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THE GEOMETRY OF DOUBLE FOLD MAPS

G. PENAFORT-SANCHIS

AssTrACT. We study the geometry of a family of singular map germs (C2,0) — (C3,0) called
double folds. As an analogy to David Mond’s fold map germs of the form
f@y) = (2,92, f3(2,9)), f3 € Oz,
double folds are of the form
flz,y) = ('7:272/27 f3(z,v))-
This family provides lots of interesting germs, such as finitely determined homogeneous corank
2 germs. We also introduce analytic invariants adapted to this family.

1. INTRODUCTION

A classification of complex analytic map germs from the plane to 3-space under A-equivalence,
that is, changes of coordinates in the source and target, was carried out by David Mond [8]. Like
in the work of a taxonomist, Mond’s list starts with the simplest singular map germs, the so
called fold maps. We say that a map germ f : (C%,0) — (C3,0) is a fold map if its first two
coordinate functions form a Whitney fold, T : (C%,0) — (C2,0), T(x,y) = (z,y?). The image
of a fold map f(x,y) = (x,y?, f3) looks like the graph of the function f3 ‘folded’ along the OX
axis. The third coordinate function of a fold map can be any but, under A-equivalence, we
can assume that it is of the form yp, where p = T* P for some germ P in the ring of germs of
functions in two variables Q5. Hence, the normal form of a fold map is

fla,y) = (z,9°, yp).
Fold maps are easy to study because they are germs of corank 1 and because they behave well
under the action of the group G = {1,4}, generated by the reflection i(x,y) = (z, —y). One can
see that all lifted double points of a double fold f (that is, pairs (z,2’) € C? x C? such that
f(z) = f(#) and, if z = 2/, then f is singular at z) are of the form (z,i(z)).

In this work we explore a family which is also related to a group, while it contains lots of
interesting corank 2 maps. In general, corank 2 maps are much harder to study than corank 1
ones, but the group action and some ideas lent by the fold case are going to help us. To generate
the simplest corank 2 maps for our studies, we can not allow linear terms in f. Thus, we are going
to ‘fold’ twice, once through OX and once through OY axis. We denote «a : (C2,0) — (C?,0)
the folded hankerchief

az,y) = (QSQ,yQ).
Take the reflections i1 (z, y) = (—z,y) and is(z,y) = (z, —y) and the rotation i3 (z,y) = (—z, —y).
We write G for the group {1,iy,i2,43}. The orbit of any z € C? is Gz = a~(a(z)) and z is a
singular point of « if and only if z belongs to Fiz(i1) U Fiz(iz) = OX UOY. Now, related to
the group G, we have a family of maps of the form

f(x7y> = ($2,y2,f3(.’1,',y)),
which we call double folds.
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Section 2 covers the basics about double folds. First we compute their multiple point schemes
(this was first done by Marar and Nufio-Ballesteros, who introduced double folds in [5]). Then
we introduce a decomposition of the multiple point spaces related to the group G. In Section 3
we restrict ourselves to the double fold family and define the notion of DF-stability (and that
of SDF-stability). DF-stable singularities are the ones preserved by small perturbations inside
the double fold world. We show that the DF-stable singularities are the stable singularities,
plus another kind of singularities, namely the standard self tangencies (and also the standard
quadruple points in the special double fold case). We introduce an equivalent notion, DF-
genericity, to characterize DF-stability in terms of transversality conditions on the facets of the
Coxeter complex of the group G. Section 4 deals with DF-stabilizations, where only DF-stable
singularities appear. We use these deformations and the decomposition of the multiple point
spaces given in 2 to relate certain numbers to double folds. These numbers are candidates for
A-invariants (up to a permutation of indices induced by an isomorphism of G). In Section 5 we
consider general families of map germs (C",0) — (C**1,0), constructed in the same manner as
the folds and double folds: choosing a finite map germ « : C* — C" and attaching any (n + 1)-
th coordinate function to obtain a map germ of the form («, fr+1). We find results relating
the A-equivalence of this kind of germs to some subgroup of K-equivalence adapted to each «.
These results imply that the numbers introduced in section 4 are A-invariant among the finitely
determined quasihomogeneous double folds.

