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WHITNEY STRATIFIED MAPPING CYLINDERS

CLAUDIO MUROLO

To Andrew du Plessis for his 60th birthday.

ABSTRACT. In this paper we investigate (b)-regularity for stratified mapping cylinders Cyy, /(W)
of a stratified submersion f : W — W/’ between two Whitney stratifications. We show how
Goresky’s condition (D) for f is sufficient to obtain (b)-regularity of Cy,/(W).

Revisiting some ideas of Goresky we give different proofs, a finer analysis and new equiv-
alent properties.

1. INTRODUCTION.

Let X = (A, X) be a stratified set of support A and stratification ¥ (see §2 for the definition)
contained in a Euclidean space RY. A substratified object of X is a stratified space W =
(W, %y ), where W is a subset of A, such that each stratum in X,y is contained in a single
stratum of X. In this paper we study the (b)-regularity of the stratified mapping cylinder
M (fw) of a stratified surjective submersion fyy : W — W' when W and W' are (b)-regular.

Since fiy : W — W/ is surjective, M (fy ) will be a cone that we will denote by Cyy, (W ).

Our motivation comes from the works of Goresky [6, 7] which followed his thesis [5].

In 1976 and 1978 Goresky [5, 6] proved an important triangulation theorem for Thom-Mather
abstract stratified sets X'. The proof was obtained by a double induction on k£ < dim X, first
by triangulating, for each k-stratum X of &, a boundary k-manifold Xj C X, and then using
a stratified mapping cylinder Cyy /(W) to glue a triangulation of X with a triangulation of a
submanifold of the singular part 0X = X — X = Ux/«x X’ of X. This method allowed one to
extend the triangulation to the part X — X9 of X near the singularity X of X.

Such mapping cylinders produce cellular (but not necessarily triangulated) stratified sets.

In this context to know how to obtain Whitney (i.e. (b)-) regularity of such mapping cylinders
would be very useful in order to obtain a proof of the following;:

Conjecture 1. 1. Every compact Whitney stratified space X admits a Whitney cellularisation.
This would be also a first important step of a possible proof of the celebrated Thom conjecture:
Conjecture 1. 2. Every compact Whitney stratified space X admits a Whitney triangulation.

Let us recall that in 2005 M. Shiota proved that semi-algebraic sets admit a Whitney triangu-
lation [16] and more recently M. Czapla announced a new proof of this result [2] as a corollary
of a more general triangulation theorem for definable sets. On the other hand, our motivation
being the applications to Goresky’s geometric homology theory, we are interested in the stronger
Conjectures 1.1 and 1.2 for stratifications having C'!-strata.

In 1981 Goresky defines for a Whitney stratification X', two geometric homology and cohomo-
logy theories W Hy(X) and W H*(X') whose cycles and cocycles are substratified Whitney objects
of X and proves the following representation theorems ([7], Theorems 3.4. and 4.7) :
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Theorem 1. 1. If X = (M,{M}) is the trivial stratification of a compact C*-manifold M, the
homology representation map Ry : W H(X) — Hi(M) is a bijection.

Theorem 1. 2. If X = (A,X) is a compact Whitney stratification, the cohomology representa-
tion map R* : WHF(X) — H*(A) is a bijection.

Here the Goresky maps Ry and R* are the analogues of the Thom-Steenrod representation
maps between the differential bordism of a space and its singular homology.

In 1994 such theories were improved by the author of this paper by introducing a sum opera-
tion in W Hy(X) and W H*(X), geometrically meaning transverse union of stratified cycles [12,
13], with which the bijections Ry and R¥ become group isomorphisms.

The possibility of constructing Whitney cellularisations of Whitney cycles and cocycles using
mapping cylinders ([7], Appendices 1,2,3) was the main tool of Goresky to obtain two such
important representation theorems.

We underline here that in the homology case the main result Ry : WH(X) — Hy (M) was
established only when X = (M, {M}) is a trivial stratification of a compact manifold M and that
the complete homology statement for X an arbitrary compact (b)-regular stratification remains
a famous problem of Goresky, still unsolved ([7] p.178) :

Conjecture 1. 3. If X = (A, X) is a compact Whitney stratification, the homology representa-
tion map Ry : WH(X) — H(A) is a bijection.

Hovewer, the proof of Conjecture 1.3 would follow as a corollary if one proves Conjecture 1.1.

In conclusion Whitney regularity of the mapping cylinders of stratified submersions would
play an extremely important role in answering affirmatively the Conjectures 1.1, 1.2 and 1.3.

The content of the paper is the following.

In §2 we review the most important classes of regular stratifications concerned by our analysis:
the abstract stratified sets of Thom-Mather [17, 8, 9], and the Whitney (b)-regular stratifications
[19], and we briefly recall the relation between them.

Then we recall the definition of condition (D), introduced by Goresky in his thesis [5, 6] for
stratified submersions fjy : W € M — W' C M, as a technical tool to obtain (b)-regularity of
stratified mapping cylinders, and recall the results of Goresky of 1976-81 [5, 7] about it.

In §3 we study relations between condition (D) and stratified mapping cylinders.
The section is an exploration of some ideas of Goresky [5, 7] of which we give a finer analysis,
different proofs, and some new equivalent properties.

For X = (A, ¥) a Whitney stratification, we consider the important case in which the stratified
submersion fy : W C M — W' C M is the restriction of a projection 7x : Tx — X on a
stratum X of an system of control data F = {(7x,px): Tx — X x R} xex of X [8, 9].

