7 + t1t2%13% ¢ — 1173 135¢T — 1171971310 — tita? 3¢t~
titatsq® + t1tat3° % — tag + titsq® — titats®q® + ti3ta s Tg "+
titats®q — t1q — t1 233 g + 11 %10°3%¢ .

It can be rewritten as

Py(tr,t2,t3) = (1 = t1q)(1 — t20)(1 — t3q) — t2t2°t5%¢" (1 — t1)(1 — £2)(1 — t3)—

titat3a(q — 1)(1 — taq)(1 — t3q) — t3t5t50" (g — 1)(1 — t2)(1 — t3)—
t1t3t36% (¢ — 1) (1 — t1q) + t1t3t5¢° (¢ — 1) (1 — t1).

In this presentation the symmetry of Fg is clear, since every line in the right hand side
is invariant under the change ¢; <+ ¢~ 't;*
If we set ¢ = 1, we get

Py(ti,ta,ts,q=1) = (1 — 535 (1 — t1)(1 — ta) (1 — t3).
If we consider only singularity of type Ao, we set t; =ty = 1,t3 = ¢, and
Pg(l» 17t) = (1 - Q)Z(l - tq + t2q)a

SO

1 —tq+t3q
Py(1,1,t) = 13; 1+Zt’c ko1,

This answer coincides with the one obtained in the section 2.3.

6 Symmetry

In this section we prove the symmetry property for the reduced motivic Poincaré series
(Theorem [4)). The strategy of the proof passes along the lines of the computation described
in Lemma |6} namely, we prove the symmetry property for the generating function Ag (u) in
Lemma deduce from it a certain relations on its coefficients cx (n) in Lemma Since we
can express the motivic Poincaré series in terms of cx(n), we can finish the proof by fitting
this relations to the statement of Theorem [l

Lemma 10 .
1 1 °
Ag(—,...,—) = g 1Kl Huf(El) CAp(u, .. ug).

i=1
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Proof.

AK( _ |K|H L )IRNE-1 (g )|K0Ei|71H(1_ 11 . 1 ) =

qu uiq - Ui(e)  Uj(o)  qUi(o)Uj (o)

A (u) Hu37|KﬂEi\ugf\KﬂEi\ql—U(ﬁEi\ H(qui(a)uj(a))_l =

% o

Az (u)q* 1K=l H W2 KN Bil+X (B -2
It rests to note that |Ip] = s — 1 and x(EY) = x(E?) — |Ko N E;|. O

Lemma 11

CK(TLl, cee 7”8) ql |K|+n K( X(E(lj) — N1, _X(E;)) - Tls),
where n = Y""_; n;.
Proof
1 -n,—n - ; z
Ag(—, ..., ZCK N1y. ., ne)u 2gT" = ¢t |K‘Huf(Ei)Zc?(zl,...,zs)gﬁ
) -
We have
zi +X(E) = —ni, 2o = —x(E7) — na.

U

Theorem 4 Let p, be the Milnor number of Cy, and (Cy o Cg) is the intersection index
of Co 0 Cg, p(C) is the Milnor number of C. Let lo = pa + 3_54,(Ca 0 Cp) and 6(C) =
(u(C)+r—1)/2. Then

_ 1
P — ) =q¢ O tal - Pylts, ... tr).
g(qtl =q H 17 ) )

The theorem follows from Lemmal[11]describing the symmetry of the coefficients cx (n) and
Lemma |§| describing Py(t1,...,t,) in terms of cx(n). The detailed proof is rather technical
and can be found in the Appendix.

Corollary 2 The degree of the polynomial Py(t1,...,t,) with respect to the variable t; is

equal to l;. The greatest monomial in it equals to ¢°(©) T, ti .