Thanks are due to David Mond and to the author’s supervisors, Juan José Nuno Ballesteros
and Washington Luiz Marar, for guidance and useful conversations about the topic of this paper.
The author wants to thank also the referee for many valuable comments and suggestions.

2. MULTIPLE POINT SCHEMES

Definition 2.1. We call double fold (abbreviated as DF) any map germ f : (C%,0) — (C3,0)
of the form f(z,y) = (z2,%?, f3(x,y)). The function germ f3 € O can be written in the form
f3(x,y) = Po(2?,9?) + 2Pi(2?,y?) + yPo(2?,y?) + 2yPs(2?,y?), for some P; € Oy. Under
A-equivalence, we can eliminate Py. Then we obtain a double fold in normal form

flz,y) = (22,42, xp1 + yp2 + zyps3),

with p; = o*P;, for some P; € Oy. We call special double folds (abbreviated as SDF') the double
folds in normal form such that ps = 0.

Example 2.2. Fold and double fold families are not exclusive. The cross-cap is usually param-
eterized as a fold in normal form (z,y) — (z,y?, xy), but it can also be regarded as double fold
with parameterization (z,y) — (2%, 9%,z +y) (see figure 1).

Multiple point spaces were introduced by Mond [9] as a key tool to study map germs
(C™,0) — (C?,0), n <p.

Initial papers about map germs (C?,0) — (C3,0) (like [7], [8] and [9]) focussed mainly on the
case of corank 1, but some recent ones (for instance [5], [6] and the present paper) deal with
corank 2 germs. Altough this was done first by Marar and Nuno-Ballesteros, who introduced
double folds in [5], we shall sumarize here the computations of some of their multiple point
spaces for a better understanding.

Multiple point spaces in the target are computed as described in [10]. Let f: X — (C**1,0)
be a finite map germ, where X is a n-dimensional Cohen-Macaulay space. Let f.Ox denote
Ox as Op41-module via f. The k-multiple point space in the target is given by the (k — 1)-th
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FIGURE 1. The cross-cap is a double fold.

Fitting ideal of the module f,Ox defined next: Take a presentation of f,Ox, that is, an exact
sequence
or. 201 £ f.0x — 0.

The matrix M (f) which represents A is called a presentation matriz for f.Ox. The k-th Fit-
ting ideal of f.Ox is the ideal Fy(f) generated by the minors of size min(p, q) — k of M(f) if
k < min(p, q), and Fj(f) = On41 otherwise. The following method to compute certain presen-
tation matrices can be found in [10, Section 2.2]: Assume f = (f1,..., far1) : X — C**1is such
that f = (f1,---fn) : X = (C™,0) is finite. If g1,...g, are generators of f+Ox, then they are
generators of f,Ox too. Therefore, we obtain an epimorphism ¢ : O}, .| — Ox which sends the
canonical vector e; to the generator g;. For any 1 < ¢ < r, there exist germs a;; € O,,, 1 <j<r
such that f,119; = Y, f*aijg;. If X1,..., X, 41 denote the variables in C**! and §;; is the
Kronecker’s delta function, then the matrix M(f) with entries a;;(X1,...,X,) — 0;;Xp41 is a
presentation matrix for f,Ox.

Given a double fold f(x,y) = (22, y2, xp1 + yp2 + zyp3), we use the method explained above
to find M(f). Take g1 = 1,92 = x,935 = y, g4 = zy as generators of a,Oy. For i = 1, we have
f3g1 = xp1 + yp2 + xyps = 0 g1 + a* P1gs + a* Pogs + a* P3gy4. Therefore, the elements of the
first column of the matrix are —Z, Py, Py, P3. After computing f3g; for i = 2,3,4, we get the
matrix

-7 XP, YP, XYP

| n -z vPy YR
M)=| p, xp, -z xp |

P, P, P —Z

where P; represents P;(X,Y). Since M(f) has size 4 x 4, f has no points with multiplicity
greater than 4. For special double folds, the space of quadruple points in the image is given by
the ideal F3(f) = (P1(X,Y), P»(X,Y), Z) and Fy(f) = (F3(f))?. Hence, triple points of special
double folds appear concentrated at quadruple points.