The stratified mapping cylinder of mx )y has then as embedded model the cone Cyy: (W)
equipped with its natural stratification | [gcyy | g1ry(s) [SUCE(S)US'] (Proposition 3.4).

First, in Proposition 3.5 we explain what incidence relations in Cy,/ (W) are always (b)-
regular, then using a convenient horizontal distribution {D(y)}, in Theorem 3.3 and in Corollary
3.1.3) we prove that, if x| : W — 7x (W) satisfies Condition (D), all remaining incidence
relations R’ < C%,(S) (with R < S in W) are (a)-regular, and thanks to this in Proposition 3.6
and Theorem 3.4 we prove that the naturally stratified cone Cyy, (W) is a Whitney (b)-regular
stratification.
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In Corollary 3.2 we conclude that if W is a Whitney cellularisation of a compact subset
W C Sx(1) € Tx(1) such that my is cellular then Cyy/ (W) is a Whitney cellularisation too.

2. STRATIFIED SPACES AND MaAPS AND CONDITION (D).

We recall that a stratification of a topological space A is a locally finite partition % of A into
C' connected manifolds (called the strata of ¥) satisfying the frontier condition : if X and Y
are disjoint strata such that X intersects the closure of Y, then X is contained in the closure
of Y. We write then X < Y and 8Y = Ux<y X sothat Y =Y U (I_Ix<yX) =Y UQ9Y and
9Y =Y —Y (U = disjoint union).

The pair X = (A, ) is called a stratified space with support A and stratification 3.

The k-skeleton of X is the stratified space Xy = (Ax, ¥4, ) of support Ax = Udim x<xX.

A stratified map f : X — X' between stratified spaces X = (A,%) and X’ = (B,Y) is a
continuous map f : A — B which sends each stratum X of X into a unique stratum X’ of X”,
such that the restriction fx : X — X' is O

A stratified submersion is a stratified map f such that each fy : X — X' is a C''-submersion.

2.1. Regular Stratified Spaces and Maps. Extra conditions may be imposed on the strat-
ification X, such as to be an abstract stratified set in the sense of Thom-Mather [17, 8, 9] or,
when A is a subset of a C! manifold, to satisfy conditions (a) or (b) of Whitney [19], or (c) of
K. Bekka [1] or, when A is a subset of a C? manifold, to satisfy conditions (w) of Kuo-Verdier
[20], or (L) of Mostowski [15].

In this paper we will consider essentially Whitney (i.e. (b)-regular) stratifications :

Definition 2. 1. Let X be a stratification of a subset A C RY, X <Y strata of ¥ and z €.

One says that X <Y is (b)-regular (or that it satisfies Condition (b) of Whitney) at x if for
every pair of sequences {y;}; CY and {x;}; C X such that lim; y; = € X and lim; 2; = 2 and
moreover lim; T,,,Y = 7 and lim; [y; — ;] = L in the appropriate Grassmann manifolds (here [v]
denotes the vector space spanned by v) then L C 7.

The pair X <Y is called (b)-regular if it is (b)-regular at every x € X.

¥ is called a (b)-regular (or a Whitney) stratification if all X <Y in ¥ are (b)-regular.

For a C'-retraction 7 : U — X defined on a neighbourhood U of z, one says that X < Y is
(b™)-regular at = (or that it satisfies Condition (b™) at x) if L = lim; [y; — w(y;)] implies L C 7.

One says that X <Y is (a)-regular at x (or that it satisfies Condition (a) at x) if T, X C 7.

We recall that X <Y is (b)-regular (at z) if and only if it is (a)- and (b™)-regular (at z) for
some Cl-retraction 7 : U, — X defined in a neighbourhood U of x [18].

Most important properties of Whitney stratifications follow because they are in particular
abstract stratified sets [8, 9]. It is then helpful to recall the definition below.

Definition 2. 2. (Thom-Mather 1970) Let X = (A4, X) be a stratified space.
A family F = {(7x,px) : Tx = X x [0,00]) } xex is called a system of control data (SCD) of
X if for each stratum X € ¥ we have that:

1) T'x is a neighbourhood of X in A (called a tubular neighbourhood of X);
2) mx : Tx — X is a continuous retraction of T'x onto X (called projection on X);
3) px : Tx — [0,00] is a continuous function : X = p'(0) (called distance function from X)

and, furthermore, for every pair of adjacent strata X < Y, by considering the restriction maps
TXy = TxX|Txy a0d pXy = px|Txy, ON the subset Txy =Tx NY, we have that :

5) the map (7xy, pxy) : Txy — X x]0,00[ is a C'-submersion (it follows in particular that :
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dim X < dimY);
6) for every stratum Z of X such that Z >Y > X and for every z € Tyz NTxz
the following control conditions are satisfied :
i) Txymyz(z) = mxz(z) (called the 7-control condition)
it) pxymyz(2) = pxz(z) (called the p-control condition).

In what follows we will pose Tx(€) = px'([0,€[),Ve > 0, and without loss of generality will
assume Tx = T'x (1) [8, 9].

The pair (X, F) is called an abstract stratified set if A is Hausdorff, locally compact and
admits a countable basis for its topology.
Since one usually works with a unique SCD F of X, in what follows we will omit F.

If X is an abstract stratified set, then A is metrizable and the tubular neighbourhoods
{T'x }xex may (and will always) be chosen such that: “Txy #0 < X <Y” and “Tx N Ty #
o X <Y or X >Y” (where both implications < automatically hold for each {I'x}x) as in
[8, 9], pp. 41-46.

