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CHARACTERIZATION OF GENERIC PARAMETER FAMILIES OF
CONSTRAINT MAPPINGS IN OPTIMIZATION

NAOKI HAMADA, KENTA HAYANO AND HIROSHI TERAMOTO

ABSTRACT. The purpose of this paper is to understand generic behavior of constraint functions
in optimization problems relying on singularity theory of smooth mappings. To this end, we
will focus on a subgroup of the Mather’s contact group, whose action to constraint map-germs
preserves the corresponding feasible set-germs (i.e. the set consisting of points satisfying the
constraints). We will classify map-germs with small stratum extended-codimensions with
respect to the subgroup we introduce, and calculate the codimensions of the orbits by the
subgroup of jets represented by germs in the classification lists and those of the complements
of these orbits. Applying these results and a variant of the transversality theorem, we will show
that families of constraint mappings whose germ at any point in the corresponding feasible
set is equivalent to one of the normal forms in the classification list compose a residual set in
the entire space of constraint mappings with at most four parameters. These results enable us
to quantify genericity of given constraint mappings, and thus evaluate to what extent known
test suites are generic.

1. INTRODUCTION

Constrained optimization is a problem of minimizing objective function(s) within the feasible
set that is described by the system of equalities and inequalities of constraint functions. This
problem appears in a wide range of academic and industrial tasks, including planning, scheduling,
design, development, and operation [2]. Although there is an elegant and powerful theory for
restricted cases (e.g. for linear objective/constraint functions [9, 8] and convex ones [4, 27]), it is in
general difficult to establish a theory for solving such problems. Solvers for general optimization
problems, such as Bayesian optimization [28, 34] and evolutionary computation [11, 35], are
developed primarily through empirical performance evaluation using a set of artificially designed
optimization problems, which is called a test suite. A good test suite should represent typical
classes of real-world problems and will facilitate the development of good solvers.

Since errors are inherent in observations and modeling processes of real-world problems, we
would like to focus on properties that any problem possesses after a small perturbation and
that are preserved by perturbations, that is, generic properties. Therefore, in order to develop a
well-designed test suite, it is necessary to quantify and estimate genericity of a given constrained
optimization problem. A well-known constrained test suite is the C-DTLZ [22], which adds
artificially designed constraint functions to the DTLZ [36], the de facto standard in unconstrained
optimization. Contrary to their fame, DTLZ and C-DTLZ have been criticized for dealing with
exceptional functions that rarely occur in practice [20]. It would be nice to examine whether or
not the functions given in existing test suites are generic. (We will indeed show in Example 2.1
that the constraint map-germ at a solution of C1-DTLZ1 is far from generic, that is, one cannot
expect that it appears in real-world problems.)

The main purpose of this paper is to explore generic properties of smooth inequality /equality
constraints on manifolds. Our main result, Theorem 5.2, establishes that the set of b < 4-
parameter families satisfying specific conditions is residual in the space of smooth parameter
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families of constraint mappings. This theorem implies not only that a generic b < 4-parameter
family of constraint mappings satisfy the conditions in the theorem, but also that one can make
any (not necessarily generic) parameter family of constraint mappings satisfy the conditions by a
small perturbation. In particular, the main theorem provides a comprehensive understanding of
generic behavior of constraint mappings, highlighting typical properties that can be expected in
a generic (and thus real-world) setting. Note that the main theorem is described in terms of the
key concept, reduction of constraint map-germs, that is, the operation eliminating unnecessary
inequality constraints and restricting to a submanifold satisfying equality constraints. (See
Section 3 for detail.)

In order to obtain the main theorem, we will focus on the subgroup K[G] C K defined in
Section 2. This subgroup was originally introduced by Tougeron [32] for a linear Lie group G.
Its basic properties were investigated by Gervais [13, 14, 15] and further studied by Izumiya
et al. [21], who provided many interesting examples. For a suitable Lie group G (given in
Section 2), the group K[G] acts on constraint map-germs in a sensible way; the action of K[G]
indeed preserves the corresponding feasible set-germs, and thus it is suitable for our purpose
(i.e. examining behavior of generic constraint mappings). In Theorem 5.1, we will classify map-
germs with small K[G].-codimensions, and calculate the codimensions of the K[G]-orbits of jets
represented by germs in the classification lists and those of the complements of these orbits.
The main result then follows from this theorem together with a variant of the transversality
theorem. Note that part of the classification in Theorem 5.1 has already been given in [30, 10].
See Remark 5.2 for detail.

The classification and generic properties obtained in the manuscript is the first step toward
creating good test suites with various desired properties and assessing known test suites properly.
By perturbing constraints in our classification lists (Tables 1, 2 and 3), we can create various
constraint mappings, which can be expected to appear in a generic setting. Since K[G] is
geometric in the sense of Damon [6], it is enough to consider a versal unfolding of constraints
as a perturbation. For understanding which types of constraints appear in a versal unfolding
of each constraint (i.e. obtaining a bifurcation diagram of a versal unfolding), we have to deal
with the recognition problem for each map-germ in the classification lists (with respect to K[G]-
equivalence, cf. [12]). Note that the solutions of the recognition problems are also useful to
assess existing test suites. In a forthcoming paper, we will solve the recognition problems and
give the bifurcation diagrams of versal unfoldings for map-germs in the lists with (stratum)
K[G]e-codimension at most 3.

Throughout the manuscript, we will examine only constraint mappings, and not deal with
objective functions. On the one hand, it is reported [33] that real-world problems often have
a larger number of constraint functions than objective functions, and that many constraint
functions will be active at the same time. Thus, constraint functions themselves are important
objects and have been studied from various perspectives in relevant references [31]. On the other
hand, in order to determine generic behavior of objective functions and constraints following the
same scheme, we will have to focus on another subgroup of K instead of K[G], preserving not only
feasible set-germs but also natural ordering for objective functions, called the Pareto ordering
(cf. [26]). Since such a subgroup is not necessarily geometric in the sense of Damon [6], it might
be much more difficult to understand the action of this group to map-germs than that of K[G].
We will study objective functions (possibly with constraints) in a future project.

This paper is organized as follows: after reviewing basic notions (e.g. K[G]-equivalence and
(extended) intrinsic derivatives) in Section 2, we will define a reduction of a constraint map-
germ in Section 3, which can be obtained from the original map-germ by removing inactive
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inequality constraints and composing an embedding to a submanifold-germ determined from
equality constraints. In Section 4, we will then discuss transversality of (parameter families
of) constraint map-germs and their reductions. Section 5 is devoted to the classification of
jets appearing as (full) reductions of generic b(< 4)-parameter families of constraint mappings
(Theorem 5.1). We will give the main theorem in full detail (Theorem 5.2) after the proof of
Theorem 5.1.

2. PRELIMINARIES

Let N be a manifold, ¢, € NU{0} and g: N — R?, and h: N — R" be C*°-mappings. The
set

gi (r) <

M(g’h):{xENhj(m)

0 (iG{l,...,q})}
0 (Ge{1,...,r})

is called the feasible set determined from the inequality and equality constraint mappings g and
h, respectively, where g(x) = (g1(x), ..., gq(x)) and h(z) = (h1(x),. .., hy(x)). In this paper, we
write g (z) <0 Vie{l,...,¢},9:(x) <O0.

Let &, be the set of function-germs on (R™,0), whose element is denoted by f: (R”,0) - R
or f:(R"0) — (R, f(0)). The set &, is a local ring with addition and multiplication induced
from those on R, and the maximal ideal M,, = {f € &, | f(0) = 0}. One can regard the product
EP(= (&€,)P) as the &,-module of map-germs from (R™,0) — R? in the obvious way. We denote
by ei,...,ep, the standard generators of RP, and these are regarded as constant map-germs, in
particular elements of £P. For map-germs g € £ and h € M, &, we define a subset-germ
M(g,h) of R™ at 0 in the same way as above. Note that M(g,h) = 0 if ¢;(0) > 0 for some
i€ {l,...,q}, and M(g,h) = M(g,h), where § € 5,‘{, is obtained from ¢ by removing the
components with negative values at 0.

2.1. K[G]-equivalence. Let G4 C GL(q,R) be the group of diagonal matrices with positive
diagonal entries, G4, be the semidirect product of G4 and the group of ¢ x ¢ permutation
matrices P, and

c |B
o[- 1B CeGypBeM,,(R),AcGL(rR) Y,
Orq | A

where M, , (R) is the set of ¢ x r real matrices, and O, , is the r X ¢ zero matrix. We define the
group K[G] as follows:

®: (R™,0) — (R™,0) : diffeomorphism-germ
K[G]:{(@,‘l/) ‘\II( ) ( ) p g }

(R™,0) — G : smooth map-germ

Note that K[G] is a subgroup of K, and contains the group R, where R and K are groups
introduced in [24], in particular K[G] acts on the set M, (2 x EF) =2 M, ELTT as follows:

(2. (5 56)) - trne
— (C)g(@ (@) + B)h(®~(z)), Al)h(&~(2)) .

Two map-germs (g, h), (¢',h') € M,EITT are said to be K[G]-equivalent if (g, h) is contained in
the KC[G]-orbit of (¢',h") (cf. [21]). Tt is easy to see that if (g, h) is equal to (®,¥) - (¢', ') for
(®,¥) € K[G], then M (g, h) is equal to (M (g',h)).
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For a map-germ (g,h): (R™ 0) — (R9T" 0), the formal tangent space and the extended
tangent space of the K [G]-equivalence class are

TIC[G}(g,h):Mn<8g;1h>7...,aéi’h)> +TCIG] (9,h),
TIC[Gug,h)<af;’a;1h),...,a§;’h)> +TCIG] (9.h),

n

where TC [G] (g,h) = (g (g, h))e, is the tangent space generated by vectors (g, h) multiplied by
the Lie algebra g of G. Specifically, it is

TC[Gl(g:h) = (8 (g:M))e, = ({gren, -+ ggeq)e, + Py s hr)e, E7) ® (has- s hr)e,

The K[G]-codimension and K|G|.-codimension of (g, h) € M, EIT" are defined as the dimensions
(as real vector spaces) of M,E4""/TK[G](g,h) and EIT"/TK[G]c(g, h), respectively. In this
manuscript, we will also deal with map-germs (g, h) : (N,z) — (R?*",(y,0)) for a manifold N,
xz € N, and y € R? with y; < 0. Its K[G]- and K[G].-codimensions are defined to be those of
(g,h) oo™t where ¢ : U — R" is a chart around z and § = (gx,,- - -, gk, ) for

ki, kY ={ke{1,....q} | yx = O}.

Example 2.1 (C1-DTLZ1 [23]). C1-DTLZ1 is a benchmark problem for evolutionary many-
objective optimization algorithms proposed by H. Jain and K. Deb [23]. Let k be a positive
integer and M be an integer greater than 1. The problem has the following objective function
f: RM=-1+k _ RM=1 a]long with a function g: RM 1% _ R involving an inequality constraint.
For (y,z) € RM~1 x R¥ let

S

-1

fi(y,z) =05 (1 + f(z)) Yi

ii:

—m

fm( )—05(1+f ) yzl_yM m+1) (QSWSM)

ot

-1

fM y, f

9(y,z) =1—

I
—

7

where f(z) = 100 {k + Zle ((zz —0.5)% = cos (207 (z; — 0.5) )} By using the functions, C1-
DTLZ1 is formulated as the minimization problem of f = (f1,...,fm) subject to g > 0 and
vi, zj € [0,1] for ¢ € {1,. —1}and j € {1,...,k}.

The function ¢ can be rewritten as g = 1 — 2 (1 + f) (1 + y—g) The inequality constraint
g>0isactiveify; =1 and z; =1/2 for all i = {1, ok} Fory' = (ya,...,ynm—1) € (0,1)M=2,
we put z(y') = (1,9,1/2,...,1/2) € RM~1¥% There are two active inequality constraints g
and y; at z(y’). One can easﬂy check d (y1),(, = (1,0,...,0) and d(g),,, = (=%,0,...,0).
Thus the map-germ (g, y1) at 2(y’) has non-isolated singularity, in particular its K-codimension
is infinity. Therefore, its IC [G]-codimension is infinity as well.

Example 2.2 (C2-DTLZ2 [23]). C2-DTLZ2 is also a benchmark problem given in [23]. We take
k and M as in Example 2.1. Let r be a real number. The problem has the following objective
function f: RM~1+k _ RM-1 along with a function g: RM~!*¥ — R involving an inequality
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constraint. For (y,z) € RM=1+F et

fi(y,z) = (1 + f(z)) ]\j___[ll cos (%277)

Im(y,2) = (1 + f(z)) (Mﬁnlcos (y;ﬂ)) sin (W) (2<m< M)

where f(z) = Ele (z: —0.5)% and A(y,z) = ﬁzﬁl fi(y,z). By using the functions, C2-
DTLZ2 is formulated as the minimization problem of f = (fi,..., far) subject to g > 0 and
Yi,z; €[0,1] fori e {1,...,m} and j € {1,...,k}.

By putting ¢; = f;/(1+f) for i = 1,..., M, Zf\il ¢? = 1 holds and thus the variable
¢ =(C1,...,Cu) € RM is constrained on the unit sphere. This makes it possible to reformulate
the problem in terms of ¢ and z with the additional equality constraint Zf\il ¢? =1 as follows:

N\ 2 2
Minimize f with respect to z and ¢ subject to g = (1 + f) Efvil (Ci -2 Zf\il Ci) —r2 >0,

SM 2 =1,and z,¢ € 0,1] foralli € {1,...,k} and j € {1,...,M}. Note that the original
problem is a reduction of the reformulated problem in the sense introduced in Section 3.
Let z; = 1/2 for all ¢ € {1,...,k}. Let £ € {1,...,M} and ¢; = % for i € {1,...,4} and

¢; = 0 otherwise. Suppose r = /1 —¥¢/M, then, the set of active inequality constraints are
Coex1,---,Cn and g. In this case, the map-germ of <<e+1, sy g, Zf\il ¢ - 1) at

L
T

has IC[G],-codimension 1. This can be shown as follows: Let (g, ) be the map-germ. Then, the
standard basis of TKC [G], (g, h) with respect to the monomial ordering in Appendix A.1 consists
of

1
(Cl?"'aCva@-i—la"'a<M7Z1a""Zk?): ( €a05a051/2’71/2>

2a 2a M—10+2
€1 = —CM—f42s- - EM—f — —CM 42, EM—fh] — —————EM 142,
V4 V4 14
CleM—r42y -+ CMEM =042, Z1EM 042, - - - s ZLEM —0+42-

By using Theorem A.1, the quotient space Sﬁ;,f*Q/TIC [G], (g, h) is isomorphic to

<€M—Z+2>R - R[[Ch R CM7 Zlyeeny Zk]]M_Z—i_Q'

Lemma 3.3 implies that the K [G] -codimension of the original reduced problem is equal to or
less than 1. Since the rank of the differential of the inequality constraint of the reduced problem
is at most that of the problem before reduction, the K [G] -codimension of the original reduced
problem is equal to 1. In this case, the set of constraints with a parameter r exhibits a generic
behavior.

For manifolds N, P, let J™(N, P) be the m-jet bundle from N to P, and 7 : J™(N,P) —» N
be the source mapping. We denote the m-jet represented by f : (N,z) — P by j™ f(z). We put
J"(n,p) = {5 f(0) € J™(R",RP) | f € €7} and J™(n,p)o = {j™f(0) € J™(n,p) | f(0) = 0}.
It is easy to check that the projection from &P to J™(n,p) induces the isomorphism between
J™(n,p) (resp. J™(n,p)o) and EL/ MMTLEP (resp. M, EP/ MMTLEP). Furthermore, we can con-
sider the group of m-jets of elements in K[G], denoted by K[G]™ and its action on J™(n,q + 7)o.
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Two m-jets are said to be K[G]™-equivalent if these are contained in the same K[G]™-orbit.
Let

T 2 EITT 5 ELTT MMALLIHT = JM (1 ¢ 4 1)
and
s J7 (n,g+ 1) = Jm (n,g+r)
be the natural projections. The tangent space of the IC[G]™-orbit of an m-jet
o=j"(g,h)(0) € J"(n,q+ 1)

is equal to m,, (TK[G](g,h)) C J™(n,q+7)o, in particular the latter subspace does not depend on
the choice of a representative (g, h) of 0. We denote this subspace by TK[G]™ (o). The K[G]™-
codimension of an m-jet o € M, EIT" is defined as the dimension (as a real vector space) of a
quotient space J™ (n,q+1)o/TK[G]™ (o). A map-germ (g,h) € M,EIT" or its m-jet 57 (g, h)(0)
is said to be m-determined relative to K[G] if any germ (¢', ') € (7)1 (5™ (g, h)(0)) is K[G]-
equivalent to (g, h), and (g, h) is finitely determined relative to K[G] if it is m-determined for
some m.

Proposition 2.1. Let (g,h) € M,ETT".

(1) (Corollary 4.5 in [21]) The map-germ (g, h) (or its m-jet 37 (g, h)(0)) is m-determined if
MIETTT 4s contained in TKC[G](g, h). (Note that this condition is equivalent to the condition
that MTEITT s contained in TK[G](g,h) + MIHLEIT which depends only on the m-jet
(g, 1)(0).)

(2) (121]) The map-germ (g,h) is finitely determined relative to K[G| if and only if it has finite
K[G]-codimension.

Remark 2.1. Full details of the proof of Proposition 2.1 will be announced in [21]. For the
sake of completness, we provide a remark so that the reader can reproduce the results. For a Lie
group G C GL (¢ + r,R), K[G] is a geometric subgroup in the sense of Damon as commented in
p. 54 in [7]. Then, Proposition 2.1 (2) follows from Theorem 10.2 and Corollary 10.13 in [6]. The
similar estimates of the orders of determinacy to Proposition 2.1 (1) for K-equivalence among
map-germs is given in [24] and the proof of it is similar to that. The detail is left to the reader.

The K[G].-codimension and the K[G]-codimension are related as follows.