We define the source double point space D(f) as the zero locus of the pull back f*(Fi(f)).
In the double fold case we have D(f) = V ((p1 + yps)(p2 + ps)(xp1 + ypz2)). Its defining ideal
factorizes as the product of the ideals Iy := (p1 + yps), Iz := (p2 + xp3) and I3 := (xp1 + yp2).
Analogously, the source triple point space, defined as V(f*(Fa(f)), is given by the product of
the ideals I1 5 := (p1 +yp3,p2 +2p3), 11,3 := (p1 +yp3, p2 — xp3) and Iz 3 := (p2 +xp3, p1 — Yp3)-
Quadruple points (again with the structure induced by the target) are given by the zeros of
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FIGURE 2. The image of a double cone.

I := (p1,p2,ps3). We observe the collapse of triple points in the special double fold case: If ps
equals zero, then the radical of I1 217 302 3 is (p1,p2), which is the ideal defining the quadruple
point locus.

Definition 2.3. Given a double fold f = (a, zp1 + yp2 + zyps), we decompose the double point
locus as the union of D;(f),1 < ¢ < 3, with D;(f) := V(I;) and the triple point space as the
union of Di,j(f)7 1 S 1 < j S 3, with DiJ = V(Iz,j) Finally, we denote D17273(f) = V(Il7273)
the quadruple point locus.

Remark 2.4. It’s immediate that:

e w belongs to D;(f) if and only if i;(w) does so. Moreover f(w) = f(i;(w)).
e w belongs to D; ;(f) if and only if 4;(w) and ix(w) do so. Moreover

flw) = fu(w)) = f(ix(w)).

e w belongs to Dy 2 3(f) if and only if 41 (w), i2(w) and i3(w) do so. Moreover

f(w) = flir(w)) = fiz(w)) = fis(w)).

Example 2.5. Take the family (z,y) — (22,92 Mz + Aoy + A32y), \; € C. Assume A3 # 0,
then its double points are the following: D1 (f) = V(A1 4+ yAs) is the line y = —A; /A3, which is
obviously ii-invariant, Dy(f) is the is-invariant line = —A2 /A3 and, if Ay # 0, then D3(f) is
the iz-invariant line y = —Ajz/A2. We find the triple points where these lines meet:

Dio(f) = {(=A2/A3,=A1/A3)}, Dis(f) = {(A2/ A3, =A1/A3)}
and
D3 3(f) = {(—=X2/A3,A1/A3)}

(see figure 3). In the case A3 = 0 we have a special double fold. Thus, its triple points should
appear collapsed at quadruple points, with equations p; = ps = 0. Since p; = Ay and ps = Ao, the
appearance of quadruple point forces \; = Ay = 0 and hence, the map is the folded hankerchief.
Another map that fits into this family is the so called double cone (x,y) — (22,y?, 2y) (Figure
2). It parameterizes the cone Z? = XY, but does so in a two-to-one way. Indeed, its double
point branch D3(f) = V(xp; + yp2) = V(0) equals C2.
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FIGURE 3. Image and double points of a double fold (see Example 2.5).

3. DOUBLE FOLD STABILITY

In this section we study the singularity types which are characteristic of the double folds.
By a singularity type we mean an A-equivalence class of multigerms f : (C%,S) — (C3,y).
A singularity type, represented by fg, is stable if it appears in any section fs,s € C, of any
deformation of fy. It is well known that in the case C?> — C? the stable types are transverse
double points, triple points and cross-caps. Our goal is to make a version of the concept of
stability adapted specifically for double folds. Some types, despite not being stable, are preserved
by deformations which occur inside the double fold world. We call them DF-stable types and
these deformations DF-deformations. This concept can be adapted to the special double fold
case and we shall use the notation (S)DF to refer respectively to both, the double fold and the
special double fold case.