The notion of system of control data of X', introduced by Mather, is very important because it
allows one to obtain good extensions of (stratified) vector fields [8, 9] which are the fundamental
tool in showing that a stratified (controlled) submersion f : X — M into a manifold, satisfies
Thom’s First Isotopy Theorem : the stratified version to Ehresmann’s fibration theorem [17, 8,
9, 3]. Moreover by applying it to the projections wyx : Tx — X it follows in particular that X
has a locally trivial structure and so also a locally trivial topologically conical structure.

Since Whitney (b)-regular) stratification are abstract stratified sets [8, 9], they are locally
trivial.

2.2. Condition (D) and Goresky’s results. The following definition was introduced by
Goresky first in [5] (1976) and [7] (1981).

Definition 2. 3. Let f : M — M’ be a C' map between C''-manifolds and W C M and
W' C M’ Whitney stratifications such that the restriction fy, : W — W' is a surjective
stratified submersion (so f takes each stratum Y of W to only one stratum Y’ = f(Y) of
W= f(W)).

One says that f : M — M’ satisfies condition (D) with respect to W and W ' and we will say
for short that the restriction fyy : W — W' satisfies the condition (D) if the following holds :

for every pair of adjacent strata X < Y of W and every point z € X and every sequence
{yi}i €Y such that lim; y; = 2 € X and moreover lim; T,,,Y = 7 and lim; Ty(,,)Y’ = 7" in the
appropriate Grassmann manifolds then f,,(7) 2 7.

Later on we will also consider given, with the obvious restricted meaning of the definition
2.3, what one intends by : “f : M — M’ satisfies condition (D) with respect to X < Y ” and
“f . M — M’ satisfies condition (D) with respect to X <Y atx € X7 (“atx € X <Y").

In the whole of the paper we will denote Y' = f(Y) and ¢/ = f(y), Vy €Y.
Two simple examples of f satisfying and not-satisfying the condition (D) are the following.

Example 2. 1. Let M be the horizontal plane M = {z = 1} C R*, M’ = L(0,1,0) = y-axis C
R? and f: M — M’ the standard projection f(z,y,2) = y.

Let W be the stratified space of support the half parabola W = {y = 22,2 > 0} N M in M
and stratification ¥y, = {R, S} where R = {(0,0,1)} and S =W n{z > 0}. Then R < S.
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Let W' be the stratfied space of support the half y-axis, W = M’ N {y > 0} in M’ and
stratification ¥y, = {R', S’} where R’ = {(0,0,0)} and S’ = M’ N {y > 0}. Then R’ < 5".

Then for every sequence {s,}, C S such that lim, s, = (0,0,1) € R one has :
7 = lim,, T, S = z-axis C ker f, and 7’ = lim,, Ty, S = y-axis. Thus f.(7) 2 7".
Hence fyy : W — W ' does not satisfies the condition (D) at (0,0,1) e R< S. O

Example 2. 2. Let consider the same stratified spaces of the example 2.1 but using now
W = {y = tan(x),x > 0} N M the half graph of the tangent map in M.

Then for every sequence {sy}, C S such that lim, s, = (0,0,1) € R one has :
7 = lim,, T, S = L(1,1,0) Z ker f, and 7’ = lim,, Ty, S’ = the y-axis line. Thus f.(7) D 7’
Hence fyy : W — W' satisfies the condition (D) at (0,0,1) e R< S. O

Below Figure 1a represents the case of Example 2.1 while Figure 1b the case of Example 2.2

W 2 -axis . Z-AXIS

0.0.1)4R 0,0.1)4R
/( /\S W=RUS

! o) W=RUS ot ’ / ;
| Jr / 7 > /f: T \ J' / ’ ; /f =7
1 ' ! ! ‘ | ¢ ! 1
\ ) / ’ ; i ' | / ’ ; ¢
{ , / ;/ / i , ! ,’ ’
0,0,0) bt . : - - (0,0.0)—L—s — . . :
©.00) R S W'=R'US' y-axis R S W'=R'US" y-axis
X-axis X-axis
Figure 1la of Example 2.1 Figure 1b of Example 2.2

An important case in which condition (D) is satisfied is given by the following ([5] 3.7.4):

Example 2. 3. Let h: RY — R x0F be a surjective submersion and H C RY and H' C R'x0F
linear cellular complexes such that the restriction hy : H — H' = f(H) is a cellular map.
Then hy, : H — H' satisfies the condition (D).

Proof. Obviously, H and H' are Whitney stratifications whose strata are their linear cells.

Let R < S be cells of H, {s;}; € S a sequence such that lim;s; = € R C S, and let us
denote R’ = h(R), S' = h(S) and s} = h(s;) and ' = h(r).

Since S and S’ are linear cells, then 75,5 and Ty S’ are always the same two vector subspaces
independently of i € N : namely [S] € RY and [$"] C R’ x 0.

So lim; Ts,S = [S] and lim; TS;S” =[9].

Similarly since h : § — S is a cellular map, it is the restriction of a linear affine map and
then hs, : Ts,5 — Ty S’ is independently of i € N always the same linear surjective map
H:[S]—=[9].

Thus

hep (I T, S) = hur(S]) = H([S]) = [$') = lim Ty, 8" = lim hey, ([s]) . O
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Example 2. 4. Let f: M — M’ be a surjective C'-submersion and h and h' two C' cellulari-
sations of two subsets K C M and K' C M’ making the following diagram

H B kcwMm

g Lf

n oM oxcwm.

commutative where g : H — H' is a cellular map of cellular complezes.
Then fx : K — K' satisfies the condition (D).