Proposition 2.2. Suppose that (g,h) € M,EXT" is not a submersion and has finite K[G]-
codimension. The basis of the kernel of the natural projection

ga+r ga+r gatr
n % n — n
tg, h)(Mn&R) + TC[G](g,h)  t(g,h)(E}) + TC[G](g,h)  TK[Gle(g,h)
is [t(g,h)(e1)], ..., [t(g,h)(en)]. In particular, the K[G].-codimension of (g,h) is equal to the

sum of the K[G]-codimension of (g,h) and —n + (¢ + 7).

Proof. Suppose that [t(g,h)(e1)],...,[t(g,h)(er)] is not linearly independent. There exists
€ € &M\ M,E" such that t(g, h)(€) is contained in TC[G](g,h) C TC(g,h). However, as shown
in the proof of [25, Theorem 2.5], this fact contradicts finite K-determinacy of (g, k). The latter
statement follows from the dimension formula. O

Using the above proposition, one can also obtain a generating set of the quotient space
EIT ITK[Ge(g, h) from that of M,,E1T" /TK[G](g,h).

In order to obtain normal forms of constraint map-germs, we will use the (K[G] version of)
complete transversal theorem [5] explained below. Let K [G], be the normal subgroup of K [G]
consisting of those germs whose [-jet is equal to that of the identity for | € N. We also define a
subgroup K[G]* C K[G]™ in the same way.
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Theorem 2.1 ([5]). Let m > 2 and T be an R-vector subspace of MMEIT" such that
MIEL™ € T+ TK[G), (g.h) + Mg

holds. Then, for any map-germ (g',h') such that 7™ 1(g',h') = j™ (g, h) holds, there exists
t € T such that j™ (g, h') is K [G]}"-equivalent to j™ ((g, h) + t).

2.2. Extended intrinsic derivative. Let f : (R",0) — (R%,0) be a map-germ with
rankdfy = ¢ — 1. In this subsection we will extend the intrinsic derivative of f to a larger
subspace, including Ker dfy, which is the source of the original intrinsic derivative.

We take a vector uy € (Imdfy)* \ {0} and define a subspace W; C TyR" as follows:

Wr= (1 Ker(df;)o,
1<j<gq
(ng); #0

where (uy); and f; are the j-th component of py and f, respectively. This subspace is a
generalization of that considered in [19] (T in the equation (2.5.11) in p. 43). Since the dimension
of (Imdfp)t is equal to 1, Wy do not depend on the choice of pf. We consider the germ
df : (R™,0) - Hom(TR", f*TR?) of a section of Hom(7TR", f*TR?) and its differential

d(df)o : ToR"™ — Tgp, Hom(TR"™, f*TRY).

The tangent space Ty, Hom(TR", f*TR?) can be identified with R™ x Hom(ToR™, ToR?) by
taking the canonical trivializations of the bundles TR"™ and f*TRY. Let

P2 R™ x HOIH(T()]R", ToRq) — HOIH(T()R”, T()Rq)
be the projection and define a linear mapping D?f Wi ® Wy — Coker(dfy) as follows:
D?f(v1 ® vg) = [p2 (d(df)o(v1)) (v2)],

where [v] € Coker(dfy) for v € ToR? is a vector represented by v. We call D?f the extended
intrinsic derivative of f. Note that the restriction D? f|ker dfo®Ker df, 1 the usual intrinsic deriv-
ative, which we denote by D?f.

Theorem 2.2. Let ¢ : (R™",0) — (R",0) be a diffeomorphism germ, ¢ : (R™*,0) — Gy, be a
germ, and g := - (f o ¢). The following diagram commutes:

W@ W; —L5 Coker(dfy)

(d¢o)’1®(d¢o)’1l lww)

2
W, ® W, —2+ Coker(dgo).

In other words, the extended intrinsic derivative is K[G]-invariant for corank-1 inequality con-
straint map-germs.

We need the following lemma to show Theorem 2.2:

Lemma 2.1. Let ¢ : (R™,0) — (R™,0) be a diffeomorphism germ, ¢ : (R™,0) — GL(¢,R) be a
germ, and g := - (f o ¢). The following diagram commutes:

2
Ker(dfy) ® Ker(dfo) SN Coker(dfy)
(d0) @ de0) | [#o

2
Ker(dgo) ® Ker(dgo) D, Coker(dgo).

In other words, the intrinsic derivative is K-invariant.
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Proof. In what follows, we represent germs and their representatives by the same symbols.
We identify Hom(TR", f*TRY?) with R™ x Hom(R",R?) in the obvious way, and the second
component is further identified with the set of ¢ x n matrices. The second component of the
differential dg can be calculated as follows:

p2(dg) = p2(d(¥ - (f 0 ¢)))

(&g,

:< Do (fo ¢)> <Zm ng"‘z’))

:< Wl’f (fkoqs)) + 4 - df odg.
k

.3

Here, (z;;):; represent a matrix whose (i,j)-entry is z; ;. For v € Ker(dgy) C ToR™, the
value po(d(dg)o(v)), which is identified with a ¢ x n matrix, can be calculated as follows: By
feo¢(0) =0, v(fi o) =0,

pa(d(dg)o(v))
= (Zv (%1” ) (fi 0 6(0)) + %ﬁ’j( ) vl fi o¢>>

k ,J
+v(¥) - dfo o dgo + 1(0) - (dgo(v))(df) o dgo + ¥(0) - dfo o v(dg)
=v(¢) - dfy o dgo + 1(0) - (do(v))(df ) o dgpo + ¥(0) - dfy o v(de).
Thus, for v1,vs € Ker(dgg), the value D?g(v; ® v2) can be calculated as follows:
D?g(v1 @ v2)

=[p2(d(dg)o(v1))(v2)]

=[v1(¥) - dfo © dpo(v2) + ¥(0) - (ddpo(v1))(df) o dpo(v2) + ¥(0) - dfo 0 v1(d¢)(v2)]

=[1(0) - (dgo(v1))(df) o do(v2)] = ¥(0) - D? f(dgpo(v1) @ debo (v2))-
This completes the proof of the lemma. ]

Proof of Theorem 2.2. As we calculated, the following equality holds:

81 81’0*17,'
pg(dg>=< Uk (o ¢)> +w-dfod¢=(¢a’x_“
k ij !

(fo-1@) © ¢)) + ¢ - df o do,
0.
where p : G4, — P, is the projection and o = p((0)). Since f o ¢(0) = 0, the differential dgo is
equal to 1(0) - dfp o deo.
Suppose first that the image of 9 is contained in G4 = Ker(p). Since ¢(0)e; = ke; for some
k>0 and (uy); =0 if and only if e; € Imdfy, (1y); = 0 if and only if (uy); = 0. The following
equality thus holds:

= () Ker(v;;(0)-(dfloodde) =dog' | (| Ker(dfj)o | =deg" (Wy).
13

q 1<
(kg
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One can assume (pf)1 = --- = (uy), = 0 without loss of generality. Let 7 : R? — R?™" be
the projection to the latter components. The subspace Wy is equal to Ker(d(m o f)¢). Since
dmo(Im dfy) is equal to Imd(rm o f)g, dmp induces a well-defined homomorphism

dmg : Coker(dfy) — Coker(d(m o f)o)-

For any v € TyRY with [v] € Kerdm, there exists w € ToR? with dmo(v) = d(m o f)o(w),
in particular v — dfy(w) is contained in Kerdmg, which is further contained in Imdfy by the
assumption. Thus, v is contained in Im dfy and dmg is an isomorphism. Under the identification
by dmg, D?f coincides with the (usual) intrinsic derivative of 7 o f. Since 7 o f and 7 o g are
K-equivalent and, by Lemma 2.1, the intrinsic derivative is invariant under K-equivalence, the
diagram in Theorem 2.2 commutes provided that the image of ¢ is in Gg.

For a general 1, one can regard it as a composition of a permutation of entries of R? and a
mapping whose image is contained in G4. Since the diagram in Theorem 2.2 commutes if ¢ = id
and 1 is a permutation, the diagram for general ¢ and 1 also commutes. (I

Note that one can deduce as a corollary of the proof that D2f is symmetric.

3. REDUCTIONS OF CONSTRAINT MAP-GERMS AND THEIR JETS

In this section, we will introduce a reduction procedure, which changes a map-germ (or its
jet) keeping the corresponding feasible set-germ fixed up to diffeomorphisms. After explaining
its definition, we will discuss various properties of it, especially relating with codimensions.

Let N be an n-manifold without boundary, g = (g1,...,94) : (N,Z) = (R%,7) and

h=(hi,...,h): (N,Z) = (R",0)
be map-germs such that M(g,h) # 0 (ie. §p < 0 for any k € {1,...,q4}), (i) := (i1,---,0r—)
and (k) := (k1,...,kq—s) be systems of indices such that rankd(h;,,...,h; ,)z = r — 1 and
95, (T), ..., g, (T) # 0. Take an immersion-germ ¢(;) : (R"~"*,0) — (N,Z) so that the set-
germ () (R ) is equal (hy,, ..., h;,_,)~'(0). We define a map-germ
(97 h‘)L(i),(k}) : (Rn—r+l70) — (Rs+l70)a

called a reduction of (g,h) as follows:
(9 1)y k) = (Guiy (k) Tugsy) 7= <91 0 t(iys Ry gg 0 Ly ha 0 L(iys -y By 0 ’/(i)) ;

where k and i mean that the components with indices ki,...,kq—s,%1,...,%.—; removed. It is
easy to see that the feasible set-germ defined by (g, h) is diffeomorphic to that defined by its
reduction. A

The rank of the differential (dgL<,i)7(k))O is at most rankd(g1,.%., g4)z, and possibly less than

rank d(g1, k, 9q)z- As for rank(dh,,, )o, the following holds:
Lemma 3.1. The rank of the differential (dhL(i))O 15 equal to rank dhz —r + 1.

Proof. We first observe that (dh,, )o is the composition of the injection (d(;))o and the restric-
tion dhz|Ker d(hiyohi_)e Since Kerdhz is contained in Ker d(hiyy ... hi_, )z, we obtain
rank(dhL(i> Jo = (n—r+1) — dim Ker(dhz|ker d(h, ""’hi'r‘fl)f)
= (n—r+1) — dimKer dhz
= (n—r+1) — (n — rankdhz) = rank dhz — r + [.

This completes the proof of the lemma. O
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We call a reduction (g,h),, ) with g1 0z (0) = 0, k. ggo tiy (0) = 0 and (dh,,)o = 0 a
full reduction of (g,h). By Lemma 3.1, a full reduction of (g, h) necessarily has r — rank(dhz)
equality constraints. Note that if gi(Z) < 0 for any k& € {1,...,q} (that is, (k) = (1,...,q))
and dhz is surjective, a full reduction of (g,h) : (N,Z) — (RIT" (7,0)) is the constant germ
c: (R ",0) — {0} = RO,

Lemma 3.2. The R-equivalence class of (g, h)b(i)’(k) is determined from the R-equivalence class

of (g,h) and the choice of indices (i), (k). In particular it does not depend on the choice of an
IMMErsion-germ L(;).

Proof. We first show that the R-equivalence class of (g, h)b(i)’(k) does not depend on the choice
of (). Let ;) be another immersion-germ from (R"~"*1,0) to (N, ) such that ) (R"") is
equal to (hi,,...,h;_,)71(0). One can define a diffeomorphism-germ

—1
® (R 0) XD (hey, ., ) 7N(0),T) —
and it is easy to check that (g, h)Lm’(k) is equal to (g, h)mi),(k) o®.

Let ¢ : (N,T) — (N,Z) be a diffeomorphism-germ. It is easy to see that the rank of
d((hiyy--. hi,_,) 0 @)z is also equal to r — [, and ¢~ L o L(s) s an immersion-germ to

((hiys - hi, ) 0 $)7H(0).

(Rn r+l 0)7

The following equalities then hold:
(9o b hod)p-10u,),k)
=((9109) 0 (67 01w F(gg06) 0 (67 013,
(hiog)o (¢ o).t (hrog)o(¢ "o L(i)))

:(g7 h)L(l),(k)
This completes the proof of Lemma 3.2. (]

Lemma 3.3. The K[G]-codimension of (g,h)
the same is true for the K[G].-codimension.

Loy (k) 18 less than or equal to that of (g,h), and

Proof. If (g,h) is a submersion, the K[G]-codimensions and K[G].-codimensions of (g,h) and
its reduction are all equal to 0, in particular the statement holds. In what follows, we assume
that (g,h) is not a submersion. The K[G].-codimension is the sum of the K[G]-codimension
and —n + ¢ + r by Proposition 2.2 and —n 4 ¢ 4+ r is invariant under reduction. (Note that
n, q,r are respectively the number of variables, active inequality constraints, and active equality
constraints.) It is thus enough to show the statement for the K[G].-codimension.

We can take a diffeomorphism-germ ¢ : (R",0) — (N,T) so that h;; o ¢(x) = x; for any
jeA{l,...,r—1}. By Lemma 3.2, the K[G].-codimension of the reduction of (g, h) is equal to
that of (g o ¢,h o ¢). Furthermore, the K[G].-codimension is invariant under permutation of
components of equality constraints, and those of inequality constraints. One can thus put the
following assumptions without loss of generality:

(N’f) = (Rn70)7

(il, cdey) = (1, .., r—=1) and (k1,..., ke—s) = &s+1,...,q),
({E s Tp— lahr l+1,~~';hr) = (xl,“'yxr—l,h(x))a

) 2 Oy & (B R (0,00 oy (R o),

The germ (g(z), h(z)) = (g(x), 21, ..., 2r_1, h(z)) is K[G]-equivalent to the following germ:
(9(0,2"), 21, ..., 2r_s, h(0, ")),
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where 2’ = (z,_111,...,7,) € R* " Since the reduction of this germ (by L(;) given in the
assumption above) is equal to that of (g, h), we can further assume that g and h are contained in

SZ_TH and 5 _ 41> Tespectively (i.e. the values of these germs do not depend on x1,...,7, ).

Let o : E4F7 — €51
¢(§1,~~~7§qa7717~~777r) :(fl OL?"W&S OlyMyr—14109Ly... M OL)
:(51 (07 y)? cey 55(07 y)’ 777‘7Z+1(Oa y)a cety 777’(07 y))
It is easy to see that ¢ is surjective. Since the K[G]e-codimension of (g, ) (vesp. (g, h). ) k) is
the dimension of the quotient space 47" /TK[G].(g,h) (resp. ESHTH/TIC[G]e(g, R) iy (k)5 1t 18
enough to show that the image 1(TK[Glc(g, h)) is contained in TK[Gle(g, 1), (k)
By the definition, the tangent space TX[G]c(g, h) is equal to

t(ga h)(g;L) + h*MTgrq7,+T + <glela oo 79q6q>5"
The image t(g, h)(E) has the following generating set as an &,-module:

q
dg; Oh; )
{ (i_l axjei—k oz ez+q> jzl,...,n}.

The image of a generator by 1 is calculated as follows:

g s r ~
891 5h . 8‘92 ahi—r-{-l -
w ( ( — axj €; + a €z+q> ) - P 8.’1,'] (Oa y)el + Z axj (0, y)ez+q.

i=r—I+1

be a homomorphism defined by

This germ is equal to zero if j < r — [ since g (resp. h) is contained in £!_ ., (resp. L),

If j > r—1+1, the germ above is contained in (g, h),, (Eﬁ :Ll), which is further con-
tained in TK[G]e(g,h). ;). (). The set {hje; [ i = 1,...,mj = 1,...,¢ + 1} is a generat-
ing set of h*M,EIT" as an &£,-module. The image 1) (h;e;) is equal to zero if ¢ < r — 1 or
q +1<j <qg+r—1 Suppose that i is larger than r —[. The image ¥ (h;e;) is equal to
i r+1(0,y)e; (resp. i 4100, y)€j_grs—rt1) if j < g (vesp. j > g+ r — 1), which is contained
in Ay, )M”—7‘+lgn+i+l C TK[Gle(g: h).(,y (k). One can also show that 1({gie1,...,gqeq)¢ ) 18

contained in TK[G]c(g, h),,, (k) by direct calculation, completing the proof of Lemma 3.3. [

Ly s(

For a system (j) = (J1,.-.,Jn—rt:1) of indices in {1,...,n}, together with systems (¢) and (k)
as above, we define

I'(n,qg+7r)={j"(g,h)(0) € J"(n,q+r) | h(0) =0}, and

m ‘m m 9k (O)a"'agk 75(0)#0
F(i),(k)(naq +r) = {] (9,)(0) € T™(n, g+ 1) I‘ailkd(hil, N ?7}1“4)0 — ] )

One can easily check that '} ) (n,q + ) is a semi-algebraic submanifold of J™(n,q + r) with
codimension r. For an R™-invariant subset ¥ C I'"(n —r 4+, s + 1), we define
i(i)7(k) - F?Z)7(k)(n, g+r) and Y C ' (n,q+r)
as follows:
Sy, (k) = {jm(g,h)(o) €T mma+r) | 779 )iy, (0) € E for Ju;) }’

Y= U S, (k)-
(i), (k)

Proposition 3.1. The sets i(i)7(k) and ¥ are R™-invariant. Moreover, the following hold:

o If ¥ is a semi-algebraic subset of T™(n —r +1,s+1), i(i%(k) and ¥ are semi-algebraic
subsets of T™(n,q + ).
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o If¥ is a submanifold of T™(n —r+1,s+1), f)(m(k) is a submanifold ofI‘?z?) (k)(n, q+r).
In each case, the following holds.
codim(f}, J™(n,g+71)) = codim(f}(i)7(k), J™(n,qg+1))
=codim(X, T (n —r+1,s+1)) +r,
where codim(Y, X) =dim X —dimY forY C X.
Proof. Tt is enough to show the statements for i(i)’(k) for a fixed (i), (k).