Alternative proof of the symmetry property for the motivic Poincaré series can be found in

[14], where it is deduced from the theorem of Campillo, Delgado and Kiyek on the symmetry
of the multi-variable Poincaré series of a plane curve singularity.
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7 Relation to the Heegaard-Floer knot homology

7.1 Heegaard-Floer homology

In the series of articles (e.g. [18],[19],[20],[22], see also [23]) P. Ozsvath and Z. Szabé con-
structed new powerful knot invariants, Heegaard-Floer knot (and link) homology. To each
link L = U!_, K; they assign the collection of homology groups ﬁﬁd([/, h), where d is an
integer and h belongs to some r-dimensional lattice. Their original description was based
on the constructions from the symplectic topology, later ([12],[13]) there were elaborated
combinatorial models for them. All of these homologies are invariants of the link L, and they
have the following properties ([19], [13]).
First, they give a ”categorification” of the Alexander polynomial of L: if r = 1, then

S X(HFLL(L )" = A%(1),
h

where A%(t) =t~ 98 A/2A(t) is a symmetrized Alexander polynomial of L. If r > 1, then

r

SOXHFLAL ) =T — 77 - A%(ta,.. . 1),
h i=1

Second, they have the symmetry extending the symmetry of the Alexander polynomial:
HFLy(L,h) = HFLy_o5(L, —h),

where H = "0, h;.

These properties are similar to the ones of the polynomials Py(t), and one could be
interested in comparison of these objects. It turns out, that for knots (of course, P,(t) is
defined only for the algebraic ones) this comparison can be done.

In [22] for the relatively large class of knots, containing all algebraic knots, the following
statement was proved.

Theorem 5 ([27]) Let the symmetrized Alezander polynomial have the form

k

A°(t) = (—1)’“ 4 Z(_l)k—i(tni )

i=1

for some integers 0 < ny; <ng < ... <ng. Letn_j = —nj,ng =0. For =k < i <k let us
introduce the numbers 6; by the formula

0, if i=k
0; = 6i+1 — 2(”1‘4_1 — ?’lz) + 1, if k-i is odd
diy1 — 1, if k-i> 0 is even.

Then ﬁF\L(K,j) =0, if j does not coincide with any n;, and ﬁF\L(K, n;) = 7Z belongs
to the homological grading 6;.
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In what follows we will need more detailed algebraic structure of the Heegaard-Floer
homology which can be described in the following way ([19]).
Consider the ring
R=7Z[Uy,...,U,.].

For every r-component link L there exists a Z"-filtered chain complex CFL~(S3 L) of R-
modules, whose filtered homotopy type is an invariant of the link L. Filtrations naturally
correspond to the components of the link L. The operators U; lowers the homological grading
by 2 and the filtration level by 1. The homologies of the associated graded object are denoted
as HFL=(S3,L). Ifonesets Uy = Uy = ... = U, = 0, he gets a new Z"-filtered chain complex
of Z-modules, which will be denoted as C/’F\L(L) The homology of the associated graded
object are denoted as FF\L(L), and they are the homology discussed above.

The filtration on the second complex is compatible with the forgetting of components
(proposition 7.1 in [19]). Namely, let M be the two-dimensional graded vector space with
one generator in grading 0 and one in grading —1.

Proposition. Let L be an oriented, r-component link in S3 and distinguish the first com-
ponent K. Consider the complex C/'}-F\L(L) viewed as a Z"~!-filtered chain complex where
the filtration corresponding to the first component is omitted. The filtered homotopy type
of this complex is identified with @(L - K)) @M.

If we forget all components of L, we get either the complex
CF(S%) @ M™ 1,
where CAF(S?’) has one-dimensional homology in grading 0 or
CF(S%) = 2[U),

where all U; acts by the multiplication by U.
This proposition is a direct analogue to the equation .

The three-manifolds with simplest Heegaard-Floer homology are the rational homology
spheres Y, for which the rank of the Heegaard-Floer homology is equal to the order of the
first (singular) homology, i.e.

L —

tk HE(Y) = [H\(Y:Z)].