Proof. Since h is a C' cellularisation 9f IC, then by definition [6], Vp € 7 in a simplex 7 < o
of H, the map h admits a C* extension h, a diffeomorphism on a neighbourhood U, of p in the
affine plane spanned by the linear cell o. R

Similarly, b’ being a C! cellularisation of K’ it admits a C! extension h’, a diffeomorphism
on a neighbourhood U, of p’ = ¢g(p) in the affine plane spanned by the linear cell o’ = g(o).

Therefore, Yq = h(p) € K (h a bijection), with the two isomorphisms (h.,)”" and h/, one
has:

frg = h;p’ O Gxp © (h*p)_l .

Finally, since by Example 2.3 g satisfies Condition (D) at p € 7 < o, then f satisfies Condition

(D) at ¢ = f(p) € f(1) < f(o). O

The main reason for which Goresky introduced Condition (D) is that it provided the (b)-
regularity for the natural stratifications on the mapping cylinder of a stratified submersion.

Proposition 2. 1. Let 7 : E — M’ be a C' riemannian vector bundle and M = S, the
e-sphere bundle of E. If W C M, W' =a(W) C M’ are two Whitney stratifications such that
w W = W ' is a stratified submersion which satisfies condition (D), then the closed stratified
mapping cylinder

C]w/(W) = |_| [(CM/(Y) — WMI(Y)) (] FM/(Y) uy
yCow

is a Whitney (i.e. (b)-regular) stratified space.
Proof. [7] Appendix A.1. Lemma (i). O

Our work in §3 will be essentially to give a new proof, together with a finer analysis, of the
following important statement which is the key property in proving the Proposition below :

Proposition 2. 2. Fvery Whitney stratification W with conical singularities and conical control
data admits a Whitney cellularisation.

Proof. [7] Appendix A.2. Proposition. [l

Propositions 2.1 and 2.2 are the main properties which allowed Goresky to prove Proposition
below and, thanks to this, his two homology representation theorems, Theorem 1.1 and Theorem
1.2, recalled in the introduction.

Proposition 2. 3. Every Whitney stratification W in a manifold M is “cobordant” in M to
one W' having conical singularities and control data, and which is hence (b)-regular.
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Proof. [7] Appendix A.3. Proposition. [

We end this section recalling that a detailed account of condition (D) including new analytic
sufficient conditions in terms of limits of a new distance function between tangent spaces is given
in [14].

3. CONDITION (D) AND STRATIFIED MAPPING CYLINDERS.

Let X =(A,X) be a Whitney stratified space with stratification ¥ and support A closed in
RN

In this section we consider the important case in which fj,y, : W € M — W' C M is obtained
as the restriction of a projection 7x : Tx — X on a stratum X of an SCD F = {(7x, px) :
Tx — X X R}XGE of X.

For our analysis it will be convenient to add to the stratification X all strata of RN — A.

The connected components of RY — A being N-manifolds this will again give a Whitney
stratification, namely again X of AU (RY — A) = RY and then we will not lose generality.

It is well known that each neighbourhood T’x of an SCD of X can be obtained as a tubular
neighbourhood of X in RY and 7x : Tx — X as a C' map [8].

On the other hand Tx remains equipped with the induced Whitney stratification by its
intersections with all strata ¥ > X of X' ; that is : Tx = Uy>xTxy (asusual Txy =Tx NY).

Similarly the e-sphere bundle S§ = ,0)_(1 (e) of Tx, remains equipped with a natural induced
Whitney stratification S§ = Uy~ xS%y where Sy = S5 NY.

Let consider then for f : M — M’ the restriction map f = TX|S5 S% — X between the
C'-manifolds M = S$ and M’ = X which is a C'-submersion [8].

We will consider for YW a Whitney stratification of a compact set W C S§ stratifying mx as
defined below.

Definition 3. 4. Let W = (W, X’) be a Whitney stratification of a compact set W C S%.

We will say that W stratifies wx if the image W' = 7wx (W) has a natural Whitney strat-
ification W' = Ug/S" (where S' = 7wx(5), and S ranges over all strata of W) which makes
Txw : W — W/ a stratified surjective submersion (denoted myy ).

We will investigate the condition (D) for the restriction fyy =my : W C S - W/ C X.
A very important example occurs when W is a Whitney triangulation of S§ —Ux/«xT%, for

which the restriction 7x| : S — Ux/«xT% — X —Ux/<xT%, is a PL map [5] : this case will
be treated in Corollary 3.2.

Let I = dim X. The analysis of condition (D) at a point z € R for every stratum R of W is
local and invariant by C!-diffeomorphisms, hence starting from now we will suppose [18] that
e=1, X =R'x0F (I+k=N)and 7x =, px = p are the standard data :

1
p(z) = (st + - +2zx)®, w(z)= (21,...,21,0F)  where z=(z1,...,2y) € RV,

Thus S§ = Sk = {z € RY | 24y =1} = R' x %=1 and the C'-submersion
[ = mx|s¢ is the canonical projection : R! x §F=1 5 Rl x 0k (also denoted 7).

In particular W will be a Whitney stratification C S} = R! x S¥=1 stratifying mx.

With these hypotheses the closed cone with straight lines in RY .