Let j™(g,h)(0) € i(i),(k) and ¢ : (R™,0) — (R™,0) be a diffeomorphism-germ. Since 3 is R™-
invariant, it follows from (the proof of) Lemma 3.2 that j™((g, %) © #)g-10.,, (k) (0) is contained
in 3 and thus jm((g, h) o ¢)(0) S i(z),(k)

For a system (j) = (j1,. .., jn—rt1) of indices in {1,...,n}, we put

X(i),(j)(h) = (hi17 ey hir_“lea R 7$jn—7‘+l) : (Rn, 0) — (R", 0)

and

Note that it is a Zariski-open subset of I'f}) ) (n,q +r), and I'G} ;) (n,q 4 1) is equal to

UTE. .0 (s a + 7).
)
We define S, ). k) : TGy, (3,0 (4 + 7) = J™ (0, )0 by

D35y, (5,0 (™ (9, 2)(0)) := 5™ (X (a7, (5 (W) ) (0).
One can check that ®; ;) ) is a Nash mapping (i.e., semi-algebraic C*°-mapping). Let
p € J"(n—r+1,n)y be the m-jet represented by p(y) = (0,y). We obtain a Nash mapping
), (), (k) FZ’Z))(j)}(k) (n,g+71) =>T"™(n—r+1,s+1) as follows:

Vi), (), (0™ (9, 1)(0)) = 5™ (91, gt hr) () @63y, (53,0 (5™ (9, 1)(0)) - p,

where - in the right-hand side means composition of representatives. Since ¥ is R"-invariant, the

intersection ¥y (k) ﬁf%y(j%(k)(n, q + r) is equal to \P&)l,(j),(k)(z)' As W3y (5),(k) 1s semi-algebraic

mapping and I‘E’;)’(j%(k) (n,q + r) is a semi-algebraic subset of J™(n, ¢ + 1), we can conclude that

i(i),(k) is semi-algebraic subset of J™(n,q+r) if ¥ C J™(n —r +1,s + 1) is semi-algebraic.
For o = j™(g,h)(0) € '}y () oy (nsq + 1), we define

Oy : T (n—r+1s+1) = TF) )0 (ag+7)
as follows: Let 7 : (R",0) — (R™,0) and 7 : (R",0) — (R"~"*!,0) be the map-germs defined by
m(x) = (0,...,0,2j,,...,2;,_,,,) and @(x) = (xj,,...,25,_,.,), respectively. We take indices
U,y.nly € {1,...,r} so that %j < %j+1 and {il,...,ir,l,%l,...,%l} ={1,...,r}. We also take
indices k1, ..., ks € {1,..., ¢} in the same manner. Since the rank of d (X(i),(j)(h))o is equal to n,
we can take map-germs g : (R",0) — RY and hy : (R",0) - R” (k=1,...,7 —1) so that g and

h are respectively equal to gox (i) (j)(h) ™ ow—i—ZZ;ll hi, G and hox (), (jy(R) ™! O7T+ZZ;11 hi, hi.
For j™(g',h")(0) € "™ (n —r +1,s +1), we put ©,(j™ (g, h')(0)) = j™(g", h"")(0), where

r—l1
gi = giom+ Y hi Gk,
k=1

fori=1,....s, g =gp fori=1,...,q—s, b = h;Oﬁ—i—Z};:llhik(iLk)%j for j=1,...,1, and
% ’Lj -
h;’) = hy, for j =1,...,r—1. It is then easy to see that ©, is smooth, ©,0W ;) ;) x)(c) = o, and
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VU 5),G),(k) © O = idpm (n—p i1 541y In particular, (d¥ ) ;),x))o is surjective, and thus Wy (k)
is a submersion. ~ R R

Since \116)1’0))(,6)(2) = X)) N FZ’Z.‘)’(j)’(k)(mq + ) is an open subset of Xy k), L), k) is a
submanifold if 3 is. Furthermore, in each case that ¥ is a semi-algebraic subset or a subman-
ifold, codim(\I/@)l’(j)’(k)(E),I‘z’;)w(j)y(k)(n,q + 7)) is equal to codim(X,T™(n—r+1,s+1)). We
eventually obtain

COdim(i(i),(k), Jm (n, q-—+ 7‘))
= codim(¥ ) ),y (5, T, (5, (s ¢+ 7)) + codim(TGy 5 g (ms g +7), ™ (. g + 7))
=codim(E, T (n —r+1,s+1)) +r.
This completes the proof of Proposition 3.1. O

By Proposition 3.1 and observations in the next section, the following value is important when
analyzing local behavior of generic parameter families of constraint maps.

Definition 3.1. For a submanifold or a semi-algebraic subset ¥ C I'"(n, ¢ + r), the value
codim(X, T (n,q+ 1)) —n+r =codim(X, J™(n,qg+71)) —n
is called the extended codimension of ¥ and denoted by d.(X%).

Indeed, one can deduce from Proposition 3.1 that codim(X,J™(n,q+7)) is equal to
de(X) + n. Note that for ¢ € J™(n,q + r)o the extended codimension d.(K[G]™ - o) and
the K[G]™-codimension of o, which is equal to codim(K[G]™ - o, J™(n,q + 7)o), are related as
follows:

(3.1) d.(K[G]™ - 0) = codim(K[G]™ - 0, J ™ (n,q+1)o) —n+ q+ T

Thus, one can deduce from Proposition 2.2 that the K[G].-codimension of an m-determined
non-submersion map-germ (g, h) : (R",0) — (R9"",0) is equal to d.(K[G]™ - j™(g,h)(0)). Note
also that d.(2) is equal to d.((7,)~1 (X)) for a semi-algebraic subset ¥ C T"™ (n,q + r) since
7, T™(n,q + 1) — I (n,q + r) is a submersion.

4. TRANSVERSALITY FOR PARAMETER FAMILIES OF CONSTRAINT MAPPINGS

In this section, we will briefly review a result on transversality for parameter families of
mappings, and show that transversality of (parameter families of) constraint mappings imply
that of their reductions.

Let m : J™(N,RI9"") — N be the source mapping, which is a fiber bundle with fiber
J™(n,q+r) and structure group R™. For an R™-invariant submanifold (resp. semi-algebraic
subset) ¥ C T'"™(n—r+1,s+1), one can define R™-invariant submanifolds (resp. fiberwise
semi-algebraic subsets) i(i),(k),N and Xy in J™(N,RIT7) so that their intersections with a fiber
of the projection 7 : J™(N,RIT") — N are i(i),(k) and &, respectively. Let b > 0 be an integer
and U C R’ be an open set. We endow C®°(N x U, R?*") with the Whitney C>-topology.
We regard (g,h) € C>®°(N x U,R%*") as a b-parameter family of constraint mappings and put
(9u(T), ho(T)) = (9(Z,u), h(T,u)) for v € U. We define j7(g,h) : N x U — J™(N,RIT") by
i (g, h)(T,u) = j™(gu, hu)(T). By the parametric transversality theorem ([Wall Lemma 2.1])
and Proposition 3.1, we can show the following:

Theorem 4.1. Let X CT™(n—r+1,s+1) be an R™-invariant submanifold. Then, the set of
mappings (g,h) € C(N x U,RI") with j7*(g,h) N By ).~ s a residual (and thus dense)
subset of C°(N x U,R?t").

Since a semi-algebraic set with codimension d can be decomposed into a finite union of subman-
ifolds with codimension greater than or equal to d, we obtain
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Corollary 4.1. Let ¥ CT™(n—r+1,s+1) be an R™-invariant submanifold or semi-algebraic
subset with d.(X) > b. The set of mappings (g,h) € C*°(N x U,R*") with

(g, (N xU)NEy =0
is a residual (and thus dense) subset of C*°(N x U,RIT").

Let (g,h) : (NxU, (Z,u)) — (R?*", (y,0)) be a map-germ with gy, (T,u) < 0fori=1,...,q—s
and
rank d((Riy Jus - -5 (Rip_ ) u)z =7 — L.

One can take a diffeomorphism germ ;) : (R®,0) — (U,u) and a map-germ
Ly (R R (0,0)) — (N, 7)

so that ¢(;y ,, : (R"7"T,0) = N x{A¢;)(v)} (defined by ¢(;),,(y) = t()(y, v)) is an immersion-germ
to ((hiy)agyw)s -+ (hir_l)Am(v))_l(O) for v € R? (sufficiently close to 0). We define a map-germ
(95 1) iy Aoy () (RP=m+ x R® (0,0)) — (R**1,0), called a reduction of (g, h) as follows:

(95 1)y Aoy o(k) = (91 o (103, Adi))s - % 9q © (i Ay P © (ays Agiy )y - o o 0 (2, A(i))) -

We define a full reduction in the same way as the non-parametric case. We need the follow-
ing proposition in order to analyze local behavior of generic parameter families of constraint
functions.

Proposition 4.1. Let (g,h) : (N xU, (T,u)) = (RTT",7) be as above and ¥ be an R™-invariant
submanifold of T (n — 7 +1,5+1). Let ¥ be the submanifold in J™(R"~ "t R+ whose in-
tersection with a fiber of the projection m : JT(R" T Rs+) — R+ s X, If j7%(g,h) is
transverse to i(i) (k)N at (Z,u), then j7*(g, h)Lm’)\(i)y(k) is transverse to ¥ at (0,0).

Proof. Since the proposition concerns local property around (Z,u) € N x U, we can assume
that N = R*", U = R*,Z = 0, and u = 0 without loss of generality. We take a system
(5) = (1s--rJn—rt1) of indices in {1,...,n} so that j™(go,ho)(0) is contained in
LU ).y (n@ 4+ 7). One can show that (parametric) R™-equivalence class of (g, %), A, (k)
does not depend on the choice of ¢(;; and A;). Thus, one can further assume that A\;) = idge
and
L) (yv 'U) = ((hil)'U’ LX) (hir—l)'L” Ljyye- 7xjn77‘+1)71(0’ y)'
Put
m n —+r
i),y R RTT)
= {jm(g, h)(y) € J™(R™ RI*") | rankd(hgy .. hi Ty, T )y = n}

and define ¥ ;) () ) : T oy R RIFT) — Jm(RTH RH) as follows:

T i), 3™ (g, R) (@) = 5™ ((91, K gy hiy iRy Op(j),w> (7 (),

where p(j) , : R*7" — R" is defined as follows:

),z
yp (k= ji for some k' € {1,...,n—r+1}),

The k-th component of p( iy ,(y) =
mponen PG (Y) {xk (otherwise).

As in the proof of Proposition 3.1, we can show that \I~l(i)7(j)7(k) is a submersion. Furthermore,
it is easy to see that the following equality holds:

IT (G M)y Ay b = W),y (k) © J1 (g5 B) © (tgiys Agiy)-
By the assumption on transversality, we have the following equality:
T (9,000 ™ (R RIYT) = Tyon g1y 0,0)Z), 00,8 + AT (9, 1)) 0,0) (Tro,0R" x RY).
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We take indices 4y,...,%4; € {1,...,7} and jy,...,J,—; € {1...,n} so that

(it oovip sty iy ={1,...,r} and  {ji,. s dnortisdise et} ={1,...,n},
and put
W = Ti,0)(R" x R),

W1 = i sy 9 C W,
8:1;51 8:1;37‘7l

Wy =Im d(L(l-), )‘(i))(0,0) = Ker d(hi17 ey hir—z)o C VV,
V = Tj{"(g,h)(O,O)Jm (Rn, R(H_T) = TORn (&) T()Rq (&) T()Rr (&) Tjin(g’h)((ho)g]m(Rn, R‘H_T)(O’O),

) ) .
() o () pemmew

n 0 0 m(mn r
Vo =ToR" ® ToR? @ < <8XA > ey <8X“ > > D Tj{"’(g,h)(O,O)J (R ,Rqu )(070) cV.
21 k23

It is easy to see that

o Vi®Va = Tjn(gn) 005005 + d1" (9 1) 0.0 (W1 & Wa),
® Tim(g.1)(0,0)2(),(k),~ and dji* (g, h)o(W2) are contained in V3.
e p1 o (dji* (9, h)(0,0))lwy * W1 — Vi is an isomorphism, where p; : Vi3 @ Vo — Vi is the
projection.
By these conditions, we can deduce V5 = Tj{n(g7h)(070)i(i)7(k)7]\[ + dji* (g, h)0,0)(Wa2). Since V; is
contained in Ker(dW¥ ;) (j,(x));m (g,h)(0,0) and E(i),(k%;\;ﬁ,}(’”j),u) (R™, R9*") is equal to \I/&)l,(j)v(k)(i),
we obtain

) m(mn—r+l s+l
TJI"(Q,h)L(i),A“),(k)(oyo)‘] (R R

=T (@), ) x sy 10 (000 T (W ), (5), (k) © 31" (9, 1)) (0,0) (W)
:Tj{"(g,h)bm,m)v<k>(070)i+ (d(57" (g, h)b(i),Am,k))(o,o) (T(O»O)(Rn_r—H X Rb))~
This completes the proof of the proposition. O

Suppose that 3 is a K[G]™-orbit of an m-determined jet ;™ (go, ho)(0) € T (n —r+1,s+1).
Since the group K[G] is geometric in the sense of Damon [6], transversality of j7*(g, h)bu),/\(i),(k)
to X is equivalent to versality of (g,h)Lm,)\(i)’(k) as an unfolding. Thus, by the proposition
above, transversality of ji"(g, h) to X, (x),n implies that the reduction (g, h)m),)\u),(k) is a versal

unfolding of (go, ho), which is K[G]-equivalent to (go, ho) + E?:l u;&;, where &1,...,& € Sf:lrﬂ

are representatives of generators of 51, +1/TK[G]e(g0, ho)-

5. STRUCTURE OF JET SPACES RELATIVE TO K[G]-ACTIONS

In this section, we will completely classify jets appearing as full reductions of generic b-
parameter families of constraint mappings with b < 4 (Theorem 5.1), and then give the main
theorem in full detail (Theorem 5.2). In the context of multi-objective optimization, usually, n
is much larger than ¢ + r. In what follows, we assume that is always the case.

Let W) . C J™(n,q+1)o be the set of jets j™(g,h)(0) with rankdho = 0. Since a full

reduction of any map-germ is contained in W} . for some n,q,r, it is enough to examine jets
in this subset.
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Theorem 5.1.
(1) The extended codimension d.(W" ) is equal to ¢ +r + n(r — 1). In particular it is

(2)

(3)

(4)

n,q,r

greater than 4 if either r > 2 orr =1Aq > 4. (Note that we assume n>> q+r.)

Let Ay and Ay C W5 be respectively the set of 5-jets K[G]®-equivalent to those of
type (1,k) and (2) (with any possible signs) in Table 1. The extended codimensions
de(A1) and d.(As) are respectively equal to k — 1 and 4. Furthermore, the extended

codimension of
5
W2 o1\ <|_| AT U A2>

k=2
is equal to 5.

Let By be the set of 5-jets represented by submersions, and B, and B; be respectively
the sets of 5-jets K[G]?-equivalent to those of type (i, k) and (j) (with any possible signs
and parameters) in Table 2 (i =1,3,4, j =2,5,...,10). Then d.(By) is equal to ¢ — n,
and de(B; i) and d.(Bj) are as shown in the far right column of Table 2. Furthermore,
the extended codimension of

J°(n,q)o \ | BoU |_|Bi,k U |_|Bj
ik j

is equal to 5.

Let C; 1, and C; be respectively the sets of jets K[G]™-equivalent to those of type (i, k)
and (§) (with any possible signs and parameters) in Table 3 (1 = 1,3, j = 2,4,...,8, and
m depends on the type). Then d.(C; 1) and d.(C;) are as shown in the far right column
of Table 3. Furthermore, the extended codimensions of

7
W3,1,1 \ |_| (Cix)UCa |, WS,Q,l \ I_I Cj | W§31 \ Cy
ik j—4

are equal to 5.

For each map-germ (g, h) in Tables 1, 2 and 3, one can take representatives of generators of the
quotient space EIT" /TK[G]c(g,h) as shown in Table /.

type | jet range K-determinacy | ex. cod.
(Lk) |aF a3 £+ 22 2<k<5 k k-1
(2) |af*mal+aiL - £a> 3 4

TABLE 1. 5-jets in W270’1 appearing as a full reduction of a generic b < 4-
parameter family of constraint mappings.
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type | h q range ’(Ch[f]_ ex. cod.

(Lk) | 2 + 30, +a? 2<k<4 k k
(2) |ad+af+ 37 g+a? 1 3 4

(B, k) | 2§ aymy + Y7 5 +a? 3<k<4 k k
(4) | 012f + o3 + awyzg + 3014 +a? a € R, 8 = £1, (x) 2 3
(5) |2l taftmmy+ YT 5+ 5 3 4
(6) | (@1 £2)’ L2+, +a? 3 4
(7) xggi 2123 £ xoxs £ 1120 + 2?14 ix? 3 4
(8) | 2 0%+ Lisicyes iy 3| ay €RG;=+1,(x¢) | 3 4

d+ri1w0mws + Zj=4 j::v?

TABLE 3. Normal forms (g1(z),...,g94(2),h(z)) = (z1,..., 24, h(x)) of jets in
Wi, W2y, and W2, appearing as a full reduction of a generic b < 4-
parameter family of constraint mappings, where (¥) and (+*) are the same
conditions as those in Table 2. Note that the extended codimensions in the
table are not necessarily equal to the K[G].-codimensions of the corresponding

map-germs (especially for types (4) and (8)).

Remark 5.1. The stratum K[G]-codimension of a germ of type in the tables is defined to be
the extended codimension of the corresponding semi-algebraic set A¢ype, Biype OF Ctype. 1f the
semi-algebraic set does not contain an uncountable family of IC[G]™-orbits (i.e. the type is not
(6), (10) in Table 2 or (4), (10) in Table 3), the stratum K[G].-codimension coincides with the
usual K[G].-codimension.