These manifolds are called L-spaces, for example, lens spaces are L-spaces. In the case that
some positive surgery on K gives an L-space, we call K an L-space knot. It was proved by
M. Hedden in [J] that all algebraic knots (i.e. links of irreducible plane curve singularities)
belong to the class of L-space knots.

It was proved in [22], that for the L-space knot K and any filtration level n

tk H*(CFL™(K,n)/Ui(CFL™(K,n))) = 1. (24)

This is a key geometric ingredient in the proof of Theorem
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7.2 Matching the answers
Consider the Poincaré polynomial for the Heegaard-Floer homologies:
HFL(t,u) = > ult® dim HF Ly o(K).
It categorifies the Alexander polynomial in the sense that
HFL(t,—1) = t~ 98 2/2A(1).

Remark that the coefficients in Pg (t,q) are always equal to 0 or to £1. It can be proved
from the equation .

Theorem 6 Take ?g(uq) and let us make a following change in it: t*¢® is transformed to
tu=28, and —t*q¢® is transformed to t®u' =2, We get a polynomial Ay(t,u). Then

Ayt u) =t~ B 2HEL(t, ). (25)

Example. For (3,5) torus knot we have

q4t8

1—gqt’

Py(t,q) = 1+ qt® + ¢*t° + ¢*t° +

Py(t,q) =1 —qt +qt® — @*t* + ¢*t° — ¢*t" + ¢*t%,
,A\;(t, Q) =1+u 4+ u2 +u 3t M w4 w8,

and
HFL(t,u) =t +u ' B a2t + 030 o o 73 o84

Proof. To prove we match Theorem 5 with the equation .
In the notation of Theorem 5 the non-symmetrized Alexander polynomial equals to

—k 2k
A=Y (DI = T (e
i=k i=0

A k—1ng—mkg—2i—1—1 21k

P(t):mzz > Vet

=0 j=ng—nk_2i

Note that for 7 > 0

Ok—2i = Ok—2i41 — 1 = Op—2¢i—1) — 2(Nk—2ir2 — Nk—2i11),

SO
k—1ng—mg—2i—1—1

Pg(t, q) = Z Z q(j*’ﬂk“r’ﬂk_zi)f(sk_m/Qtj +

1=0 j=ng—nr_2;

t?nkan
1—gqt’

71



k—1
Pg(t,q) — Z(q_ék—Zi/Qtnk_nk—’zi _ q_‘sk—?ifl/ztnk_nk—w—l) + t2nkan.

=0
Now
k—1
E;(t, u) = Z(uék—%tnk*nk—% + ulsk—Qi—ltnk*nk—?i—l) + t2nku*2nk7
=0
N k—1 k
tnkAg(t_l,u) = (ué""?it"k*m + q‘s’“*z"*ltnk*%*l) 4 2y T2 — Z ulithi = HFL(t,u).
=0 i=—k
|

7.3 Comparing filtered complexes

In this section we try to describe the relation between the knot filtration on the Heegaard-
Floer complexes and the filtration on the space of functions defined by a curve.

To be more close to the algebraic setup, we reverse all signs for filtrations and for the
homological (Maslov) grading as well (so we get cohomology groups). The Alexander grading
is also changed to get the non-symmetrized Alexander polynomial. In another words, the
Poincaré polynomial of the resulting cohomology coincides with A, (¢,u~"). The operator U
will now increase the homological grading by 2.

Consider a Z>o-indexed filtration J,, by vector subspaces (with finite codimensions) on a
infinite-dimensional complex vector space Jy. It induces a filtration by projective subspaces
PJ, on PJy = CP*:

PJ, P & PI,
so we have a sequence of corresponding Gysin maps in cohomology:

H*(PJo) Uil ppe—zcodimnpy (2l pre—2codimppy )
We get a Z>(-indexed filtration
Fy, = ()« (H"(PJy))

in H*(CP*°) = Z[U], which is compatible with the multiplication by U. If we also know (as
for the filtration defined by the orders on the curve), that dim Jy/Ji1+1 < 1, we conclude that
U increase the filtration level at least by 1.