Cw W) ={tp+(1-t)r(p) [ peW , t€l0,1]},
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with its natural stratification, gives a differential model of the stratified mapping cylinder of the

stratified submersion my : W — W' as follows.
For every subset H C S%, written H' = 7x (H) let us denote by :

Cu(H)={tp+ (1 —t)n(p)|pe H, te[0,1]}

Cy/(H)={tp+ (1 —t)r(p)|pe H, t€]0,1[}

respectively the closed and the open cone of H induced by 7.
The natural stratification of Cyy /(W) is then given by :

Cw W)= || [Sl_lcg,(S) us’} .
scw

Proposition below says that Cyy (W) can be stratified as the stratified image of an appropriate
globally C! stratified map F which makes it into a differential model of the stratified mapping
cylinder M (my ) = (W x [0,1]]UW’) /%(2,0) ~ m(2)".

Proposition 3. 4. Let F' be the map

F 8% x[0,1] = Cx(SY) , F(z,t)=tz+(1-1)2 , 2 =nx(2).

1) F is a homotopy satisfying Fo(z) = 1g1 (z) and Fi(z) = mx |51 (2) whose restriction off

F(S% x{0}) = X, that is F| : S x]0,1] = Cx(Sk)—X = C’X(S}()I_IS}(, is a C*-isotopy.
2) Cyw (W) =F(W'x|0,1]) .

Proof. Immediate. [

Looking at the regularity of the incidence relations in Cyy (W) we have :
Proposition 3. 5. Let W be a Whitney stratification in Sk = R! x Sk=1 which stratifies the
canonical projection Tx : Sk — X =R x 0¥ and let W' = nx(W).
For every pair of strata R < S of W, by denoting S' = wx(S), R’ = nx(R), the cone
Crus (RUS) = (RUCZ(R)UR)U(SUCE(S)uS)

satisfies (b)-regularity for all incidence relations < below :

R < S c w < Sk
A N A

Ce%(R) < C%(S) CCw- W) ¢ RN
v v
R < S’ c w/ c X.
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Proof. Since W and W' are Whitney (b)-regular stratifications the pair of strata R < S in

W and R’ < S’ in W' are trivially (b)-regular.

Since the proofs of (b)-regularity for the pairs R’ < C%,(R) and S" < Cg,(S) are obviously
the same and this also holds for the pairs R < C%,(R) and S < C%,(S) it will be sufficient to
prove the (b)-regularity of the following adjacent pairs of strata :

R S
N A
C%(R) < C%(S)
Vi
S’ .

The restriction of the C''-homotopy F to Sk x]0, 1] (namely again F) :
F @ S%x]0,1] = Cx(S%) — X , F(z,t)=7(2) +t(z —n(2))
is a C'! diffeomorphism of manifolds with boundary such that :
Cs/(S)=F(Sx]0,1]) , S=F(S x{1}) and C%(R)=F(Rx]0,1]).
Hence the (b)-regularity of
R < C%(9), S < C%(S) and C%(R) < C%(S)
follows via F' respectively by the (b)-regularity in RY of
R < S x]0,1], S < S x]0,1] and R x]0,1[< S§x]0,1][.

Then, it only remains to prove that " < Cg,(S) is (b)-regular.

It is well known that (b)-regularity is satisfied for a pair of strata S’ < Y if and only if
(a)-regularity and (b™s’v)-regularity are satisfied for the restriction mgry : Ts» NY — S’ of a
Cl-retraction 7g: : Tsr — S’ defined on a neighbourhood T of S’ [18].

We will show then that S” <Y = Cg,(S) is (a)- and (b™s'Y )-regular.

a)-reqularity. For every point z € S%, by denoting z = (z,2’) with 2 € R' and 2’ € R then

7(z) = (2,0%) and z — w(z) = (0',2') and F(zx,2’,t) = (z,tz’). Similarly for every v € R'¥,
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v = (u,u), and at every point (z,t) = (z,2',t) € Sk x]0, 1] the image of the differential map F

Fizy + Ten(Sx x[0,1) —  TreyCx(Sk)
is given by :
lRl 0 0 u
F*(z,t) (’U7 )\) = N T — (u7 tu/) + )\(O’x/) =
O t . 1Rk l'/ )\

=m(v) +tlv—mw)) + Mz —m(2)).

By considering the submanifold ¥; = F(S x {t}) of Y = C%(S) = F(5x]0,1[) and a point
y=F(s,t) €Y; CY one finds :
TrsnYe = Fun)(Tisn (S x{t})) = Fuen(TeS x {0}) = {Fus©,0) | veT,S}
with

F(s,0)(0,0) = (tu,u) = 7(v) + t(v — 7(v))
and so for every so € 9, if s{, = 7(sg), F being a C! map at (sg,0) one has :

li TeapYs = i Foon(TsSx{0}) = F, T.S x {0}) = 7us (Ts. S) = Ty S'.
o TeenYe=  lm (s,t) (TS x {0}) (50,0)(TsS X {0}) = Tus, (T, S) 2

Consequently, for each point sg € S :

Ty C%(S) 2 lim TpepnYe = TyS

lim 2
(5,)=(50,0) (s,6)—(50,0)

which proves the (a)-regularity S’ < Cg,(S).

(b7s'y )-reqularity. To prove that S < Cg (S) is (b™s'v )-regular, it is natural to take for mgs
the restriction of the canonical projection 7 : RY — R! x 0%, and denote it again by .

Let us consider a sequence {F(sy,t,)}n € C%/(S) such that lim,, F(s,,t,) = s; € S and

there exist both limits of lines and tangent spaces :

L=1mF(s,,t,) 7(F(s,,t,)) € GL and 7= lim T, ¢,) C3(S) € GZ , (h=dimS+1).