Remark 5.2. The results in Table 1 are not new. We reproduce the table for the sake of com-
pleteness. The classification lists of function-germs on boundaries, corners due to Siersma [30]
are similar to those in Table 2 and Table 3 but he considers an equivalence relation different from
K [G]-equivalence. In the paper of Dimca [10], the classification lists of simple complex analytic
function-germs corresponding to the case ¢ = 1 are shown. Type (1) in Table 3 corresponds to
Cy for k = 2 and By, for k > 3 in Table 1 in [10]. Types (2) and (3) in Table 3 correspond to Fy
and Cj.1, respectively. This implies that IC[G]-classes up to stratum K [G], -codimension 4 are
simple. However, in the case of ¢ > 2, that is no longer the case and moduli families appear in
the very beginning of the classification table. Types (4) and (7) are such moduli families in the
case of ¢ = 2 and ¢ = 3, respectively.

Proof of Theorem 5.1. We can easily calculate the extended codimension of Wy, . as follows:

de(W;", ) = codim(W)" . J™(n,q+71)) —n=(g+r+rm)—n=q+r+n(r—1).

n,q,r

This shows (1) of Theorem 5.1.

Classification of jets in W7, ;. In what follows, we will show (2) of Theorem 5.1. The group
K[G] is equal to K for the case ¢ = 0, in particular the extended codimension of the K[G]™-
orbit of an m-jet with the trivial 1-jet is equal to its K'-codimension. Function-germs with
small R.-codimensions have been classified in [1]. Although necessary analysis for proving (2) of
Theorem 5.1 have already been done implicitly in [1], we will give the full proof below both for
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q | r| type | generators
(1, k) l,zl,...,:clf_Q

011 5
(2) 1,%1,%2,1’1
(1,k) eq,xqeq,...,x’;_Qeq
(2) | eq,Tqeq; $q+16qw§€q
(3,k) eq,xq,leq,...,x’;:%eq
(4,k) eq,mqeq,...,x’;_leq
0 (5) | eqsTg—1€4; TqCq; Tq—1T4€q
(6) | eq,Tg—2€q, Tq—1€4, Tg—2Tq—1€4
(7) | eqTq—26q: Tq—1€4,5_1¢q
(8) | eqsTq—2eq, Tg-1€4, T _1€q
(9) | eqs Tg—2eq; Tg—1€4; Tqeq
(10) | eq, Tg—3€q, Tg—2€q, Tqg—1€q; Tg—3Tq—2€q; Tg—3Lq—1€q; Tg—2Lq—1€q
(1, k) 62,{17162,...,.%’167162
L (2) €2,T1€2,T2€2,T1T2€2
(3,k) eg,xgeg,...,xlg_leg
1 (4) €3,L1€3,T2€3,T1T2€3
9 (5) | es,xz1es,roe3, 23e3
(6) | es,z1e3, oe3, 23€3
| (7) €3,T1€3,T2€3,T3€3
3 (8) €4,T1€4,T2€4,T3€4,T1T2€4,T1T3€4,T2T3EY

TABLE 4. Representatives of generators of the quotient space
ENT ITK[Gle(g,h). Here, e1,...,eq1, € EITT consist of the standard ba-
sis.

the sake of completeness of this manuscript, and as a preparation for the proof of the other parts
of Theorem 5.1. (Note that we need not only to classify jets with small X™-codimensions, but
also to show that the extended codimension of the complement of the union of the K™-orbits of
the jets in the classification list is greater than 4.)

Let Qs C Wy 0,1 be the set of 2-jets which is KC-equivalent to Z;L:s :I:x? (with some signs).
We can deduce from the Morse lemma that Qg is a finite union of C-orbits. The extended
codimension of @, (and thus that of (75*)~1(Q,) for any m > 3) is equal to 1+ s(s — 1)/2 [16].
In particular, the extended codimension of | | ., Qs is greater than 4. For this reason, we will
only focus on jets in (75")71(Q;) for s < 3 and suitable orders m below.

Jets in Qi(= (73)7'(Q1)). A jet in Qi is K?-equivalent to 7, +a7. Tt follows from the
Morse Lemma that it is 2-determined relative to R (and thus K). In particular, the preimage
(73)71(Q1) is equal to A 5.

Jets in (73) "1 (Q2). A jet in Q2 is K?-equivalent to the 2-jet represented by fi = -7, +a7.
For any m > 3, any m-jet f € (75)"" (f1) is R™-equivalent to St st + fi [16] for some
¢ (=3,...,m). Therefore, we can deduce that an m-jet ¢ € J™(n,1)y with
am_ (o) = jm 1 f1(0) is K™-equivalent to either the m-jet of the germ of type (1,m) in Table 1
or j™f1(0) for m > 3. The germ of type (1,m) in Table 1 is m-determined relative to KC [29],
and thus any jet in (73)71(Q2) is K-equivalent to either the jet of type (1,m) for m = 3,4,5
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or the jet j°f1(0) (with some signs). The K°-codimension of the germ of type (1,m) is equal

to n — 2+ m [29]. On the other hand, in the same way as that in Appendix A.1l, one can

4
n

A —_——
show that J® (n,1), /TK® (°f1 (0)) is isomorphic to (%7, ... ,xn,xix?,x‘l‘,xDR C R[[z]], in
particular the K®-codimension of j°f1(0) is equal to n + 4. We can thus deduce from the rela-
tion (3.1) that the extended codimension of A, ,, is equal to m — 1, and that of the complement

(73)"1(Q2) \ (I_I3§m§5 A1,m> is equal to 5.

Jets in (73)~1(Q3). A jet in Q3 is K*-equivalent to the 2-jet represented by fo = >7_; +a7. By
using the result in [16], a 3-jet 0 € J3(n, 1) with (73) () = j2f2(0) is K3-equivalent to one of the
3-jets o £x125+ ) 7_g +a7 (the jet represented by the germ of type (2)), o1 = x{za+) 7 5 a7,
oy = a} + Y7 g FxF, and j° f2(0) = Y-7_s +a3. The germ of type (2) is 3-determined and has
codimension n + 3 as shown in [29]. On the other hand, one can show the following in the same
way as that in Appendix A.1:

4
n
A ——
o J3(n,1)g/TK?(01) is isomorphic to (71, ..., &n, 27, 2122, 23, 25) C R[[z]], in particular
the K3-codimension of oy is n + 4,
5
n
o J3(n,1)q/TK3(02) is isomorphic to <a:1, ... ,a:n,x?,xlmg,xg,xlxg,x@R C R[[z]], in par-
ticular the K*-codimension of oy is n + 5,
7
n
o J3(n,1)o/TK?(j3f2(0)) is isomorphic to (Z1,...,on,x], 2122, 25, 27, 2100, 1173, T3 )y

C R[[z]], in particular the K3-codimension of j2f5(0) is n + 7,

We can eventually conclude that any jet in (73)~!(Q3) is K3-equivalent to that represented by
the germ of type (2), the jets o1, o9 or 52 f2(0). The germ of type (2) is 3-determined relative to
K [29], and thus, the preimage by 75 of the union of the K3-orbits of the germs of type (2) (with
all possible signs) is equal to Ay. Furthermore, the calculations of K3-codimensions we have
done above imply that the extended codimensions of Ay and the complement (75)71(Q3) \ Az
are equal to 4 and 5, respectively.

In summary, we have shown the following equality:

5
W21\ <|_| Ay U A2>

k=2

=@ e ) u| ] K -5°h(0)
s>4 all signs
in f1

U (x3)7t ] & a|u| || Eo|u| || K50
all signs all signs all signs

in o in og in fo

We have also shown that the extended codimension of this complement is equal to 5. This
completes the proof of (2) of Theorem 5.1.

Classification of jets in W) , for ¢ > 0. In what follows, we will show (3) of Theorem 5.1.
Let ), C JY(n,q)o be the set of 1-jets j! f(0) with corank(df)o > k, which is an algebraic subset
with codimension k(n — g+ k) in J1(n,q)o. (Note that we assume n > ¢.) It is easy to see that
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By is equal to (77)71(Zg \ £1), and its extended codimension is calculated as follows:
de(Bo) = codim((7}) ™1 (2o \ £1), J°(n,q)) —n
= codim(%g \ 1, J'(n,q)) —n =q—n.
Furthermore, the extended codimension of (77)~!(33), which is the set of 5-jets j°¢g(0) with

corank(dg)g > 2, is equal to codim(Zs, J1(n,q)) —n = 2(n — ¢+ 2) + ¢ — n, which is much larger
than 4. For this reason, we will consider 5-jets j°¢g(0) with corank(dg)y = 1 below.

Lemma 5.1. Forl € {0,...,q— 1}, let A; be the set of 1-jets K[G]*-equivalent to

51 l
xh...,xq,l,ij — Z €
=1 j=li+1
for some l; € {0, 1,..., [%] } Then, Ao, ..., Ng—1 are mutually distinct submanifolds in X1\ Eo.
Furthermore, the following equality holds:
e X \Xy = ?:_olAh
e codim(A;, X1\ X)) =¢q¢—1-1.
In particular, the extended codimension of A; is equal to ¢ —1 (and thus d.((7?)~*(A})) = q—1).

Proof of Lemma 5.1. Tt is easy to see that a 1-jet in ¥ \ X9 is K[G]!-equivalent to the following
jet for some l € {1,...,¢ — 1} and §; = £1:

l
(51) xl,...,xq_l,Z(Sja:j
j=1

If there exists at least one j € {1,...,{} for which ; = 1 (say J; = 1), this 1-jet can be
transformed to the following form.

!
!/ / / /!
(5.2) Ty, Ty 1, T] — E ;7
=2

Indeed, the 1-jet in Eq. (5.1) can be transformed to

l
/ / / ! !
xl—g 0T, Ty oo Ty 1, XY |
Jj=2

by the coordinate transformation

l

(T1,...,xp) — atl—i—g 0;xj, T, ..., Ty
i=2

By permuting the 1-st and the ¢g-th components of the 1-jet, we get the 1-jet in Eq. (5.2). In
summary, one can flip the signs of §; (j € {2,...,1}) simultaneously by using the K[G]'-action
provided d; = 1. This shows that ¥; \ X3 is equal to U?;()l A;.

The subset A; is equal to the union of the K[G]!-orbits of the 1-jets in Lemma 5.1 (with
Iy €{0,1,...,[4]}), which is a submanifold of ¥, \ ¥3. The K[G]'-codimension of the 1-jet in

n—1

Lemma 5.1 is n — [ since JY(n,q)o/TK'(g) is isomorphic to <m>m
C R[]}

Since this K[G]!-codimension is equal to codim(A;, J!(n,q)o), the codimension of A; in
Y\ Xy isequal to g —1—1 and A;NAy = @ for [ # I'. The last statement follows from
the relation (3.1). O
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By this lemma, the extended codimension of | |, 45 A; is equal to 5. For this reason, we will
only focus on jets in (77")~! (A;) for I > g — 4 below.

Lemma 5.2. Any 2-jet in (72)71 (A;) is K[G]?-equivalent to

s—1 n
(5.3) , Tg—1, Zi% + Z > gz, + Y al
Jj=s

J1=l4+1 jo=I+1
for some s € {q,...,n} and a;,;, € R.

Proof of Lemma 5.2. Tt is easy to see that a representative of a 2-jet in (7%)~1(A;) is K[G]-
equivalent to the following germ:

l

Tiyeen, Tqets E tz; 4+ g (z1,...,20) |,
i=1

where § € M2. By using the Taylor theorem (Lemma 3.3 in p. 60 in [17]), § can be written as
follows:

g(z1,...,20) :§0($z+1,-~~7$n)+zﬂ?j§j (1, 2n),

where j'go = 0 and jG; = 0 for all j € {1,...,1}. By plugging this expression, we obtain

l

:L-l’... 7$q717zi,’1/‘j (1$§] (w)) +§0 ($l+17...,-'17n)
j=1

By changing coordinates
(a?1,...,xn) = (.Tl (1 :Fgl (l‘)),...,.’l)l (1 :Fgl (Z‘)) ,331.!,.17...,]}71),

along with multiplying positive factors 1/ (1 F g; (x)) to the j-th component of the map-germ
above, we obtain the following map-germ:

l

T1y.ees Tgo1, E *x; + Go (Ti41,- -, Tn)
j=1

The 2-jet of the germ above is equal to that of the following germ:

G Tg— 175 +z; + § § Oy ja Tjy Ty + § ﬁjuthmh

ji=l+1 jo=I+1 J1,J224q

where aj,j,,8j,5, € R. We can change the last term >, . - Bj j,aj,2), to Y7 +a? by
changing coordinates (z1,...,2,) preserving (z1,...,24—1). This coordinate transformation
changes the 2-jet above to the following jet:

T 1,Z:I::CJ—|— Z Z ahhxhxh—l—zjzx

J1=l+1 jo=I+1

By completing the square, we can further change this jet to that in (5.3) by a coordinate
transformation preserving (z1,...,2q—1). O

Let A; s C (7%)71(A;) be the set of 2-jets K[G]*-equivalent to that in (5.3) for some signs and
g5, € R.
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Lemma 5.3. A, is a submanifold of J%(n,q)o and its extended codimension is equal to
g1+ (s—q+1)(s—q)/2.
Proof of Lemma 5.3. Let Qs C (72)7%(3; \ X2) be the set of 2-jets K-equivalent to the 2-jet

represented by fs = (z1,...,%q-1, Z;L:S :E.Z‘? (with some signs). It is easy to see that A; ; is
contained in (7)1 (A) N Qs = (7%]g.) "' (A;), and the proof of Lemma 5.2 implies the opposite
inclusion (77|g.) 1(A;) C Ays. For any o € Qs, Qs is equal to the K2-orbit of o (especially a
submanifold of J%(n,q)o), and 31 \ X3 is the Kl-orbit of 7% (o). Moreover, the following diagram
commutes:

K —2  Q,

2 2
7"1l lﬂ-lle

1112 .
[ ERESENG SRS >
where a,(7) = 70 for 7 € K? and Ur2(o) 18 defined in the same way. Since (dﬁ%)1)€2 and
(dax2(5))1,.. are both surjective, (dr?|g.)o is also surjective. In particular, A; s = (7%]g,) "1 (A))
is a submanifold of Q.

One can easily show that {[z;eq] | ¢ < j < n}U{[zj,zj,eq] | ¢ < j1 < jo < s—1} is a basis
of the quotient space M, E4/(TKfs + M3E2). In particular, the K-codimension of f; is equal
ton—q+1+(s—q+1)(s—q)/2, which is further equal to the codimension of Q, in J2(n, q)o.
We thus obtain:

de(Ay,s) = codim((7F|q,) " (Ay), J*(n, @) —n
= codim(Qs, J*(n, q)) + codim(A;, ¥1 \ ¥2) — n
=n—q+1+(s—qg+1)(s—q)/24+q+(¢q—1-1)—n
=¢—1l+(s—qg+1)(s—q)/2.
This completes the proof of Lemma 5.3. O

By this lemma, the extended codimensions of | |, 3 Aq—1,s; [ssgyoAiys for I =q—2,g—3,
and [_|SZ G+ Aq_4 s are greater than 4. For this reason, in what follows, we will only analyze jets
in (75")71 (A ) for
(I,s)=(¢—1,9),(¢ = L,g+1),(¢—1,q+2),(q—2,9),
(¢—2,9+1),(¢—3,9),(¢—3,g+1),(¢d—4,9)

with suitable orders m one by one.

Jets in Ag—1,4(= (73) " (Ag=1,4)). A jet in Ay 4 is K[G]*-equivalent to

q—1 n

2

T1y--- 7$q_172i$]‘ + Z:tl‘]
Jj=1 Jj=aq

As is shown in Appendix A.1, this 2-jet is 2-determined and its K[G]?-codimension is n — ¢ + 1.
In particular, (73) 71 (A4_1,,) is equal to Bj 2, and the extended codimension of By o is 1.

Jets in (13) "1 (Ag—1,4+1)- A jet in Ag_q 441 is K[G]*-equivalent to the 2-jet represented by

q—1 n

§ § : 2
f: L1y Tg—1, (Sjl’j+ 5jl’j

j=1

J=q+1
The followings then hold (where « is a multi-index with |a| > 1):
20sx5x0eq = tf(zaes) € TK[G1(f) (s >q+1),
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djxjraeq =tf(xzqaej) — f* X e; € TK[G)1(f) (j <qg-—-1),
Ta(ej + 0eq) = tf(xae;) € TK[G]1(f) (J<q-1).
We can thus deduce the following inclusion for m > 3:
MEL C (ay eq> + TK[G)1(f) + M HLgd,
Therefore, using Theorem 2.1, we can deduce that an m-jet o € J™(n, q)g with

T—1(0) = "1 f(0)

is K[G]™-equivalent to either the m-jet of the germ of type (1,m) in Table 2 or j™f(0) for
m > 3. As shown in Appendix A.1, the m-jet represented by the germ of type (1,m) is m-
determined and its K[G]™-codimension is n — g +m — 1. We can thus conclude that any jet in
(3) 7 (Ay—1,4+1) is K[G]?-equivalent to either the jet represented by the germ of type (1,m) for
m = 3,4,5, or the jet j°f(0) (with some signs), and the extended codimension of B, is equal
to m — 1, whereas that of the complement (73) ' (Ag—1,4+1) \ (L, B1,m) is equal to 5.

Jets in (13) "1 (Ag—1,4+2). A jet in [y 442 is K[G]?-equivalent to the 2-jet represented by

f= 5 Tg— 1,Z:|:$j+ Z :I:x

Jj=q+2

We can deduce the following inclusion in the same way as that for jets in (75) 1 (Ag—1,4+1):
MEL C <x eqvxil'quleq’xq Tg+1€q) T q+1€q> +TKIGh(f) + MyEL.