The motivic Poincaré series in this setup can be written as

Py(t,q) =Y t*q"* dim H" (Fy/ Fi1).
k,n

The situation is similar to the Heegaard-Floer complexes, but U may increase the filtration
level more that by 1. To avoid this problem, we should modify the complex.

Example. Consider the following filtered complex T: it has generators U¥ag, U*a; and
U*ay. The homological degree of Ulaj equals to 21 + j and its filtration level equals to [ + j.
The differential is defined as

d(a1) = ag + Uayp.
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One can check that

> thur dim H™ (Tx/Theyr) = 1+ 0’8 + u*t® +utt +
k.n

(so this complex corresponds to minus-version of the Heegaard-Floer homology of the trefoil
knot) and rkH*(Ty/UT}) = 1 for all k. Remark that if 7% = T}, /UT},_1, then

Ztku" dim H™(Ty /Ts1) = 1 + ut + u?t2,
k.n
what is the Poincaré polynomial for the hat-version of the Heegaard-Floer homology of the

trefoil.

Let us turn to the general case. Consider the complex
Co = FolUn] + (Fo[1])[U4] (26)

with the filtration

.= P vine @ UlRN]

k+l=n k+l=n—1

and the natural action of the operator U; of homological degree 2. The differential is given
by the equation
dz)=U; -z 4+ Ux.

One can check that this differential preserves the filtration C,, and commutes with Uj.

Lemma 12
H*(Cn/cn+1) = Fn/Fn+1,l“k H*(Cn/Ul(Cn)) =1.

Proof. We have

Co/Crt1 = D UlFx/Fip)® @ UL(Fr/Fii)[1]-
k+l=n k4+l=n—1

Since the Up-increasing component of the differential
dy(Uz[1]) = U

gives the isomorphism
dy : Uf(Fy/Fii1) = U (F/ Frpa),

we have
H*(Cn/cn+1) - Fn/Fn+1.

Also we have

Co/Uh(Co)=Foo R[l] @ UlF/Fe @B Ul(F/Fe)ll,
k+l=n,l>0 k+l=n—1,1>0
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and up to the isomorphisms d; we have the complex Fy @ Fy[1] with the differential
do(z[1]) = Uz,

" rk H*(Cn,/U1(Cp)) = 1.

The properties of the complex Cy are similar to the ones of the complex CFL™(K). More
precisely, the calculations of [22] (lemma 3.1 and lemma 3.2) imply the following

Proposition. Suppose that a cochain complex C has a filtration Cx, k& > 0 and an injective
operator U of homological degree 2 acting on it such that

1U(Ck) C Cry1 and U7(Ck) C Cr—1 (this means that U increase the level of filtration
exactly by 1)

2)H*(C/U(Ck)) has rank 1 for all .

Then
3) For all k the rank of H*(Cj/Ci41) is at most 1.

Let {0,01,09,...} is the set of k such that this rank is 1. Then
4) H*(Cy, /Cs,+1) belongs to degree 2k.
Let

Qt,q) = > "%, Qlt,q) = Q(t, q)(1 — qt).
k=0

Let us make a following change in Q: t*¢” is transformed to t*u??, and —t*¢”® is transformed
to touf—1,
5) The result is equal to

Z tFu™ dim H"(Ck/(CkJrl + UCk,l)).
k,n

The second condition is analogous to the equation for the Heegaard-Floer homology
of the L-space knots. R
The last result can be reformulated as follows. Consider the complex Cy = C/UCk—_1,

then the last homology is the homology of the associated graded object @ /é\k,l. The mul-
tiplication by 1 — gt corresponds to the exact sequence

0 %Ck_l/Ck E) Ck/CkH — é\k/é\k_l,_l — 0.