Then {s,} C S is a convergent sequence, lim, s, = so € S, such that if s}, = n(s,) then
lim,, s, = s{, = 7(sp) and lim, ¢, = 0.

Since C%,(S) = F(5x]0,1[) = Cg/(S)—SUS’, with S" = 7(S) and 7(F (sp, t5)) = 7(spn) = s,
then for every line L,, = F(sn,t,) 7(F(sn,tn)) we have :

L, = F(sn,tn) 7(F(sp,tn)) = snsl, = [sn—50],
where [v] denotes the vector subspace spanned by v € RY, so that

L = lim L, = liﬁn[sn—s;] = [so—sp]-

On the other hand, for every n € N, by decomposing in a direct sum

Tisotny Sx]0,1[ = T, 8 x R = T, Sx{0} + {0"}xR

one also has :

Sn;
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Frisnitn) (T tySx10,1]) = Fusr ) (Ts, S x {0})  +  Fuge, ) ({0"} xR) =

{7(0) + ta(v — () v € To, S} + {A(sn—s,) |NER} =

as in the previous proof of (a)-regularity :

= TF(S.,L,tn)}/tn + [sn - S;J .
Finally, since
m(Trs, 0 Ye, + [Sn—5,]) 2 ImTre, )Y, + lim [s, — 5],

n
one finds :

T = hrIzn TF(sn,tn) Cg/ (S) = hrIzn F*(sn,tn)(T(sn,tn))SX]Ov ].)D =

= lim (TF(sn1tn)}/tn + [sn— S;L]) D) TS(/)S/ + [so— 86} .
n

This proves 7 O L and concludes the proof of (b™)-regularity of S < Cg,(S). O

If we consider as in Proposition 3.5 for mg/yy : Y U S’ — S’ the restriction of 7 : RN —
R! x 0 and similarly for the distance function to S’ the restriction of the standard distance

plz1,..oon) = (22, +- + 212\/)%7 then the stratification of only two strata S’ < C%,(S) =Y
remains equipped with an SCD {(7g/, ps:)}. With such an SCD one can consider the canonical
distribution Dgry : S’UY — GR™ 5" relative to the (a)-regular pair of strata S’ <Y = C%,(S) =
F(S5x]0,1[) as defined in [10, 11], by the subspace of T} closest to TS” :

Dsriy (y) =L (ker(msiy, psiy )y ; Ker pgrywy)

where the notation L (U, V) means the orthogonal complement of a vector subspace V in a
vector space U and V C U C RY are considered with the standard Euclidian scalar product.

Remark 3. 1. By Proposition 3.5, 8" < C%,(S) is (a)-regular, hence the canonical distribution
Dgry (y) relative to 8" < C%,(S) =Y satisfies : limy_,ycs Dy (y) 2 TeS’ [10, 11]. O

Now, for every t €]0, 1], the diffeomorphism

Fo:S=Y1-Y.=F(S x{t}) ., y=Fi(s)=F(s,t)=m(s)+1t(s—n(s))

induces (as in the proof of 3.3) an isomorphism between the tangent spaces and their subspaces
Frs 1 TsS = T,Y: ,  Frs(v) =7(v) +t(v —7(v)).

By considering for the Whitney stratification W C S% = R! x gkt stratifying the canonical
projection mx : Sy = R' x $¥1 — X = R' x 0% (i.e. such that the map my : W —
W' =rnx(W) is a stratified surjective submersion) and for each stratum S of W the canonical
distribution {D(s)}s of My |g (see also [14] §3) defined by, D(s) =L (kernx|g,. ,TsS), we have :
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Lemma 3. 1. The stratification S’ <Y = Cg/(S), with the SCD {(wsy,psy)}, satisfies:

1) Each hypersurface Yy = Fy(S) of Y, coincides with the hypersurface pgh (t) : Vi = pg/y-(t).
2) Ify=F(s,1), sothaty =s € Y1 =S the distributions D(s) = Dg'y(y) coincide.
3) Fy : S = Yy, carries the distribution D(s) into Dgiy (y) :

Frus(D(s)) = Dsry (y) -

AZ-AX1S
/’ -
Zz
!/ SX
7
(0,0’0) . ] / / J -
/R S W'=R'US' X = y-axis
X-axis
Figure 3

Proof 1). If y=F(s,7) €Y, being y —n(y) = 7(s —w(s)) and ||s — w(s)|| = 1 one has :
psry () = lly =7l = llr(s =x(&))I[ = 7-lls = 7(s)|| = 7 and so :
yeY, & 1=t & poy(y)=t & yepsh(t).

Proof 2). If y = F(s,1),s0 s =y and S =Y} = pg)-(1) CY (by i)) one has :

TSS = Ty)/l = Typg,ly(l) = keI‘ pS/Y*y g TyY

and since Tx|g = Tgy|y; we also have

ker TX|Sxs = ker TSY|Yisy = ker mgry vy N Ty Y1 = ker msry sy NKET pgry sy

so that, using again 7,5 = ker pgry «y, one concludes :
D(S) =1 (ker 77X\S*s>TsS) =1 (ker TSy sy N ker PS'Y xy ker psly*y) = Dgly(y) .