By Theorem 2.1, a 3-jet o € J3(n, q)o with (73)(c) = j2f(0) is K[G]3-equivalent to the following
3-jet for some ag,...,as € R:

q—1
(5.4) Tiyen,Tqe 1,Z:I:x] + aom + o a? 2Tq+1 T Qarx q+1 + O[3Iq+1 + Z :I:x
Jj=1 J=q+2

In the same way as that in [16], one can show that an appropriate linear transformation in
(24, 2q41) brings the 3-jet to one of those in Table 5. The K [G]*-codimension of the 3-jets in

# normal form K[G]3-cod.
1 (ml,...,xq_l,zgfi:txj+x3:|:x D D q+2:|:x?> n—q+4
2 (xl,...,xq_l,z =T T IR DTS- ) n—q+5
3 (wh...,xq,l,zjzl a4+ )+ m?) n—q+6
4 (21, wq1, S0 oy + T 02 n—q+8

TABLE 5. List of the normal forms and their K[G]3-codimension of the 3-jet
(5.4).

Table 5 can be computed as follows. Let g4; be the corresponding 3-jet for i =1,...,4.
# 1: The quotient space J (n,q), /TK [G]3 (g#1) is isomorphic to

3

n—qg+1

——
(Tg€q, .., Tneq, To€q, Taqp1€q, Toi1€q)y C R[[2]]%.
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# 2: The quotient space J (n,q), /TK G)° (g#2) is isomorphic to

n—q+1 1
—T N
(Zqeq, - - . ,xneq,xgeq,quqﬂeq, Tyi1€q5 T eq> C R[[z]]9.

# 3: The quotient space J (n,q), /TK G)° (g#3) is isomorphic to

n—q+1 5
—— 2 2 2 3 q
(Tqq, - - Tneq, Th€q, Lqlqi1€q, Ty 1€q, Ty 1€, Ty 1€q) C R[[z]].

# 4: The quotient space J (n,q), /TK G)° (gs4) is isomorphic to

n—q+1 7
— 2 2 3 2 2 3 q
(Tq€qs - - - Tneqs Th€q, Lqq 1€q; Ty i1 €qs Tu€q, TaTqp1€q, Tqllyy1€q, Ty 1€q)p C R[[2]]%.

We can eventually conclude that any jet in (73) 71 (Ay—1,4+2) is K[G]*-equivalent to the 3-jets

in Table 5. The jet g1 is 3-determined since M3E4 C TK [G] (g) + M2EJ holds for any germ g
representing g1 (cf. Appendix A.1). The germs of type (2) is one of the germ representing g1 .
Therefore, the preimage by 73 of the union of the K[G]3-orbits of the germs of type (2) (with all
possible signs) is equal to By. Furthermore, the calculations of K[G]?-codimensions we have done
above imply that the extended codimensions of By and the complement (73) 7 (Ay—1,442) \ B2
are equal to 4 and 5, respectively.

Jets in (m5) "1 (Ay—24). A jet in Ay, is K[G]?*-equivalent to

q—2 n

+x; 2 +12

T1y--0,Tg—1, Tj+ar,_q + Tj
Jj=1 Jj=q

for some a € R. This 2-jet is further K[G]?-equivalent to the jet represented by either the germ
of type (3,2) in Table 2 or the following germ:

q—2 n

2

f= xh...,mq,l,g j:;vj—i—g +a;
j=1 Jj=q

We can deduce the following inclusion for m > 3 in the same way as that for jets in

(m3) " (Ag—1,g+1):
MIEL C (2 yey), + TKIGL(f) + MHEL

Therefore, using Theorem 2.1, we can deduce that an m-jet ¢ € J™(n,q)y with
am_1 (o) = 7™ 1fF(0) is K[G]™-equivalent to either the m-jet of the germ of type (3,m) in
Table 2 or 57 f(0) for m = 3,4. The germ of type (3,m), denoted by g3,m, is m-determined
relative to K[G] since M'EZ C TK [G] (g3,m) holds and thus Proposition 2.1 implies the claim.
The K [G]-codimension of g3 ., is n — ¢ + m since M,,EL/TK [G] (g3.m) is isomorphic to

n—gq+2 m—2
—N—
<xq,1eq,...7xneq,x3716q,... i eq> C R[[z])°.
We can thus conclude that any jet in (73) 71 (A,—2 q) is K[G]*-equivalent to either the jet

represented by the germ of type (3,m) for m = 3,4, or the jet j*f(0) (with some signs), and
that the preimage by 7§ of the union of the IC[G]4—0rbits of the 4-jets of the germ of type (3, m)
(with all possible signs) is equal to Bs,,. The K[G]*-codimensions of the germ of type (3,m)
is equal to n — ¢ + m. On the other hand, the K[G]*-codimension of the jet j%f(0) is equal to
n —q+ 5 since J* (n,q), /TK*[G] (j*f(0)) is isomorphic to

n—q-+2 3

—N—
(Tg—1€qs - - - Tnky, xi_leq, mg_leq, $3_16q>R C R[z]]%.
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We can thus deduce from the relation (3. ) that the extended codimension of B3 ., is equal to
m, whereas that of the complement (73) 71 (Ag—24) \ (Ll,, Bs.m) is equal to 5.

Jets in (15) L (Ag—2,q+1)- A jet in Ay_s 441 is K[G]?-equivalent to

q—2
(5.5) Tlyen, Tge1s Z +x; + alxq 1+ aszq_1zg + Z :I:z
Jj=1 J=q+1
for some a1, as € R. If ay # 0, one can change this jet to that represented by the following germ
by a coordinate transformation preserving (x1,...,Zq—1,Zg+1,--.,Tn):
q—2
fi=121,...,2q- 1,Z:|:mj—|—xq 1%q + Z :I:x
Jj=1 J=q+1

If a; = 0 and a1 # 0, the jet (5.5) is K[G]?-equivalent to that represented by

fo= S Tg— 1,Z:I:xJ:|:xq 1+ Z :I:o:
Jj=q+1
If a1 = az = 0, the quotient space J?(n,q), /TK [G]? (g) for the jet g in (5.5) is isomorphic to
n—q+2
<m, xg_leq,a:q_lzqeq,xgeq>R C R[[z]]?. In particular, the K[G]?-codimension of
the jet (5.5) is equal to n — g + 5.
Since zq_1z0€q = tfi(zaeq) € TK[G]1(f1) for any multi-index a with |a| > 1, we can deduce

the following inclusion for m > 3 in the same way as that for jets in (73) "1 (Ag_1.441):

MREL C <mf1”eq>R + TK[G]1(f1) + M TLed,
Therefore, using Theorem 2.1, we can deduce that an m-jet o € J"™(n, q)o with

mm—1(0) = "1 1(0)

is K[G]™-equivalent to either the m-jet of the germ of type (4,m) in Table 2 or ;™ f;(0) for
m = 3,4. We denote the germ of type (4,m) by gam,. In the same way as before, one
can show that M€ is contained in TK [G] (ga,m) and M,,EL/TK [G] (ga,m) is isomorphic to
(Tg_1€q, ..., Tneq, T2eq, .. .,:E;"_leq>R C R[[z]]4. In particular g4, is m-determined and has
the K[G]™-codimension n — ¢ + m. Thus, the union of the K[G]*-orbits of the germs of type
(4, m) (with all possible signs) is equal to By ., and its extended codimension is m. On the other
hand, the K[G]*-codimension of j*£;(0) is equal to n — ¢ + 5 since J* (n, q),/TK (e (j*f1(0))
is isomorphic to <xq,1eq, A mneq7x2eq, a:3eq7x > C R[[z]]9.

Since +2z4_1x0eq = tfo(zaeqg—1) — f3Xq-12a€q—1 € TK[G]1(f2) for any multi-index o with
|| > 1, we can deduce the following inclusion in the same way as before:

MGEL C (xheq)y + TKIG)1(f2) + MpEL

Therefore, using Theorem 2.1, we can deduce that an 3-jet o € J3(n, q)o with 73(c) = j2£2(0)
is KC[G]-equivalent to either the 3-jet of the germ of type (5) in Table 2 or 52 f2(0). We denote
the germ of type (5) by g. In the same way as before, one can show that M3 &4 is contained in
TK[G] (g) and M, & /TK [G] (g) is isomorphic to (zg_1€q, ..., Tneq, T2eq, xq_lxqeq>R C R[[z]]9.
In particular ¢ is 3-determined and its K[G]-codimension is n — ¢ + 4. Thus, the union of the
K[G]*-orbits of the germs of type (5) (with all possible signs) is equal to Bz and its extended
codimension is 4. On the other hand, the K[G]3-codimension of j3f5(0) is n — q + 6 since
J3(n,q), /TK [Gc)? (7% f2(0)) is isomorphic to

(Tg—1€gs- .., Tneq, Tg—1TqCq, xieq, xq,lxieq, $26q>R C R[[z]]9.
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The complement of By 3Ll Bys U Bs in (75) 7 (Ag—2,4+1) is the following union:

mt (U xieratno) o (L cer o))

all signs all signs
in f1 in f2

The extended codimension of the union is equal to 5 since the K[G]*- (resp. K[G]3-) codimension
of j4£1(0) (resp. j3£2(0)) is equal to n — q + 5.

A digression on extended intrinsic derivatives for jets in A; 4. Before proceeding with the proof of
Theorem 5.1, we will give invariants of jets in A; , under the K[G]?-action. For o = j2f(0) € A4,
the number of zero entries of uy is ¢ — 1 — 1. We take indices k1,...,kq—1—1 € {1,...,q} so
that k; < kip1 and (ug)r, = 0 (for the definition of s, see Subsection 2.2). We take vectors
vi1(f), ..., vg—1—1(f) € Wy satisfying the following conditions:

o Df(v;(f) ®w) = 0 for any w € Ker dfy,

o d(fr,)o(v;(f)) = di.
Since D?f is non-degenerate and D2?f depends only on the 2-jet j2f(0), the vector
v1(f), -,

vg—1—1(f) satisfying the conditions above are uniquely determined from o = j2f(0). For this
reason, we denote v;(f) by v;(0).

Lemma 5.4. The subset Qo = {0 = j2f(0) € A1y | D*f(vi(0) @ vj(a)) =0 for any i < 5} is a
submanifold of A; 4 with codimension | := (¢ —1—1)(¢—1)/2.
Proof of Lemma 5./. For subsets of indices

L= {117"'7lq—1} - {17"'7q}7

M={mi,...,mg_1} C{1,...,n}, and

K= {kl, ceey k‘q,lfl} Cc L,

we define Ur, ar,x C A4 as follows:

df1.
det (22 (0 0
¢ (8“"‘]‘( )>1§m‘§q—1 7 }
0

UL mi = {U =j2£(0) € Ayq
(Wfey === (pf)hyyy =

The family {UL am i }ram i is an open cover of A;,. Thus, it is enough to show that the
intersection Q9 N Uy ar,x is a submanifold of Uk 1 s with codimension l. For simplicity, we
assume L=M ={1,...,g—1} and K = {i+1,...,¢—1}. (One can deal with the other subsets
of indices in the same way.)

For a map-germ f € M,E? with j2f(0) € UL i, we denote the diffeomorphism-germ
(fiyo ooy fam1,Tgy -+, @pn) by ®(f). Since the i-th component (f o ®(f)~1); is equal to x; for
1 <i<q—1, Kerdfy is generated by

wy(f) == (d®(f)o) (D), - - -, wn(f) := (d®(f)o) 1 (0n) € THR™,

where O1,...,0, are the canonical basis of ToR™. Moreover, [0;] € Cokerdf, is a basis of
Coker dfy. We put b;;(f) = %(O). Since (bi;(f))q<i,j<n IS a representation matrix

of the intrinsic derivative D?f with respect to the bases above, this matrix is regular and thus
there exists ci;(f) e R (k=1,...,q—1—1, j =g,...,n) such that the following linear equations
hold:

P(fo@(f) ")

900z 10 0)=0(=gq,...,n).

chj(f)bij(f) +
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By a direct calculation, one can obtain the following equality:
vk(0) = (d®(f)o) ™" | Dier + Y i ()0,
Jj=q

Since (d®(f)o)~" and cx;(f) depends smoothly on j2f(0), the map Ay vk : Upmx — RE
defined by Ap a k(o) = (..., D*f(vi(0) ® v;(0)),...) (under the identification Cokerdfy = R
by the basis [0,] € Cokerdfy) is smooth. (Here the coordinates of R! are labeled by 4, with
1<i<j<q-1-1)

Let o = j2fo(0) € Ur m k- In what follows, we will show that (dAf a k)o is surjective (and
thus Ay a i is a submersion). Since

(b(fo)il = (f{a ey fé—l?xqa o 7'1:71)

for some fi,...,f,; € My, one can deduce by direct calculation that the left action by
(72®(f0)(0),I) € K[G)? (where I is the unit matrix) preserves the subset Up arx C Aj 4. Let

Ly : Upm,x — Urp a,x be the diffeomorphism defined by this action. It is easy to check that
the following diagram commutes:

Loy
Up.mx —Ur vk

\LAL,]\LK
Ap MK

R

Hence, one can assume fo = (z1,...,24-1,h) for some h € M,, without loss of generality. We
define a map s: R! — ULy x by s(d) = jzfd(O), where

~ - 1

fa:=(z1,...,24-1,h(d)) == | &1,...,24-1,h + ;dij$l+ixl+j +3 Zi:diizla_i
for d = (d;j) € R, By direct calculation, one can easily check that bij(fo) = bij(fa) for
. . 2 27 .
qg <i,7 <m, #‘ZM( ) = %(O) for k=1,...,.q—1—1and ¢« = ¢q,...,n, and thus
v (s(d)) = vk (0) = Ok + 227, ckj(fo)0;. The following equalities thus hold:

Aparic o sld) = (-0 D falws(s(d)) @ vy(s(d), .. )

= ( Cey D2f0(vi(0') ® Uj(O’)) + dij, .. ) = AL,M,K(U) +d.
In particular, the differential d(Ar, ar,x © $)o = (dAL M K )e © dso is the identity map, and thus
(dAr v K)o s surjective.
The intersection £ N Ur, am,x is equal to AZ71M7K(O), which is a submanifold of Uy, ar,x with

codimension [ since Ay, s x is a submersion. O

Let P!=1 be the (l~ — 1)-dimensional real projective space, whose homogeneous coordinates
are labeled by 4,7 with 1 < i < j < ¢ —1 — 1. Taking an isomorphism Coker(dfy) = R, we
regard D2 f(v;i(f) ® v;(f)) as a real value, which we denote by ay;(f) or ai;(0). We define
AN\ Qo — P-1 by A(o) = [+t ay;(0) : ---]. Note that this map does not depend on the
choice of an isomorphism Coker(dfy) = R.

Proposition 5.1. The map A is a submersion.

Proof of Proposition 5.1. The statement follows from the fact that Aly, ,, .\o, 15 equal to
7o Ar i, where m: RY\ {0} — P71 is the projection. O
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Jets in (13) "1 (Ag—3,4). A jet in A,_3, is K[G]?-equivalent to

q—3 n
2 2 2
(5.6) Ti,..o, L1, E T+ a11Ty_o + Q128421 + 22Ty + E +a7
Jj=1 i=q

for some a;; € R. The K [G]*-codimension of j2g, (0) is as shown in Table 6 (see Appendix A.2).
It is easy to see that the set of 2-jets K[G]?-equivalent to that of the class 2 or 3, denoted by

class # | ai;’s K[G]*-cod.
1 110022 750 or (v11(V19 7é0 or (Vo(¥12 750 n_q+4
2 (0411:0412:0anda227é0) nfq+5

or (g = a2 = 0 and a1 # 0)
or (a1 = age = 0 and ays # 0)
3 a11 = a1 = =0 n—q+6

TABLE 6. The K[G]?-codimension of the 2-jet (5.6).

Qa3 C Ay_3,4, is equal to Qo U A~H({[1 : 0 :0],0: 1:0],[0:0:1]}). By Lemma 5.4 and
Proposition 5.1, the codimension of ¢ in A,_3 4 is equal to 3, while that of
AT {[1:0:0,[0:1:0],[0:0:1]})

is equal to 2. Thus, the extended codimension of o3 is equal to 2 + dc.(Agy—3,4) = 5. In what
follows, we consider the jet of class 1 in Table 6.
Case a1z # 0 : In this case, the 2-jet (5.6) can be normalized to

q—3 n
(5.7) T1, ... Tg1, Z +z; + (51352_1 +arg_124-2 + 52373_2 + Z :I:x? ,
Jj=1 Jj=q

by an appropriate scaling transformation, where o € R and §; = +1.
Let V C Ag—3,4 be the following subset:

q—3 n
IC[G]2 . T1,. .. Tg1, Z tx; + (513:3_1 +axg_1Tq-2 + 52383_2 + Z :I:a:?
Jj=1 Jj=q

o€ R,4(5152 70[2 7& 0} .
It is easy to see that V is equal to A=1(W), where
W = {[on1 : a1 @ aon] € P? | a1, e # 0,41 ame — a2y # 0},

Since W is an open subset of P2, V is also an open subset of A,_3, by Proposition 5.1. In
particular the extended codimension of V is equal to dc(Ag—3,4) = 3.

Let ¢ € M,E? be a map-germ representing the 2-jet (5.7). If 40162 — a® # 0 holds,
M3EL C TK (G, (g) + MAET holds by the similar argument. We can thus deduce from Propo-
sition 2.1 that ¢ is 3-determined, and further deduce from Theorem 2.1 that g is 2-determined.
Note that Bg = (73)~'(V) is an open subset (and thus a submanifold) of (73) ™! (Ay_3.,4)-

Remark 5.3. Using the extended intrinsic derivative D2 f (in particular considering the value
D2 f(v1(f) ®va(f))), one can also show that two 2-jets of the form (5.7) with distinct o are not
K[G]?-equivalent.
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If 46165 — a® = 0, the 2-jet (5.7) is K[G]?-equivalent to the jet represented by

q—3 n
2
f3 =|21,.--.,%¢-1, E ﬂ:xj +6 (J)q_Q + 5”33,1_1) + E :|:.1‘3
Jj=1 Jj=q

Since 20" (zg—2 + §"xg—1)Tq—2T0eq = tfs(Tq—2zaeq—2) — (faXq—2)Taeq—2 € TK[G)1(fs) and
20'0" (xg—2 4+ 0" xg—1)xg-1T0eq = tf3(xg—1Taeq—1) — (f3 Xq—1)Taeq—1 € TK[G]i(f3) for a multi-
index « with |a| > 0, we can deduce the following inclusion in the same way as that for jets in
(Wg)il(Aq—l,tHl): )

MGEL C (23 1)y + TKI[Gl1(f3) + MLEL.