As a corollary we get that the series Q(t, 1) determines completely all discussed cohomol-
ogy. Since for the filtered complexes C and CFL~ we have Q(t,1) = A(t)/(1 —t) for both,
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we have the equality of the cohomology of the associated graded objects and the more clear
proof of the Theorem 6. As an another corollary, we get the equation

H*(CFL™(8%)/CFL; (% K)) = H*(P(O/ Js)), (27)
which looks more geometric than the Theorem 6.
Remarks.
1. It would be interesting to construct the analogous Z"-filtered complex of Z[Uq, ..., U,]

for multi-component links which would carry the information about the Poincaré series of
the corresponding multi-index filtration.

2. Tt would be also interesting to compare these results with the ones of [15], [16] and [17]
computing the Seiberg-Witten and Heegaard-Floer invariants of links of surface singularities.

7.4 Example: A,,_; singularities

Since the algorithm of computation of the (reduced) motivic Poincaré series is quite com-
plicated, it is useful to have a series of answers where the motivic Poincaré series and the
Heegaard-Floer link homology can be computed.

Proposition. Consider the singularity of type As,_1 given by the equation

y2 — x2n'

From the topological viewpoint this corresponds to the 2-component link, whose components
are unknotted, all intersections are positive and the linking number of the components equals
to n. Then

q" (1 — )7ty
(1 —1t19)(1 —t2q)

Py(ti,ta) =1+ qtita + ... +¢" 7yt +

Proof. For the proof we use the equation . Parametrisations of the components are

(z(t1)7y(t1)) = (tlvtyll)a and (‘T(tQ)?y(tQ)) = (t27 7t721)a
SO
xayb|c1 _ tT—Hmv x“yb|02 _ (71)bt(21+bn.
If a < n, then every function with order a on C; has a form z® + ..., so its order on C5 is
also equal to a.

For every a,b > n consider the function 2" (2" +y) 4+ 2" (2™ — y). Its restrictions on
C; and C; are respectively equal to 2t and 23, therefore

dim Ja’b/JaJrl’b = dlm Ja,b/Ja,bJrl =1.

The codimensions h(vy,vq) are equal to v1 + ve —n, if v1,v9 > n, to vg, if v1 < n,ve > n,
to vy, if vo < m,v1 > n, and to max(vy,ve), if 0 < v1,vy < n. We have

o0
L?Zu—l (tla to, q) _ Z t1111t52qmax(v1,v2) + (1 + Q) Z til)ltgzqurvzfn’

0<max(v1,v2);min(vy,v2)<n v1,V2=n

(6]



hence
Lt =1)(ta—1) = =14+ (A= q)tita+...+ (" > =g N5+ " (L —q+ )ity

A=) | TR - | T (- )

1—qty 1—qgts (1 —gt1)(1 - gt2)
and
Agp_
Ly> t(ty — 1)(ta — 1) q" (1 — q)t7ty
pAzn-1 — 29 -1 1t o n—lyn—1lyn—1 12
g tita — 1 Tt T +(1—qt1)(1—qt2)
|
Corollary 3
HA2n-1 2 n—1 nyn—1,n—1 ngngn
P () =1+ (g + ¢ )it + ..+ (¢" + ")t + ¢ 1ty (28)

—(t1 +to)g + ¢Ptata + ...+ g™t

In [19] Ozsvath and Szab6 computed the Heegaard-Floer homology of the corresponding
links. In their notation the answer has the following form (everywhere we write the Poincaré
polynomials of the corresponding complexes). Let

Vi (s ta,u) = ud(t] + 87 o+ 4+ 25) +u T T 5,

B(d) (tl, to, u) = + (tl + f,g)ud-"_l + ud+2t1t2.
Then

HFLya, . (t,ts,u) = Y(%)t?mt;/z i 1f(1_1)t’f/2‘1t§/2‘1 n ZB(_Qi)t’EL/Q—it;/Z—i.
i=2