Definition 3.1. We call (S)DF-deformation of fo any germ F : (C2xC,0) — (C3,0) of the form
F(z,t) = fi(z), such that the germ f; : (C2,0) — (C?,0) is a (special) double fold for all t. We
call (S)DF-unfolding any map germ F : (C2 x C,0) — (C? x C,0) of the form F(x,t) = (fi(z),t)
such that f;(z) is a (S)DF-deformation.

Definition 3.2. We say a multigerm ¢ is (S)DF-stable if any (S)DF-unfolding F' of a multigerm
f of type £ is trivial. That is, if there exist some unfoldings of the identity ¥, ® such that
fxid=¥oFod. A (special) double fold f: U — C? is (S)DF-stable if all its multigerms at
FH(f(w)),w € U are (S)DF-stable.

Remark 3.3. Every stable type is (S)DF-stable.

A priori, it might seem difficult to identify all possible (S)DF-stable maps, but a better
understanding of the map « will help us to do so. The map « is the invariant map associated
to the Coxeter group G (see [3] for Coxeter group theory). For any Coxeter Group there is a
Coxeter complex, in this case C := {C?\ (OX UOY),0X \ {0},0Y \ {0},{0}}. The Coxeter
complex stratifies the space in a way such that the behavior of the group, and thus that of
«, changes whenever we go from a facet to another. Consequently, much information about a
double fold is contained in the way its multiple point spaces meet the Coxeter complex. The
following proposition is an example of this.

Lemma 3.4. The germ of a fold f(x,y) = (22,42, xp1 + yp2 + xyp3) centered at a point w € C?
s a cross-cap if and only if one of the three conditions is verified:
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i) w e OX \ {0} and the restricted function (p2 + xp3)|ox has a simple zero at w.
iil) w e OY \ {0} and the restricted function (p1 + yps)|oy has a simple zero at w.

ili) w =0 and p1(w) # 0 # pa(w).

Proof. A monogerm of map from C? to C3 is a cross-cap if and only if its source double point
space is smooth (this follows immediately from [6, Theorem 3.3]). Since cross-caps are singular
monogerms, they lie on OX UQOY . Assume first that w € OX \ {0}. Looking at the 2 X 2 minors
of the differential of f at w it follows that f is singular at w if and only if py + xp3 vanishes
at w. Now the source double point space of the germ of f at w is Da(f), given by the zeros
of ps + xp3 (notice that, by Remark 2.4, the branches of double points D;(f) and D3(f) at
OX \ {0} produce multigerms, not monogerms). Therefore, the double point space of the germ
of f at w is smooth if and only if the Milnor number of the germ of function ps +yps at w equals
0. This happens if and only if at least one of the partial derivatives % and 8”%;” does
3;02[;‘;76173

not vanish at w. Since py and p3 are functions of 22 and y?, we deduce that vanishes at

OX. Hence, f has a cross-cap at w € OX \ {0} if and only p, + xp; vanishes at w and %

does not, that is, if and only if the restriction (ps + xp3)|ox has a simple zero at w. The case
w € OY \ {0} is analogous. Assume now w = 0. The source double point of f is the germ of
complex space given by the zeros of (p1 + zps)(p2 + ps)(xp1 + yp2). The non vanishing of p; and
po at 0 is a necessary and sufficient condition for this germ of complex space to be smooth. [

Points where the source double point space meets the facets of the Coxeter complex in a
generic way are called (S)DF-generic. We shall determine the different possible (S)DF-generic
singularities and then show that they are exactly the (S)DF-stable singularities. Let us state
the (S)DF-genericity conditions rigorously:

Definition 3.5. Let f = (o, 2p1 + yp2 + zyps) : U — C3 be a double fold. We say that a point
w € C?, that belongs to a facet C € C, is DF-generic if:

1) (p1 + yps)lc, (p2 + xps)|c and (xp1 + yp2)|c are transverse to {0} at w, with the
exception (zp1 + yp2)|{o} (notice that no double fold in canonical form could verify this
transversality condition).