By Theorem 2.1, there exists 3 € R such that j2f3(0) is K [G]g—equivalent to

q—3 n
Tiyee., Tgo1, Z +x; + 6 (zg—2 + 5"zq_1)2 + ﬂ:cg_l + Z :i:a:?
J=1 j=q
If B # 0 holds, the K [G]-codimension of the jet above is n — q + 4 since M,EL/TK[G](g) is
isomorphic to <.Tq_2€q, . ,xneq,x§_16q>R C R][z]]? for a germ g representing the jet above.

Furthermore, M2 &4 is contained in TK [G] (g) and thus g is 3-determined relative to K [G] by
Proposition 2.1. An appropriate scaling of the coordinate brings the jet above to the normal form
of type (7) in Table 2. If 3 = 0, the 3-jet above is equal to j2 f3(0) and it has K [G]?’—codimension
n—q+ 5 since J? (n,q), /TK[G]* (52 f3(0)) is isomorphic to

(zq—2€q, ..., Tneq, :cg_leq, $2_16q>R C R[z]]9.

Case (11012 # 0 A ag2 = 0) or (2212 # 0 A a; = 0) : In this case, the 2-jet (5.6) is
K[G)?-equivalent to that represented by

q—3 n
— § X 2 2 2
f4 = Tiye-03Tg—1, :l:iCJ + 5q_21'q_2 + 5q_2’q_1xq_2xq_1 —+ :l:l'j
J=1 j=q

Since (25q,2x§72 +0q-2,qg-1Tq—2Tq—1)Zakq is equal to
tfa(zg—2Taeq—2) — (fi Xg-2)Taq—2 € TK[G]1(f1)

for a multi-index « with || > 0, we can deduce the following inclusion in the same way as
before:
MBEL C (a3 y), + TK[G1(f1) + MyEL.

By Theorem 2.1, there exists 3 € R such that j3f4(0) is K [G]*-equivalent to

q—3 n

E 3 2 § 2
L1yeey Lg—1, :l:l'j + ﬁ$q72 + 54*21"(172 + 5q,21q,1$q,21’q,1 + :|:.’Ej

Jj=1 Jj=q

If 8 # 0 holds, the K [G]-codimension of the jet above is n — ¢ + 4 by the similar argument.
Furthermore, M2 &4 is contained in TK [G] (g) + MEL, and thus the jet above is 3-determined
relative to K[G] by Proposition 2.1. An appropriate scaling of the coordinate brings the map-
germ to the normal form of type (8) in Table 2. If 8 = 0, the 3-jet above is equal to j2f4(0) and
it has K[G]3-codimension n — ¢ + 5 by the similar argument.

We can eventually conclude that the extended codimensions of Bg, By and Bg are equal to

3,4 and 4, respectively, the complement of the union of them in (75)~!(A,—3,) is equal to

@ (U wiormo)) o L wer #ao))

all signs all signs
in f3 in f4
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and its extended codimension is 5.

Jets in (m3) " (Ay—3,4+1). In this case, by using Lemma 5.2, a jet in A,_3 4+1 is K[G]?*-equivalent
to the 2-jet represented by

q—3 q—1 q n
(5.8) go = | 21, .- 7:1311,172:&36]' + Z Z Aj, 5o %4 Ty + Z im?
Jj=1 J

j1=9—2 j2=j1 j=q+1

for a = (ag—2,9—2,@g—2,g—1, Gg—2,q> Gg—1,9—1, Gg—1,9) € R5. In the same manner as in Appen-
dix A.2, one can take a basis of the quotient space M,,£/(TK[G](ga) + M3 E4) for each a € R®
as shown in Appendix A.3. We investigate each case in what follows.

# | ai;’s K[G]?-cod.

1 | Pla)#0 n—q+4
P(a) =0 and (aq—2,gaq—1,¢ # 0 n—q+5
Or Gy—2,4—20g—1,4 7 0 O Gg—2,4—204-1,4—1 7 0)

3 (aq_qu_z = Qg—2,q = 0 and Qg—1,q 7é 0) n—q-+ 6
(Gg—1,9-1 = aq—1,¢ = 0 and ag_2,4 # 0)

4 | ag—2,y=0aq-1, =0 and (ag—2,4-164—1,g—1 7 0 Or n—q+7
Aq—2,g—20q—1,qg—1 7 0 OF Gg_2,4—20q—2,4—1 7 0)

5 Ag—2,q = Qg—1,g = Ag—2,q—2 = Ag—2,g—1 = 0, Ag—1,q—1 7é 0 n—q-+ 8
OF Ug—2,q = Ag—1,g = Og—2,g—2 = Gq—1,-1 = 0,8q—2,4-1 #0
OF Ag—2,9 = g1, = Ag—2,g—1 = Ag—1,g-1 = 0,aq-2,4-2 # 0

6 | ag—24-2=0a9-24-1=0g-24=0g-1,4-1 = dg-1, =0 n—q+9

TABLE 7. The K[G]?-codimension of the 2-jet (5.8), where P(a) is given in
(5.9).

Let t: R® — Ay_3 441 be a map defined as ¢ (a) = j2g, for a € R%. The mapping ¢ is a smooth
embedding and thus ¢ (R%) is a smooth submanifold in Ag_5q41.
Case #1: Let A; = {a € R® | P(a) # 0} for

(5.9) P(a) = ag-2,404-14 (agfzqaqfl,qfl — Ug—2,4g—10q—2,q0q—1,q¢ T aq72,q72a371,q) .

The set is an open subset of the parameter space R® and thus ¢(A4;) is a smooth manifold

95294 (0
in Ag—3,4+1. In addition, 3897() e TK [G]2 (j2ga (0)) holds for all j; € {¢ —2,¢—1} and

G
Je € {qg—2,...,q4},j2 > j1, w]}lli(zzh can be checked in the same manner as in Appendix A.2.
Therefore, each connected component of t(A;) is contained in a single K [G}Q—orbit by Mather’s
lemma ([25, Lemma 3.1]). We can choose a representative from each connected component of
Ay as (ag—2,g—1, g—2,q, Gg—1,¢) = (£1,%£1,£1) and ag—2,4—2 = ag—1,g—1 = 0. The corresponding
germ representing it is

q—3 n
2
f=1z,...,2q-1, g tr; £ g 0%g-1 £ xg_0Ty T 124+ g +x
=1 j=q+1

In the same manner as before, we can deduce the following inclusion:

MBEL C (&3 +TK [G); (9) + MEEL.
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Therefore, using Theorem 2.1, there exists 8 € R such that 52 f (0) is K [G]g—equivalent to

q—3 n
3 2
Tiy.ey Tg-1, g Tx; £ rg2xg1 T xq_2%q L Tq_174 + qu + g :I:a:j
j=1 j=q+1

If 8 # 0, it is 3-determined relative to K [G] and its K [G]*-codimension is n — ¢ 4+ 4 by the
similar argument before. An appropriate scaling brings the 3-jet to that represented by type (9)
in Table 2. If 8 =0, it has K [G]S—codimension n — q + 5 by the similar argument before.

Case #2: For the polynomial P(a) given in (5.9), the singular locus of the algebraic set in R®
defined by P = 0 is contained in

oP OP oP oP oP
V]R P7 ’ ’ ’ ’
dag-24-2 Dag24-1 0ag-24 Dag1,4-1 0dg-1,4/py

where Ve (I) = {a € R°|Vf €1, f(a) =0}. It is easy to check that the radical ideal of I is
VI = (aq-2,q0q—1,q Qg—2,q—20q—1,g> Aq—2,q—20q—1,q—1)R[a) (€€ e.g. [3]), and thus the singular
locus is contained in the set defined by aq—2.40q—1,§ = Gg—2,g—20¢—1,§ = Ag—2,q—20¢—1,g—1 = 0.
This proves that the set A, in R® defined by the condition of Case #2 is a smooth manifold.
The tangent space of the Ay at a is (vy, va, v3, v4)g Where

U1 = Qgq—2, tag-1,4 )

Oag—2,4-2 dag—2,4-1
V2 = Qgq—2,g tag-14 )

dag—2,4-1 dag—1,4—1

0 0 0 0
U3 = 4aq—27q—187 - 3%—27(167 + 8aq—1,q—187 + aq—an
Ag—2,9—1 Ag—2,q q—1,q—1 Ag—1,9—1
0 o}
0 = 3ag2g2 e g2t gt g~ g
q—2,9—2 q—2,g—1 g—1,g—1 q—1,q

The subset t(A2) C Ay_3 441 is also a smooth manifold and whose tangent space at j2g, (0) is
spanned by dig (v;) for i € {1,...,4}. diy (v;) € TK[G)? (5294 (0)) holds for all a € Ay and
i € {1,...,4}. (This can be checked by computing standard basis of TK [G] (g, (0)) + M3 &Y
for each parameter value of a and dividing a polynomial representing di, (v;) by the standard
basis.) Finally, by applying Mather’s lemma, we can conclude that each connected component
of 1(As) is contained in the single orbit. This specifically means that jets satisfying the condition
consists of finite number of K [G]*-orbits with K [G]*-codimension n — ¢ + 5.

Case #3: In this case, an appropriate coordinate transformation brings the 2-jet to

q—3 n
2
T1ye.ns L1, g Tx; +xg17g + g taj
j=1 j=a+1

In this case, the corresponding set in the 2-jet space consists of a finite number of orbits and
thus their K [G]?-codimensions are n — ¢ + 6.
Case #4: In this case, an appropriate coordinate transformation brings the 2-jet to either

q—3 n
xl,...,zq_l,Z:I:xj :I:I(QI_Q:I:xg_lJr Z :i:x?
Jj=1 Jj=q+1
or
q—3 n

2 2
T1y-eyTg—1, E ta; £ ay_o £ xg_0xg—1 + E ixj
Jj=1 J=q+1
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In this case, the corresponding set in the 2-jet space consists of a finite number of orbits and
thus their K [G]*-codimensions are n — ¢ + 7.
Case #5: In this case, an appropriate coordinate transformation brings the 2-jet to either

q—3 n
2 2
T1yevy Tg—1, E tx; oy o+ E +a;
Jj=1

Jj=q+1
or
q—3 n
xl,...,xq_l,Z:txj T xg2Tq1+ Z :I::c?
Jj=1 Jj=q+1

In this case, the corresponding set in the 2-jet space consists of a finite number of orbits and
thus their K [G]*-codimensions are n — ¢ + 8.
Case #6: In this case, the corresponding set in the 2-jet space consists of a finite number of
orbits of j2go (0) and its K2 [G] codimension is n — g + 9.

Let €4, be the union of K [G]2—orbits of the classes except for #1 in Table 7. As we have
shown, the set ;. is a finite union of the K[G]?-orbits in A,_3 4+1 whose extended codimension

is 5. The complement of By in (wg’)_l

e (U wier o)

all signs

in f

(Ag—3,4+1) is the union

whose extended codimension is 5.

Jets in (m3) " (Ag—a,q). A jet in Ay_q 4 is K[G]?-equivalent to that represented by

q—4 n
(5.10) fa= 121, .. 2q-1, Z +x; + Z Qi Tg—iTq—j + Z :l:x?
Jj=1 1<i<j<3 Jj=q
for some a = («;;); ; € R®. Take subsets Wiy, Wa, W3 C P5 as follows:
Wi ={[:ay: ] €P | arjamass = 0},
Wy ={[--ayj i ---] € P° | (anraze — aiy)(agsass — ajy)(assan — aiy) = 0},
Wy ={[--:ra;:--]€ P | ap1omsass + 2010003003 — (330, — agga% — a11a§3 = 0}.

These are proper algebraic subsets of P?. In particular, one can decompose them into submani-
folds of P® with codimension at least one. By Proposition 5.1, the preimage A~!(W; UWyUWs3)
is a union of submanifolds of A,_4, with codimension at least one. We can deduce from the
observation above and Lemma 5.4 that the extended codimension of A~ (W1 U W U W3) U
is (larger than or) equal to 1 + de(Ag—a,q) = 5.

In what follows, we will consider a 2-jet in the complement A4 4\ (A1 (W1 UWoUW3)UQy),
which is K[G]?-equivalent to j2f,(0) (where f, is given in (5.10)) with

air # 0,a22 # 0,033 # 0,
2 2 2
(5.11) 40[110(22 — (g 7’5 0,4(1110[33 — (3 7é 0, 404220[33 — Qg3 75 0,
2 2 2
4oz + a1a3ae3 — 330y — Q2203 — Q11053 # 0.

For such a 2-jet, one can check that the inclusion M2EZ C T + TK[G]; (fa) + MLEL holds
for T = (v4_374-224-1€4)r- By Theorem 2.1, a 3-jet o € J3(n,q)o with 73(c) = j2f.(0) is
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K[G)3-equivalent to

q—3
Tiye.e s Tg— 175 jx; + E QijTq-atiTq—atj + PTq—3Tq—2Tq—1 + E ;x5 |,
J=1 ,5=1 J=q

for some 8 € R. If 3 # 0, the K[G]*-codimension of the jet above is n — q + 4 by the similar
argument. Furthermore, M3 &9 is contained in TK[G](g) + M2EJ, and thus the jet above is 3-
determined relative to K[G] by Proposition 2.1. An appropriate scaling of the coordinate brings
the map-germ to the normal form of type (10) in Table 2. If 8 = 0, the 3-jet above is equal to
72 f(0) and it has K[G]*-codimension n — ¢ + 5 be the similar argument.

We have shown that the extended codimension of By is equal to 4, the complement
(3) 71 (Ag-4,4) \ Buo is equal to

(ot umeuw v (e 2H0),

all signs
in fo

and its extended codimension is 5.
We can eventually conclude that the complement

J?(n,q)o \ | BoU |_|Bi,k U |_|Bj
J

ik
has extended codimension 5, completing the proof of (3) of Theorem 5.1.

Classification of jets in W, ,1 with 1 < ¢ < 3. In what follows, we will show (4) of
Theorem 5.1. Since we are supposing n > ¢, in particular codim(Xy, J*(n,q + 1)o) is large
enough, it suffices to consider the case that corank(d(g, h)o) is equal to 1, which is also equal to
corank(dgg) + 1. By applying an appropriate action of K [G]l, one can assume

e (9,R) (0) = (z1,...,24,0)

without loss of generality. By using the similar argument as Lemma 5.2, an appropriate action
of K [G] brings j2 (g, h) (0) to the following form:

(5.12) 72 (g,h) (0) = | 21,...,2q, Z Z jy o), T +Zix

Ji1=1j2=1

for some s € {g+1,...,n} and a;,;, € R. Let O, be the set of 2-jets K[G]?-equivalent to that
in (5.12) for some signs and aj,;, € R. It is easy to check that O, is equal to (7f|q.) ' (0’),
where ©' = {j1(g,0)(0) € 1 \ B2 | dgo : regular} and Q is given in the proof of Lemma 5.3.
Since ©' is a submanifold in ¥; \ Xo with codimension ¢, © s is also a submanifold of Qs and
its extended codimension is equal to ¢ + 1+ (s — ¢)(s — ¢ — 1)/2. The extended codimensions
of | 54 O1.s, Ls>5 O2,s, and | | <5 O3 s are greater than 4. For this reason, in what follows, we
will only analyze jets in (75*)~1(©) for © = ©1 2,01 3,023,024, 03 4, with suitable orders m
one by one. As all the calculations needed to obtain determinacies, codimensions, and complete
transversals for various jets/germs are quite similar to those we have done in the proof of (3) of
Theorem 5.1, we will omit them for simplicity of the manuscript.

Jets in (73)"1(O12). A jet in Oy is K [G]*-equivalent to the 2-jet represented by

n
(g:h) = | 21 an12] + ) +a?
j=2
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If a;1 # 0 holds, an appropriate scaling brings the 2-jet to the normal form of type (1,2) in
Table 3 which is 2-determined and its extended codimension is 2. If a;; = 0 holds, the following
inclusion holds for m > 3:

MRER C (ae2)r + TK[G], (g, h)) + MFLER.
Therefore, using Theorem 2.1, we can deduce that an m-jet o € J"(n,2), with
7m_ (o) = j™ 1 (g,h) (0) is K [G]™-equivalent to either the m-jet of the germ of type (1,m) in
Table. 3 or 5™ (g, h) (0). The m-jet represented by the germ of type (1,m) is m-determined and

its extended codimension is m. We can thus conclude that any jet in (7r§)71 (©1,2) is K [G]4—
equivalent to either the jet represented by the germ of type (1,m) for m = 2,3,4, or the jet
j* (g, h) (0) (with some signs), and the extended codimension of C ., is equal to m, whereas

that of the complement (ﬂ%)_l (©1,2) \ (L, C1,m) is equal to 5.

Jets in (73)71(O13). A jet in Oy 3 is K [G]*-equivalent to the 2-jet represented by

n
(g,h) = | @1, 00127 + arprmy + Y +af
=3

If a1 # 0 holds, an appropriate action of K [G]” brings the 2-jet to the 2-jet represented by

n

2
fi= xl,x1w2+§ +;
j=3

If a2 = 0 and a1 # 0 holds, an appropriate action of IC [G]2 brings the 2-jet to the 2-jet
represented by

n

2 2

fo= xl,xl—f—g +x;
=3

If a;3 = a2 = 0 holds, the quotient space J?(n,2),/TK [G)? (7% (g,h) (0)) is isomorphic
z C R[[z]]>. In particular, the K [G]?-codimension of
32 (g,h) (0) is equal to n + 3 and its extended codimension is 5.