Proof 3). First remark that, for every point y = F(t,s) and vector v € D(s), one has :
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Fpus(v) € Fuus(TS) = T ) Fi(S) = T,Y: = Typghy (t) = ker pgryay
By kerm,s D ker mgry .y 2 ker mgry«y N Ker pgry 4y it follows :

m(v) € RE x 0 = (ker )t C (ker mgrywy)t
and since v — m(v) € ker mgry .y = (ker psry.y) we find :

Frs(v) = m(v) — t(v — w(v)) € (ker Torysy)™ + (ker psrysy)™ = (ker Txuy Nker psryay )™
and finally thanks to Fi.s(v) € ker pgry+y we deduce that F.s(v) also lies in :

[ker X gy ker psly,ky]L N ker PS'Y xy CcL (ker TSy syl ker PS'Y xy , ker psly*y) = Dsly(y) .

In conclusion Fs(D(s)) € Dsy(y) and having the same dimension (by 2)) they coincide.
O

Proposition 3.5 proves the (b)-regularity of each pair of adjacent strata of the cone Cr/yg (RU
S) except for R’ < C%,(S).

Therefore, to have finally the global (b)-regularity of a cone Cyy /(W) one needs to obtain the
(b)-regularity of the pair R' < Cg,(S) for each stratum R’ = nx(R) and R < S.

This property will be described in terms of condition (D) in Theorem below.

Theorem 3. 3. Let W be a Whitney stratification in S% = R! x Sk=1 stratifying the canonical
projection Tx : Sk = R x SF1 5 X =R ' x 0% and let W' = mx(W).

Let R < S be two strata of W andr € R, S' =7x(S), R =7x(R) and s’ = 7x(s), Vs€ S.

The following conditions are equivalent :

1) my : W — W' satisfies the condition (D) atr € R< S ;

2) wxwr(lim; D(s;)) 2 Um; mxas, (D(s;)) for every sequence {s;}; C S : lim;s; =r € R < S.

3) The cone Crus/(RUS) has the strata 8" <Y = C%,(S) such that the canonical distri-
bution Dgry (y) satisfies : for every sequence {y; = F(s;,t;)}i CY such that lim;y; = ' € R
lim; Dsry (y;) 2 lim; Ts1y sy, (Dsry (yi))

Proof. Let {s;} C S be a sequence such that lim; s; = r € R and both limits lim; T,,S = 7
and lim; 7., (Ts,5) = 7/ exist in the appropriate Grassmann manifolds.

Since W stratifies mx : W — W' then the restriction 75 : S — 7x(S) = 5’ is a C!
submersion and in particular Ty, 8" = 7.5, (15, 5).

(1< 2). Itis (1 & 4) of Theorem 4.1 [14] for the stratified submersion my : W — W'.

(2 < 3). Statement 2) above is obviously intended for every sequence {s;} C S such that both
limits lim; D(s;) = D and lim; 7, (D(s;)) = D’ exist in the appropriate Grassmann manifold
and similarly for the limits in the statement 3).

By Lemma 3.1 Dgry (y;) = F,4s,(D(s;)) and because the homotopy F : id ~ 7 is a C! map
such that Fy = my, if (r,0) = lim;(s;, ¢;) we have :

lim Dgry (y;) = lim Fy .5, (D(s:)) = Four (im D(s;)) = mxp (im D(s;)) -

By the submersivity of 7x|g: S — 5" and of 75y : Y — S ([11]), for every i we have both:
Txxs; (D(8;)) = TSQS’ = Ts'v+y,(Psy (yi)) and in conclusion :



156 CLAUDIO MUROLO

7'(-X*r(hHllD(Sz)) :_> hm7rX*91 (D(Sz)) <~ hmDS/Y(yz) :_> limﬂ—S/Y*yi (DS/Y(yi)) . g

Corollary 3. 1. Let W be a Whitney stratification in S = R! x Sk~ stratifying the canonical
projection Tx : Sk =R x S¥1 5 X =R' x 0F and let W' = nx(W).
Let R < S be two strata of W andr € R, S’ =7x(S), R =7nx(R) and s’ = 7x(s), Vs€ S.
If the stratified submersion my = W — W' satisfies condition (D) at r € R < S then :

1) The cone Crius (RUS) has strataY = Cg,(S) > S’ such that for every sequence of points
{yi = F(s;,t;)} CY such that lim;y; = r' € R’ one has limDgry (y;) 2 T R'.

2) The cone Crius(RUS) has the strata Y = C%,(S) > S’ such that for every sequence of
points {y; = F(s;,t;)} CY such that lim; y; =1 € R’ one has lim; T,,Y D lim; TS;S’.

3) The cone Criug/ (RUS) has the pair of strata Y = Cg,(S) > R’ which is (a)-regular.
Proof 1). By hypothesis the stratified submersion my : W — W/ satisfies the condition (D)
at r € R < S so by Theorem 3.3 :
limDsry (y;) 2 limagyay, Doy (yi) = lmTyS

and moreover R’ < S’ being (a)-regular by hypothesis on W' one also has
lim TS;S’ > T.R and so limDsy(y;) 2 ToR .

Proof 2). From the proof of 1) one has : lim; T},,Y 2 lim; Dgry (y;) 2 lim; Ty S".
Proof 3). Thanks to 2) and 1), V {y; = F(s;,t;)} C Y such that lim; y; = r’ € R’ one has :
lim 7,,Y 2 limDgy(y) 2 limTyS" 2 T.R . O

yi—r!
Proposition 3. 6. Let W be a Whitney stratification in S = R x S¥=1 stratifying the
canonical projection Tx : S = R x §¥1 5 X =R x 0F and let W' = mx(W).
Let R < S be two strata of W andr € R, S’ =7x(S), R =7x(R) and s’ = 7x(s), Vs€ S.