Since Yy = 1 and V' ) = u™'(t1 +t2) +u~? one can simplify this as

HF L, (t1,ta,u) = 72802 4 (u= (ty + o) + w20/ 2 1n/2 7!

n
+ Z(u—m Tt + tz)u—2i+1 + u—2i+2t1t2)t?/2—lt721/2—1’
=2
SO
P HE LA, (47t ) = 14 (0 + t2) + u”2tity)
n
F W (04 P ) =
1=2
(14 2u™ 2ty + .. 4 202" P20 D=t oy =2

—(ty +t)uTt w3ty L w2 .
The last expression is similar to in analogy with the Theorem 6.
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8 Appendix

Proof of Lemma [l
We have

Sutaan =y Y wnp (T AR,

i A=i+(K) J

(KT _ o\ __ f£. (KT
i D) (—1)7 (1 X(E7) = fill, K))(uq)j _uhil >(1 R
u

1—u r 7 1-—

and
fi(K,I)

QKT 7)) = g1 (1 — ) THIENTT Y (1 — ) X ED—fi(LE)
DG 1) = (1= ) [ (1 )

O
Proof of Lemma [5]

Ak (u) = Zq\fl(l — )1 Z(fl)lKlf‘Kl‘(l — q)¥al Zun H¢i(17K1an)-
I Ki n [

We have
S (1 g X B~ fi(LK)

Zunlzl(bi(I’Kl’”):H% 1—u

n 7
Now

L puryI)
_7, 9 1
T (

— uq) XED Sl K —

Z (_1>\K0Ei|—|K11|(1 _q)\Ku\

KliC(KﬁEi)

1 ufi(Kvl)(l —u q)lfx(Ef)*fi(KJ)x

)

1-— U; v
I ) ) Ki;|—|KNE; O )
D (- )IKOEIHG (L — gty Fr PO — gy OB <
Ky
1 . 0 1 — w
: Auifz(K,I)(l —uyq) XEDRED (1 g f‘zq)umEil _
— U; Uq

1 ) _ )
L (Cayenm JRD-IKOEL

Remark that f;(K,I) — |K N E;| = f;(I) and

q)l—X(Ef)—fi(KJ)(l _ ui)\KﬁEH'

X(E) + fi K, 1) = x(E}) — [Ko N Ei| + |K N Ei| + fi(1),
hence the last expression can be rewritten in a form

(71)|K0Ei|ulf¢(1)(1 . uiq)l—X(Ei')H?ﬁEikfi(I)(1 _ ui)\KﬁEihl.
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Also

S g1 1) ]l (1—wig) "D = [T+ a1~ ) tioy o) Lty @) (L—tj0)0)~H) =
I 7

g

[T = wgX P2 T = quioy = qujo) + qUioyti(o))-

K2 [ea

Therefore _
Ak (u) = (_1)IK| H(1 _ uiq)lfx(E,, )+IKﬂEi|(1 _ uz.)lKrM‘L-lfl><

<[] = wg)* D2 T[ (1 = quite) — (o) + quicoyjo)) =
i o

(DT = wsg) Q@ = u) ORI T (1 = quigoy = quj(o) + Quigo)tj(o))-

o2

O

Proof of Lemma 7l

We have to prove that Hp = 0 at ug = 1 for § € E(P). Suppose that Eg is intersected
by Eay,- .-, Eq,. For every set E of divisors not containing Fg let us compare the summands
corresponding to £ and to FU Eg.