An m-jet 0 € J™ (n,q), with 77_; (o) = j™ 1 f1(0) is K [G]™-equivalent to either the m-jet
of the germ of type (3, m) in Table 3 or j™ f; (0) for m = 3,4. The germ of type (3,m) in Table 3
is m-determined and has the K [G]™-codimension n — 2 + m. Thus, the union of the K [G]*-
orbits of the germs of type (4,m) (with all possible signs) is equal to Cs5,, and its extended

2 2
to <x162, .., XTpey, Ti€q, T1T2€2, x262>

codimension is m. On the other hand, the K [G]*-codimension of j*f; (0) is equal to n + 3 since
J*(n,2), /TK cl (741 (0)) is isomorphic to (z1€z, ..., zpe2, 13€2, Te2, 2he2)r C R (]

An 3-jet 0 € J3(n,q), with 73 (0) = j2f2(0) is K [G]*-equivalent to either the 3-jet of the
germ of type (2) in Table 3 or j3f5 (0). The germ of type (2) in Table 3 is 3-determined and
its K [G]-codimension is n + 2. Thus, the union of the K [G]*-orbits of the germs of type (2)
(with all possible signs) is equal to C and its extended codimension is 4. On the other hand,
the K [G]*-codimension of 3 f5 (0) is n + 4.

The compliment of C3 3| |C34| |C2 in (w%)_l (©13) is the following union:

(U xerho)omh( L wer 2 60)

all signs all signs
in f1 in fa

The extended codimension of the union is equal to 5 since the K [G]*- (reps. K [G]*-) codimension
of j%f1 (0) (resp. j3f2(0)) is equal to n + 3.
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A digression on intrinsic derivatives for jets in ©g444+1. Before proceeding with the proof of

Theorem 5.1, we will give invariants of jets in ©,,+1 under the K[G]*action. For
!/

o = j*(g.h)(0) € Ogqt1, we take vectors v} (0),...,v,(0) € ToR™ satisfying the following
conditions:

e D2h(vi(0) ® w) = 0 for any w € Ker dgo,

* d(g;)o(vi(0)) = ;-

Since D?h is invariant under K[G]?-action (cf. Lemma 2.1) and D?(g, h) = D?h|g2 Ker g, iS DOD-

degenerate, the vectors v (), ..., v,(o) satisfying the conditions above are uniquely determined

from o. One can further show the following lemma in the same way as that in the proof of
Lemma 5.4.

Lemma 5.5. The subset
Oy ={o= 7%(g,h)(0) € Og.q+1 | Dzh(vg(a),v;(o)) =0 for any i < j}
is a submanifold of ©4 441 with codimension ¢ = q(q¢+1)/2.
Under the canonical identification Coker dho = TyR = R, we put o};(0) = D?*h(vj(0) ® v}(0))
and define A" : 04411 =PI by A'(0) = [---: aj;(0) : -+ ].
Proposition 5.2. The map A’ is a submersion.

The proof of this proposition is quite similar to that of Proposition 5.1 and left for the reader.

Jets in (13)71(O23). A jet in Oy 3 is K [G]*-equivalent to the 2-jet represented by

(g:h) = | 21, 2, 01127 + 120175 + Q2275 + Z +a73
j=3
Let Q53 = QU (A)'({l1 : 0:0,[0:1:0][0:0:1]}) C Oz3. By Lemma 5.5 and
Proposition 5.2, the extended codimension of Q53 is 5. One can further show that O, 3 is the

union of K [G]B—orbits of Cy, Cs, and Cg whose extended codimensions are 3, 4, and 4, respectively,
and

atogu ([ iep o)) o [ e 2 o),

all signs all signs
in f3 in fa
. L 2
whose extended codimension is 5 where f3 = (:Cl, zo,+ (z1 £ 22)” + 22;3 :l:x?) and

fa= (xl, To, 22 * 2170 + Z;.lzg :i:x?)

Jets in (73)"1(Og4). A jet in Oy 4 is K [G]*-equivalent to the 2-jet represented by

n
2

(ga h) (0) =1 71,72, 0113?? + ai2x122 + a13xr123 + a22x§ + as3xox3 + Z :txj
j=4
Let €4, be K [G]z—orbit of the set of the 2-jets whose coeflicients satisfying
a13a23 (a%3a22 — 12013023 + ana§3) =0

and let

n
f=| 21,22, Fx100 + T123 + 2273 + E ix?
J=q+1
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be a map-germ. In the same manner as before, we can deduce that (73)~1(63 4) is the union of
C7 whose extended codimension is 4 and

(7)1 (1) U ( || (kiep -j3f<o>))
all signs

in f

whose extended codimension is 5.

Jets in (m3)"1(O3.4). A jet in O34 is K[G]?*-equivalent to that represented by

n

2

(9,ha) = | z1, 22, 23, E aijxixj'f'g +a;
j=4

1<i<j<3

for some o = (a;;) € RS. Let Wy, Wa, W5 C P° be the subsets we took when dealing with jets in
Agy_4,4. By Proposition 5.2, the preimage (A’) ™1 (W;UW,UW3) is a union of submanifolds of O3 4
with codimension at least one. Thus, the extended codimension of (A’)~1(W; U Wy U W3) U Q)
is (larger than or) equal to 1+ d.(034) = 5.

In what follows, we will consider a 2-jet in the complement O3 4\ ((4’) (W7 UW2UW3)UQy),
which is K[G]?-equivalent to j2(g,ha)(0) with o = () satisfying the conditions in (5.11). For
such a 2-jet, one can check that the inclusion M2EL C T + TK[G], (9, ha) + MLEL holds for
T = (r12273e4)r. By Theorem 2.1, a 3-jet o € J3(n,4)o with 73(c) = 52(g, ha)(0) is K[G]3-
equivalent to

3 n
T S.x2
T1,%2,%3, QT T + Brizors + i |

ij=1 j=4

for some 8 € R. If B # 0, the K[G]?-codimension of the jet above is n by the similar argument.
Furthermore, M2 &2 is contained in TK[G](g, h) + M2EL, and thus the jet above is 3-determined
relative to C[G] by Proposition 2.1. An appropriate scaling of the coordinate brings the map-
germ to the normal form of type (8) in Table 3. If 8 = 0, the 3-jet above is equal to j3(g, ha)(0)
and it has K[G]3-codimension n + 1 be the similar argument.

We have shown that the extended codimension of Cg is equal to 4, the complement

(73)71(O3,4) \ Cs is equal to

@orpomumumgu( | (KIGE e ) 0),
all signs
in hy
and its extended codimension is 5. This completes the proof of (4) of Theorem 5.1.

Lastly, we can obtain a basis of the quotient space £I7"/TK[G]c(g,h) for each germ (g, h)
in Tables 1-3 either by calculating standard basis of TK[G].(g,h) in the same way as those in
Appendix A, or by using Proposition 2.2. The details are left to the reader. We eventually
complete the proof of Theorem 5.1. O

The main theorem in full detail. Combining Theorem 5.1 with the results in Section 4, we
eventually obtain the following theorem.

Theorem 5.2. Let N be a manifold without boundary, b < 4, and U C R® be an open subset.
The set consisting of constraint mappings (g, h) € C*°(N x U, RI*") with the following conditions
is residual in C®°(N x U,RI*").

(1) For anyu € U and T € M(gu, hy), the corank of (dh,)z is at most 1.
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(2) For any uw € U and T € M(gy,hy) at which there is no active inequality constraint
(i.e. there is no k € {1,...,q} with gi(T,u) = 0), a full reduction of the germ

(9,h) : (N x U, (T, u)) — R

is K[G]-equivalent to either the trivial family of the constant map-germ, or a versal
unfolding of one of the germs in Table 1 with K[G].-codimension at most b.

In what follows, we will assume that (gy, h.,) has an active inequality constraint at © € Mgy, hy).

(8) For any v € U and T € M(gy,hy) with corank((dhy)z) = 0, a full reduction of the
germ (gu, hy) : (N, T) = RIT" is K[G]-equivalent to either a submersion-germ, or one of
the germs in Table 2 with stratum K[G].-codimension at most b. Furthermore, if a full
reduction of (gu, hy) is K|G]-equivalent to the germ of neither type (6) nor type (10), a
full reduction of (g,h) : (N x U, (Z,u)) — RIT" is a versal unfolding of (gu, hu)-

(4) For any (ZT,u) € N x U with corank((dh,)z) = 1, a full reduction of the germ
(Gus hw) + (N, T) = RIT" is K[G]-equivalent to one of the germs in Table 3 with stratum
K|G]e-codimension at most b (in particular the number of active inequality constraints
is at most 3). Furthermore, if a full reduction of (gu, hy) is K|G]-equivalent to the germ
of neither type (4) nor type (8), a full reduction of (g,h) : (N x U, (T,u)) — RI*" is a
versal unfolding of (g, hy,).

Note that one can obtain a model of a versal unfolding of each germ in the tables from Table 4.
(See the observation at the end of Section 4.)

APPENDIX A. STANDARD BASIS AND ITS APPLICATIONS

In this section, we provide a brief summary of standard basis and its application to mod-

ule membership problems and codimension computation. Let M C &2 be an &,-module. In
&a
what follows, we assume M has finite codimension, i.e. dimg Mn < 00. This condition is equiv-

alent to the existence of k € N such that MEEZ C M holds. Let R{[[z1,...,x,]] be a formal
M
M =Ni>o ME . Since M has finite codimension, MS°£9 € M and thus

power series ring with variables z1,...,x,. Then, >~ R[[z1,...,z,]] holds, where we put

&L EIMPEL  Rllwy,...,z,])7

M~ M/MXEL M
holds where M = M/MPEL. M can be regarded as an R[[z1,...,x,]]-module. Through this
&l R[[z1,...,2.]]"
isomorphism, dimg Mn = dimg M holds and the computation of the codimension of
M in €4 can be reduced to that of the codimension of MinR [[z1,-..,2,]]?. The latter compu-
tation is reduced to the computation of standard basis of M since R [[x1, ..., 2,]] is Noetherian.
For the terminology related to the standard basis, see [18].
Let < be a local term order in the set of the monomials in R [[z1,...,2,]] and <, be the

module order compatible with the term order. Take any f € R [[x1,...,z,]]?\ {0} and suppose
that it can be expanded as

f = caz%e; + (sum of terms smaller than z“e; with respect to <),

where a € Z%, co € R\{0}, 2% = 27" 25? - - - 2" For such an f, we define its leading monomial,
leading term and leading coefficient as LM (f) = x“¢;, LT (f) = caze;, and LC(f) = cq,
respectively. For a pair of elements f,g € R[[z1,...,2,]]? \ {0} where LT (f) = coz%e; and
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LT (g) = da/xo‘/ej/, we define their symmetric polynomial as
JERTPIL P ) S
wortr (- ) B )
0 G#75).
We say f is divisible by S = {f1,..., fi} if there exist a1,...,a; € R{[z1,...,x,]] satisfying the
following conditions:
l

o f=>im1a5f5

e LM (f) > LM/ (a;f;) for all j € {1,...,1} with a;f; # 0.
We say S = {f1,..., fi} is a standard basis of Mits generates M and spoly (fi, f;) for all i < j
are divisible by S. Note that a generating set consisting of monomials is always a standard basis
since spoly(f, g) = 0 for any monomials f, g € R[[z1,...,2z,]].

Theorem A.1. Let S = {f1,..., fi} be a standard basis of M. Then, the following hold:

R[[$17"'a£n]]q .. . . q
(1) ———=——— s isomorphic to the R-vector subspace in R[[z1,...,x,]]? spanned by the

monomials that cannot be divisible by any leading monomial of an element of S.
(2) For any f € R|[z1,...,2,]]%, f € M if and only if f is divisible by S.

In what follows, we will explain two examples of applications of Theorem A.1.

A.1. The K[G].-codimension and K[G]-determinacy order of the map-germ of type
(1,k) in Table 2. For k > 2, let g be the map-germ of type (1, k) in Table 2, i.e. we put

qg—1 n
_ k 2
g(@1,.. ., xn) = | T1,.. ., Tq-1, E djxj+ dqwg + E djx3
Jj=1 Jj=q+1

for §; = +£1. We first calculate the K[G].-codimension of g. The extended tangent space at g is

dg dg
TK |G =(=—",...,=—)e. +{q1€1,...,9q€ )
[ ]e (g) <a$1 axn>5n <gl 1 »9q q>£n
In this case, 597% is calculated as follows:
89 ej+6jeq (.7:17 aq_l)
37% = kéqxl;ileq (J =q)
20,x5eq (J=q+1,...,n).
We set the monomial ordering in R [[z1,...,z,]] as the negative degree reverse lexicographical
ordering < satisfying x,, < ,-1 < -+ < 2 < x1 and the term over position module ordering
<m satisfying e; <m eq—1 <m -+ <m €2 <y, €1 compatible with the monomial ordering <.

First note that zjeq = (z; (e; + djeq) — xje;) /0, € IC[/G]Zg) holds for j € {1,...,¢—1}.
We claim that

k—1
S = {61 +d1eq, ..., 69—1 + Og—1€q, T1€q, . . . s Tq—1€q, Ty €qs Tq1€q; - - - ,xneq}

—

is a standard basis of TK[G], (g). First of all, it is obvious that 9 can be written as an

8a:i

R [[x]]-linear combination of the elements in S for all ¢ € {1,...,n}.
Second, g;e; = x; (e; + d;eq) — 0; (x4€4) holds for all ¢ € {1,...,¢ — 1} and

qg—1

n
9q€q = Zéj X (zjeq) + dqxq X (x’cfleq) + Z diz; x (zjeq).
i=1 j=q+1
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Third, it is obvious that all the elements in S are contained in TICTG]\e(g). Therefore, the set

S generates TICTGI(Q). Next, we show that spoly (s1, s2) is divisible by S for all 51,89 € S.
By the definition of spoly, spoly (s,s) = 0 for all s € S, spoly (s1,s2) = 0 for all the monomials
s1,82 in S, and spoly (s1, s2) = 0 if the components of the leading monomials of s; and sy are
different. Regarding this fact, all the symmetric polynomials between the elements/ir_l\S are zero
and thus they are divisible by S. This proves that S is a standard basis of TK [G], (¢g). For
general algorithm to compute standard basis, see [18].

Therefore, R [[z1,...,2,]]? /TICTGI(Q) is spanned by the monomials in R [[z1,...,2,]] not
divisible by the leading monomials of the elements of G by Theorem A.1 (1). In this case, that is

k—2 iq 5 . . First. it is ious k—2
€qs Tq€qs - - Ty ~€q. This can be shown as follows. First, it is obvious that eq, zqeq, ..., x5 €4

are not divisible by any leading monomial of an element in S. The monomial z%e; is divqisible
by e; (=LM (e; + d;eq)) for any a € Z%, and ¢ € {1,...,¢ — 1}. If one of the components of
a € Z% except for g-th one, say «;, is non-zero, the monomial x%eq is divisible by z;e,. The
monomlal azle, is divisible by zF~te, (= LM (zf'e,)) for I > k — 1. By using Theorem A.1

(1), we obtain the claim.
This specifically implies TK [G], (g) has a finite codimension in R [[z1, . .., z,]]? and thus there
exists | € N such that M\%R [[x1,...,2,]] € TK[G], (g) holds. This implies that

MLEL C TK[G), (g) + MES

and thus M4LEY C TK[G], (g) + MLF1EL. By using Nakayama’s lemma, MLEI C TK[G], (g)
holds. Therefore,
&d o R[[z1, . 2]

TEIGL (9 TK[C], (9)

q

holds and thus ———+———22 (e,, x4€,, . .., ¥ 2e,)r and the K [G]_-codimension of g is k — 1.
TK [G}e (g) < qrqtq q q>R [ ]e

We next confirm that the map-germ g is k-determined relative to K [G]. By using Proposi-
tion 2.1, it is enough to confirm that ngq C TK[G] (g) holds. This condition is equivalent to
the condition that ./\/lk R([z]]? c TK [G} (g) holds and thus we confirm the latter condition in
what follows.

First of all, the equality

dg
TKI[G](9) = M"<a71’ < B IRl T {g1€Ls -5 Gaq)R[[o]

k—1
= Mper +d1eq, .. eq-1+04-1€4, T4 €q50q41Tg41€q; - - -5 OnTnCq)R[[a]]
qg—1
+<x161,x262,.. y Lg—1€q—1, E 5xj+6x + g 6]33] eq>
j=1 Jj=q+1

R[]
holds. Then, zje, = (x; (e; + djeq) — xzje5) /05 € TIC/[\G](g) holds for all j € {1,...,¢— 1} and
thus, one can show that the set
S=A{z;(ej+djey)li e{l,....,n},je{l,....,¢—1}}
U{zieq, ..., zq1eq} U{zizjeqli € {q,...,n},je{qg+1,...,n}} U {xlgeq}
is a standard basis of TIC/[-\G}(g) in the same way as that in the demonstration of Theorem A.1

(1).

Since the module ./T/l\’fLR [[z]]? is generated by
{xaej|a € L%, lal =k,je{1,... 7q}} ,
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it is enough to show that all the generators are in T/C/[\G](g). By Theorem A.1 (2), this condition
is equivalent to the condition that z%e; is divisible by S for all a € ZZ%, with |a| = k and
j € {1,...,q}. The latter condition can be shown as follows. For o € Z2, with |a| = k
and j € {1,...,q — 1}, the monomial 2%, is equal to 2% (e; + §;e,) — d;a%,. Therefore, it is
enough to show that x%e, is divisible by S. If one of the elements «;, ..., a4—1 is non-zero, x%¢,
is divisible by one of the monomials z1€e4,...,24—164 in S. If &1 = -+ = a1 = 0 and one of
the elements o1, ..., 0y, is non-zero, x%e, is divisible by one of the monomials in

{wizjeqli € {q,...,n},je{g+1,....,n}} CS

In the other case a1 = -+ = ay—1 = Qg1 = - = o, = 0,4y = k, x]q“eq is divisible by itself,
which is contained in S. Therefore, all the generators are divisible by S. This proves the claim.