If the stratified submersion my : W — W' satisfies the condition (D) at r € R < S then the
following conditions are equivalent :

1) The cone Crius/ (RUS) is (a)-regular at v’ € R’ < C,(S).

2) The cone Criug/ (RUS) is (b)-regular at v’ € R' < CZ(S).

Proof. 1) = 2). As in Proposition 3.5 we use that condition (b) holds if and only if the
conditions (a) and (b™#") hold for some C*-retraction mrs defined on an open neighbourhood of
R.

The proof reduces then to proving that (b7# ) holds with respect to the pair R’ <Y = CgZ,(5).

As in Proposition 3.5 if y =ts + (1 —t)s’ € Y, mg/(y) = s’ since C%,(S) is a cone, then :

yms (y) =[s — 5]
Let us fix a sequence {y; = t;s; + (1 —t)s;}; C Y converging to a point ' € R’ < S’ such that

both limits exist in the appropriate Grassmann manifolds :

T=1mT,,C%(S) and L =limy; mr(y;)=1lm [y; —7r(v:)].



WHITNEY STRATIFIED MAPPING CYLINDERS 157

Splitting every vector y; — mgs (y;) in the following orthogonal sum :

yi—mr(Yi) = (yi—si)) + (si—7r(yi))
every 1-dimensional vector space y; g/ (i) = [yi — mr’(y:)] is contained in the 2-dimensional

vector space spanned by the two orthogonal 1-dimensional vector space as follows :

vitr (%) = lyi —mr(yi)] C [y —si] + [si—7mr(yi)]-
Obviously lim; y; =/ if and only if lim; ¢; = 0, lim; s; = r and so lim; s, = r’. Hence :
lim [y; — si] = [r—7"].
K3
By hypothesis, R’ < S’ being (b)-regular the condition (b™#") holds with respect to R’ < §’,
up to taking a subsequence if necessary, such that lim;[s; — mg/ (y;)] exists in G}, we have :
lilm [s; —mr(yl)] C 1ilm Ty S".

Every [y; — si] L [s; — mr/(y;)] being orthogonal, then

lim ([yi — si] + [s; — 7 (y:)]) = lim [y; — 5}] + lim [s] — 7 (:)]
and by Theorem 3.3, since the stratified submersion my : W — W/’ satisfies condition (D)
at r € R < S then lim; TSESI C lim; Dgry (y;). Therefore one finds :
limy; e (ge) C lim ([ — st + [} — 7 ()]) =

= lim[gi—s;] + lim [sj—mp (3;)] C lim, [yi—si] + lim Dy (y:) =

and finally, again since [y;; — s;] L Dg/y (y;) are orthogonal for every i one concludes :

= lim ([yi -] + DS'Y(yi)) C lmT7,Y.
7 K]
That is R <Y = Cg,(S) satisfies the condition (b™#") at ' € R'.

Proof. 2) = 1). The (b)-regularity always implies the (a)-regularity [19, 3]. O

We find then the following equivalent version of Goresky’s result Proposition 2.1 :

Theorem 3. 4. Let W be a Whitney stratification in Si = R! x S¥=1 which stratifies the
canonical projection Tx : Sk =R x S¥~1 5 X =R x 0F and let W' = nx(W).

Ifmy W C Sk = W' =nax(W) C X satisfies the condition (D), then :

1) The closed cone Cyy (W) ={tp+ (L —t)w(p) | pe W , t €[0,1] } is (a)-regular.

2) The closed cone Cyy W) ={tp+ (1 —t)w(p) | peW , t €0,1] } is (b)-regular.

Proof. Every incidence relation in Cyy (W) comes from some strata R < S of WW in a cone
Crus (RUS) C Cy /(W) as treated in Proposition 3.5, Corollary 3.1 and Proposition 3.6.

By Proposition 3.5, all incidence relations on Cryus/(RUS) are (a)- and (b)-regular except
possibly for the pairs R’ < CZ,(S).
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Since by hypothesis my : W C Sk = W' = ax (W) C X satisfies the condition (D), every
pair R < C%,(S) is (a)-regular by Corollary 3.1 and so also (b)-regular by Propostion 3.6. [

We also find, when W and W' are Whitney triangulations (or cellularisations), the following
important corollary which is helpful as an approach to Conjectures 1.1 and 1.2. :

Corollary 3. 2. If W and W' are Whitney triangulations (resp. cellularisations) of compact
sets W C Sx (1) and W' C X such that tx;y : W — W' is a simplicial (resp. cellular) map,
then the stratified closed cone Cyw (W) is a Whitney cellularisation of Cy(W).

Proof. Since Txy : W — W' is a simplicial (resp. cellular) map, thanks to Example 2.4 it
satisfies Condition (D) and so the closed cone Cyy, /(W) is (b)-regular thanks to Theorem 3.4.
O

Condition (D) for myy : W — W' is however sufficient for (b) regularity but not necessary :

Example 3. 5. Let us consider a quarter of the Whitney umbrella :

Cyw (W) = {(x,y,z) €R3| yz2=2%, >0, 220}
where W = RS and W/ = R' U S’ are stratified by :

R ={(0,0,1)} < S = half parabola C Sx(1) ;

R ={(0,0,0)} < 8" = {0} x [0, +00[x{0} C X = {0} x R x {0}.

Then as in Example 2.1, myy : W — W' does not satisfy condition (D), but R’ = {0} is a
point, so R’ <Y = Cg,(S) is automatically (a)-regular and easily also (b)-regular. [I

Figure 4
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