For E at ug = 1 we have

H u; Zaijﬂj(_l)\KoﬂE|qA(E) H(q _ ui)kﬁl(l _ q)kﬁfl H (1 _ qui)kifl
Y i€E i¢(PUE)
x [T (1= ¢ @ Py — g1 ) 4 gt 1o EI 150 By o) - (1= g)F.
o¢Epg

For FU E; at ug = 1 we have

k
H U, H ’LL; > aiipg (_1)kﬁ+|KUOE\qA(EUE1)<q _ l)kg—l H(q _ ui)ki—l H (1 _ qui)ki—l

j=1 i#£B i€k i¢(EUP)

k
% H (1_q1_ﬂi(a)(E)ui(o_)_ql_ﬂj(a) (E)uj(a)—l—ql_‘“(”) (E)_“j(”)(E)ui(a)uj(a))'H (1—q)q " By,

U¢E5 j:1

It rests to note that A(EU Eg) — A(E) = 2?21 oy (E).
|
Proof of Lemma [8l

Sur Y g Zer AR Riep aulElIROE] ¢ cp p(ng 4 agpis(E)) =
n ECE(P)

Z Hu,_ 2 aijus (E) qz aijpi(B)p; (B) | q*A(E)*ZiEI aii+|KoNE|—|E|
ECE(P)
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X Z H(uiq—m(E))nu 'CPUE(nl) _

Z H“ > aijug (E) - Apup(uig ;LL(E)) A(E)+|KoNE|-|E| _

ECE(P)
IP\ Z H“ > aijp;(E) S~ l)IKomE\qA(E)HKoﬁEIfIEI H[(l - ui)fl(l . uiqfl)kifl}
ECE(P) s
X H[(l — qu)" TP — )P H (1= quq)® (1 —uy) ™)
el i¢(PUE)

> H(1 _ qlfﬂi(a)(E)ui(U) _ qlfﬂj(a)(E)uj(a) + qlfﬂi(@(E)*#j(a)(E)ui(U)uj(g)) _

o

1
DIPITTI = quo)s P11 — )P o
z’lel HieE(P)(l — ;)
X Z (—1)1KonE| .Hui_zaijﬂj(E) A H(q ki H(l
ECE(P) ieE by

> H(l _ qlfui,(a)(E)ui(U) _ qlfw(a)(E)uj(a) + qlfﬂua)(E)*Mg(w)(E)ui(U)uj(o)).

o

(|
Proof of Theorem [4l
Let k; = |Ko N E;|. From Lemma [6] we get

5] 1 1 - —Mn — msjkin; n)—y n;
Pyl ) =0 ty) PN g Mugm Emakn gF)=2m N e (n) =
T n K

(E°) Z LM(X(E))*E)Q* >omijking qF(n)*Z n;

x> g I e e (—x(B7) — ). (29)
K
Let
& =—x(E7), n=&§—n
Then i
_ an = 5[2 mgjnin; + ZmijniX(E;) — an],
SO

—Znu—F(n)—FZni]:
> mi (€ =) (& =) + i (& —n)x(Bf) = (& —ni)
- Z mining — Y minix(E}) + > n; =
=2 mii (& + X(ED))n; +2) i +2(F(€) =Y &) =
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Thus is equal to

tflfMﬁqu(ﬁ)JrZ fiqlf\Ko\ Z tMnqu(nl)*Z ni; Z t?q|?|0?(n1)'
K

It rests to compute the powers of ¢, and of q.
Remark that > & = |Ko| —2,s0 > & +1— |Ko| =—1.

Also
= Zmijkik‘j -2 ZmijkiX(E;) + Zmin(E;)X(E;)‘f'
Zmlj 1X Zmle (E;)+Z£1:
Zmijkik: Zmu zX + |K0| — 2.

The formula of A’Campo ([I]) says that
7ILL:Z’ITLX( ZX mv]k *Zmu k7)k]7

2F(E) = p—1+ |Ko| —2 =20 —2.

SO

Thus —F(§) — 1 = —4.
Also for every a one has

1—pio = Z mz(a)jX( ) + Mi(a), z(a)( (Ez.(a)) - 1)7

j#i()
and for f # «
Ca 0 Cg =mMi(a),i(p)

SO

D CaoCs= > M)k + Miayica)(Fi(w) — 1)

Bra j#i(a)
and

1- Mo — Ca © C,B = Zmi(a),jX(E;)'
J
O
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