A2 The K [G]z—codimension of the 2-jet shown in Table 6. Let g, be a map-germ rep-
resenting (5.6). Then,

K [G] (ga) = Mn<€1 + 51€q, sy g3+ 5q_36q>gn

+ My leqg—2 + 2o11Tq—2 + a122¢-1) €q; €q—1 + (2022041 + Q1224—2) €q) ¢,

+ M (xqeq, ... Zneg)e, + (T1€1,.. ., Tg—1€¢-1,
q—3 n
Z (Sj.’lﬁj + 01113?372 + Q1224-—2Tg-1 + 04221‘(2]71 + Z (Sj.%'jz €q>gn
j=1 Jj=a
holds. In what follows, the elements given after ”:” form a basis of
MR [[2]] /(K [G] (ga) + MER [[2]))
for each parameter value (a1, @12, aiae) satisfying the equations before ”:”. We can obtain these

results by computing standard basis in the same way as that in the previous subsection (details
are left to the readers).
1

n—q+3 A
(1) aipae #0: m7 m372eq-
n—q+3 1
(2) a1 =0,a11000 # 0 : ZTg_2eq,...,Tneq, Tg—2Tq—1€4-
n—q+3 ,\1
(3) ag2 =0,11012 #0 : m, $3716q~
n—q+3 ,J\—
(4) 11 = Qg = O, 19 7é 0: Tg—2€q, - ,xneq,xg_Qeq,x?]_leq.
n—q+3 2
(5) a1 =12 = 0,092 # 0 : m7 T2 _g€q, Tq—2Tq—1€q.
n—q+3 2
(6) a1o = a2 =0,0011 # 0 : Zg_2eq,... ,I7,6q,$q_217q_16q,$§_16q.
n—q+3 3
(7) Q11 = (1 = (v = 0: Lq—2€q,-- -, mnemxi%eq, mq,gxq,leq,xileq.

The K [G’]Q—codimension of j2ga (0) is n — ¢+ 4 in the cases 1, 2, and 3, n — ¢+ 5 in the cases 4,
5 and 6, and n — g + 6 in the case 7. By combining the corresponding semi-algebraic sets in the
list on which j2g, (0) has the same K [G]2—codimensions, we obtain Table 6.

A.3. A list of bases for Table 7. The following are the list of bases of the quotient space
M€/ (TK[G] (ga) + M2EZ). In what follows, the elements given after ”:” form a basis of the

9.9

quotient space for each a in the algebraic subset of R? given before ”:
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(1) Ve ({ag—1,4,a9-1,4—1,g—2,q: @g—2,g—1, Ag—2,g—2)):
2 2
Tq2€gy .+, TnCq, Tgq, Tg—1TqCq, Tq—2TqCq, Ty_1€q, Tq—2Tq—1€q, Ty_2€q-
3 3 3
(2) Ve ((ag—2,4,a9-2,4—2)) \ V& (<aq—2,qaq—1,qa Aq—2,q—10q_1,q> Aq—2,q—20¢—1 ¢>

2 2 .
Aq—2,qq—1,q—10¢—1 ¢ aq72,q71aq72,qaq71,q>)-

Lq—2€q, ... Tneq, Toq, Lq_2Tqlq, Lo 2€q.
(3) Ve ({ag-1,q, Gg-1q-1, aqu,q;)) \ Ve ({ag—2,4)):
Tq2€q, ..., Tneq, Lo 1€q, Tolq, Tq_1T¢€q.

(4) Ve ({ag—1,g>ag-2,4)) \ Vi ({ag—2,¢-10q—1,4-1g—1,g: Ag—2,¢—10q—2,q0g—1,4—1,
ag—z,q—laq—Lq—laaq—27q—2aq—27q—1“3—1,q—1> :
Tq—2€q, -, Tneq, :cg
(5) Vk ({ag—1,g> Ag—2,g5 Ag—1,9-1,Ag—2,g-2)) \ VR ((@g—1,g5 Qg—2,45 Ag—2,4—1, Ag—2,g—20q—1,4-1) )
Tq-2€q;- -, Tnlq, Ty
(6) Ve ({ag-1,g> ag—1,¢-1, g2, Ag—2,4—1)) \ V& ({ag—2,4-2)):
Tq2€gy -+ Tn€q, Tg€q, Tg—1TqCq, Ty_1€q, Tq—2Tq€q, Tq—2Tq—1€4-
(1) Ve ((ag—1,4> ag—2,q, g—1,4-1))
\Vk (<aq72,q72aq71,q7 Aq—2,—20q—2,9) Aq—2,q—20g—2,q—1, a<2;72,q72“q71,q71>):
Tq—2€q, - -, Tneq, xgeq, Tg—1Tq€q; Lq—2Tq€qs xifleq.
(8) Vk ({ag-2,q))
\Vk (<aq—2,q—2aq—27qa2—1,qv aq—2,q—2aq—2,q—1ag—1,qv ag—Q,q—2a2—1,q»
aq—2,q—2aq—27qaq—17q—1a371,q’ aq—2,q—2aq—27q—1aq—2,qa371,q>):
Tg—2€q, - - - s Tneq, xieq, Tq—2Tq€q-
(9) Ve ((ag—1,9> ag-2,q, 4g—2,9-1))
\Vk (<aq71,q71aq71,qv Agq—2,q0q—1,q—1,Ag—2,—10q—1,qg—1; aq*2,q*2@$—1,q—1>):
Lq—2€g, - Tneq, xg
(10) Vk ((ag—1,g5 @g—2,q: @g—2,g—1, Ag—2,g—2)) \ VR ({@g—1,4-1)):
Tg2€gy .-, Tn€q, Tgq, Tg—2TqCq, Ty_9€q, Tqg—1L¢Cq, Tq—2Tq—1€4-
(11) Ve ({(ag-1,4))
\Vr ((ag-2,90q—1,4-1g-1,45 Ag—2,¢—10q—1,4-10q—1,q;
Agq—2,¢—20q—1,9—1%g—1,9> aq—l(l“é—l,q—lv aq—Z,q—laq—lqaq—Lq—ﬁ):
Tg—2€q, - - Tneq, asgeq, Tg—1Lqeq.
(12) Ve ({ag-1,9>ag-1,4-1))
\VR ((ag-2,90q-1,g) @g—2,g-10g-1,q) Aq—2,q—20q—1,g, Ag—2,g0q—1,q—1, Aq—2,g—10g—2,g)):
Tq2€qy .-, Tn€q, Tgq, Tq—1TqCq, Ty_1€q-

2
€q, Lq—1Tq€q, Lg—2Tq€q, xq_2eq.

€q, Lq—1TqCq, Lg—2Tq€q, xq_leq, zq_geq.

€qs Tq—1TqCq, Tg—2TqCq, Lqg—2Tq—1CEq-

q

(13) R® \ Wk (<aq—2,q—2a§_z,qa;‘_1,q - aq—Z,q—lag—zqag—Lq + @3—2,qaq—1,q—1a3—1,q:
Aq—2,q—20q—2,q—10q—2,¢0q—1,q — ag—z,q—ﬂg—z,qaq—l,q + aq—lq—lag—zqaq—17q—1a3—1,q,
ag—z,q—zaq—lqag—l,q — Aq—2,4-20q-2,g-18¢-2,¢%—1,¢ T Qg—2,q—20y_3 40q—1,q—105_1 ¢
aq—2,q—2ag—2,qaq—1711—1‘13—1,11 - aq—QvfI—laq—Z,qaq—174—10’3—141 + aé—Q,qaq—l,q—laq—la‘P
aq—Q,q—2aq—27q—1a<21—2,qa2—1,q - a3—2,q—1a2—2,qa3—1,q + aq—lq—la3—2,qaq—17q—1aq—1,q>):
Tq—2€q, -, Tneq, xgeq.

(14) Ve (<aq72,q72a<2171,q — Og—2,4-10¢-2,¢0q—1,g T a372,qaq71’q71>)
\Vk (<a§_2,qa§_1,q, aq—Q,q—laq—2,qac21—1,qv aq—Z,q—Zaq—Q,qag—l,q,
ag-zqaq—l,q—laq—l,qa aq—2,q—1a3—2,qaq—1,q>)3

Tq—2€q, -, Tneq, xgeq, ajg_geq.
(15) Vi ((ag—2.q; aq72,q7217 ag—2,4-2)) \ V& ({ag-1,4)):
Tq2€qy - TnCq, TyCqs Tg—2TqCq, Ty_o€q-

In summary, we obtain Table 8. By combining the strata of R® on which j2g, (0) has the same
K [G]?-codimension, we obtain Table 7.
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K [G]*-cod. | strata numbers
n—q+4 |13

n—q+5 | 811,14
n—q+6 |23,1215
n—q+7 | 4,79
n—q+8 |56,10
n—q+9 |1

TABLE 8. K [G]*-codimension of j2g, (0) for the parameter a in each stratum.

REFERENCES

V. I. Arnol’d. Normal forms of functions near degenerate critical points, the Weyl groups Ay, Dy, Er and
Lagrangian singularities. Funkcional. Anal. i PriloZen., 6(4):3-25, 1972. DOI: 10.1007/BF01077644

R. K. Arora. Optimization: Algorithms and Applications. Chapman and Hall/CRC, 1 edition, 2015.
DOI: 10.1201/b18469

T. Becker and V. Weispfenning. Grébner Bases, A Computational Approach to Commutative Algebra.
Springer, New York, 1993.

S. P. Boyd and L. Vandenberghe. Convex Optimization. Cambridge University Press, 2014.

J. W. Bruce, N. P. Kirk, and A. A. du Plessis. Complete transversals and the classification of singularities.
Nonlinearity, 10(1):253-275, 1997. DOI: 10.1088/0951-7715/10/1/017

J. Damon. The Unfolding and Determinacy Theorems for Subgroups of A and K. American Mathematical
Society, 1984. DOI: 10.1090/pspum/040.1/713063

J. N. Damon. Topological triviality and versality for subgroups of A and K. Number 389 in Memoirs of the
American Mathematical Society. American Mathematical Society, 1988. DOI: 10.1090/memo/0389

G. B. Dantzig and M. N. Thapa. Linear Programming 2: Theory and Extensions. Springer Series in Opera-
tions Research and Financial Engineering. Springer, 2003.

G. B. Dantzig and M. N. Thapa. Linear Programming 1: Introduction. Springer Series in Operations Research
and Financial Engineering. Springer, New York, 1997.

A. Dimca. Function germs defined on isolated hypersurface singularities. Compositio Math., 53(2):245-258,
1984.

A. E. Eiben and J. E. Smith. Introduction to Evolutionary Computing. Springer Publishing Company, In-
corporated, 2nd edition, 2015. DOI: 10.1007/978-3-662-44874-8

T. Gaffney. The structure of T'A(f), classification and an application to differential geometry. In Singularities,
Part 1 (Arcata, Calif., 1981), volume 40 of Proc. Sympos. Pure Math., pages 409—427. Amer. Math. Soc.,
Providence, RI, 1983. DOI: 10.1090/pspum/040.1/713081

J.-J. Gervais. Sufficiency of jets. Pacific J. Math., 72(2):419-422, 1977. DOI: 10.2140/pjm.1977.72.419
J.-J. Gervais. G-stability of mappings and stability of bifurcation diagrams. J. London Math. Soc. (2),
25(3):551-563, 1982. DOI: 10.1112/jlms/s2-25.3.551

J.-J. Gervais. Déformations G-verselles et G-stables. Canad. J. Math., 36(1):9-21, 1984.

DOI: 10.4153/CJM-1984-002-9

C. G. Gibson. Singular points of smooth mappings. Pitman, London, 1979.

M. Golubitsky and D. G. Schaeffer. Singularities and Groups in Bifurcation Theory, volume I of Applied
Mathematical Science. Springer, 1985. DOI: 10.1007/978-1-4612-5034-0

G.-M. Greuel and G. Pfister. A Singular Introduction to Commutative Algebra. Springer, second edition,
2008.

J. Guddat, F. G. Vazquez, and H. Th. Jongen. Parametric Optimization: Singularities, Pathfollowing and
Jumps. Springer, Wiesbaden, 1990. DOI: 10.1007/978-3-663-12160-2

H. Ishibuchi, L. He, and K. Shang. Regular pareto front shape is not realistic. In 2019 IEEE Congress on
Evolutionary Computation (CEC), pages 2034-2041, 2019. DOI: 10.1109/CEC.2019.8790342

S. Izumiya, M. Takahashi, and H. Teramoto. Geometric equivalence among smooth section germs of vector
bundles with respect to structure groups. in preparation.

H. Jain and K. Deb. An evolutionary many-objective optimization algorithm using reference-point based
nondominated sorting approach, part ii: Handling constraints and extending to an adaptive approach. IEEE
Transactions on Evolutionary Computation, 18:602-622, 2014. DOI: 10.1109/TEVC.2013.2281534

H. Jain and K. Deb. An evolutionary many-objective optimization algorithm using reference-point based
nondominated sorting approach, part ii: Handling constraints and extending to an adaptive approach. IEEE
Transactions on Evolutionary Computation, 18(4):602-622, 2014. DOI: 10.1109/TEVC.2013.2281534


https://doi.org/10.1007/BF01077644
https://doi.org/10.1201/b18469
https://doi.org/10.1088/0951-7715/10/1/017
https://doi.org/10.1090/pspum/040.1/713063
https://doi.org/10.1090/memo/0389
https://doi.org/10.1007/978-3-662-44874-8
https://doi.org/10.1090/pspum/040.1/713081
https://doi.org/10.2140/pjm.1977.72.419
https://doi.org/10.1112/jlms/s2-25.3.551
https://doi.org/10.4153/CJM-1984-002-9
https://doi.org/10.1007/978-1-4612-5034-0
https://doi.org/10.1007/978-3-663-12160-2
https://doi.org/10.1109/CEC.2019.8790342
https://doi.org/10.1109/TEVC.2013.2281534
https://doi.org/10.1109/TEVC.2013.2281534

24]
[25]
[26]
27]

28]

CHARACTERIZATION OF GENERIC PARAMETER FAMILIES 147

J. N. Mather. Stability of C*° mappings. III. Finitely determined mapgerms. Inst. Hautes Etudes Sci. Publ.
Math., (35):279-308, 1968. DOI: 10.1007/BF02698926

J. N. Mather. Stability of C°° mappings. IV. Classification of stable germs by R-algebras. Inst. Hautes
Etudes Sci. Publ. Math., (37):223-248, 1969. DOI: 10.1007/BF02684889

K. Miettinen. Nonlinear multiobjective optimization, volume 12 of International Series in Operations Re-
search & Management Science. Kluwer Academic Publishers, Boston, MA, 1999.

Y. Nesterov. Introductory Lectures on Conver Optimization: A Basic Course. Springer Publishing Company,
Incorporated, 1 edition, 2014.

B. Shahriari, K. Swersky, Z. Wang, R. P. Adams, and N. de Freitas. Taking the human out of the loop: A
review of bayesian optimization. Proceedings of the IEEE, 104(1):148-175, 2016.

DOI: 10.1109/JPROC.2015.2494218

D. Siersma. The singularities of C'*°-functions of right-codimension smaller or equal than eight. Mathematics,
page 31, 1972. DOI: 10.1016/1385-7258(73)90018-8

D. Siersma. Singularities of functions on boundaries, corners, etc. The Quarterly Journal of Mathematics,
32:119-127, 1981. DOI: 10.1093/qmath/32.1.119

R. Tanabe and A. Oyama. A note on constrained multi-objective optimization benchmark problems.

In 2017 IEEE Congress on Evolutionary Computation (CEC), pages 1127-1134, 2017.

DOI: 10.1109/CEC.2017.7969433

J.-C. Tougeron. Idéaux de fonctions différentiables, volume Band 71 of Ergebnisse der Mathematik und ihrer
Grenzgebiete [Results in Mathematics and Related Areas]. Springer-Verlag, Berlin-New York, 1972.

K. van der Blom, T. M. Deist, T. Tusar, M. Marchi, Y. Nojima, A. Oyama, V. Volz, and B. Naujoks. Towards
realistic optimization benchmarks: a questionnaire on the properties of real-world problems. In Proceedings
of the 2020 Genetic and Evolutionary Computation Conference Companion, GECCO ’20, page 293294,
New York, NY, USA, 2020. Association for Computing Machinery.

X. Wang, Y. Jin, S. Schmitt, and M. Olhofer. Recent advances in bayesian optimization. ACM Comput.
Surv., 55(13s), jul 2023. DOI: 10.1145/3582078

Z.-H. Zhan, L. Shi, K. C. Tan, and J. Zhang. A survey on evolutionary computation for complex continuous
optimization. Artif. Intell. Rev., 55(1):59-110, jan 2022. DOI: 10.1007/s10462-021-10042-y

E. Zitzler, K. Deb, and L. Thiele. Comparison of multiobjective evolutionary algorithms: Empirical results.
Evolutionary Computation, 8:173-195, 2000. DOI: 10.1162/106365600568202


https://doi.org/10.1007/BF02698926
https://doi.org/10.1007/BF02684889
https://doi.org/10.1109/JPROC.2015.2494218
https://doi.org/10.1016/1385-7258(73)90018-8
https://doi.org/10.1093/qmath/32.1.119
https://doi.org/10.1109/CEC.2017.7969433
https://doi.org/10.1145/3582078
https://doi.org/10.1007/s10462-021-10042-y
https://doi.org/10.1162/106365600568202

	1. Introduction
	2. Preliminaries
	2.1. K[G]-equivalence
	2.2. Extended intrinsic derivative

	3. Reductions of constraint map-germs and their jets
	4. Transversality for parameter families of constraint mappings
	5. Structure of jet spaces relative to K[G]-actions
	Classification of jets in Wmn,0,1
	Classification of jets in Wmn,q,0 for q > 0
	Classification of jets in Wn,q,1 with 1q3
	The main theorem in full detail

	Appendix A. Standard Basis and Its Applications
	A.1. The K[G]e-codimension and K[G]-determinacy order of the map-germ of type (1,k) in Table 2
	A.2. The K [ G ]2-codimension of the 2-jet shown in Table 6
	A.3. A list of bases for Table 7

	References