2) (p1 +yp3, p2 +xp3)lc, (p1 + yp3,p2 — xp3)|c and (p2 + zps, p1 — yps)|c are transverse
to {(0,0)} at w.

3) w is not a quadruple point of f.

A double fold f: U — C? is DF-generic if all points w € U are DF-generic

Conditions 1) and 2) adapt to the special double fold case just taking ps = 0 but, since
quadruple points are more likely to appear at special double folds (they are the zeros of just two
equations in C2), the SDF genericity conditions don’t include condition 3).

Definition 3.6. Let f = (a, zp; + yp2) : U — C? be a special double fold, we say that a point
w € C2, that belongs to a facet C € C, is SDF-generic if:
1) pilc, p2|lc and (zp1+yp2)|c are transverse to {0} at w, with the exception (2p1+yp2)|{o}-
2) (p1,p2)|c is transverse to {(0,0)} at w.

A special double fold f : U — C3 is SDF-generic if all points w € U are SDF-generic

Remark 3.7. It is immediate from its defining ideals that every point belonging to D1 (f)NOX
or to Da(f) N OY must belong to D3(f) too. It is also immediate that Ds(f) always crosses
the facet {0}. Apart from these exceptions, which are inherent to the double fold family, the
genericity conditions imply the following more geometric assertion: Given a regular stratification
of D(f), the strata have their expected dimension (double points have dimension 1 and triple
(quadruple) points have dimension 0) and are transverse to the strata of the Coxeter complex C.
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FIGURE 4. Images of a standard self tangency and a standard quadruple point.

Let us introduce our new candidates to be (S)DF-generic multigerms.

Definition 3.8. We call a standard self tangency the multigerm formed by two smooth branches
with Morse contact. We call a standard quadruple point the multigerm formed by four smooth
branches such that every three of them meet transversally. These singularities are depicted in
Figure 4.

Proposition 3.9. All standard self tangencies are A-equivalent. All standard quadruple points
are A-equivalent.

Proof. In [12] it is shown that the A-class of a bigerm with smooth branches is determined
by the contact type of its branches. Since there is only one contact class of Morse type, all
standard self tangencies are equivalent. Let f be a multigerm of standard quadruple point.
Any three of its branches form a triple point and there is only one .A-class of triple points.
Therefore, there exists a change of coordinates that takes f to a multigerm whose branches send
(z,y) respectively to (z,y,0), (x,0,y),(0,z,y) and g(z,y) for some regular monogerm g with
Img = {U1 X + UsY + UsZ = 0}, U; € O3. The plane tangent to Im g is determined by the
equation t1 X +t.Y +t37 = 0, with t; = U;(0,0). If we assume t; = 0, then the intersection of the
tangent plane with the branches {Y = 0} and {Z = 0} is the line {Y = Z = 0}. This contradicts
the transversality of these three branches. We deduce t; # 0 and, analogously, to # 0 # t3. The
change (X,Y, Z) — (U1 X,UsY,UsZ) defines a germ of diffeomorphism that takes our multigerm
to the one with image {XYZ(X +Y + Z) = 0}. Now the four branches of our multigerm send
(x,y) to (urx,u2y,0), (urz,0,uzy), (0, usx, usy) and

(a1 + b1y, asx + bay, —(a1 + b1)x — (a2 + ba2)y),

where u; = U; o f, and aq,as, by, by are some function germs in Os. We take germs of diffeo-
morphisms at the source, at the four different points where our multigerm is centered. The first
three diffeomorphisms send (x,y) respectively to (z/u1,y/us2), (x/u1,y/uz) and (x/ug,y/us).
The fourth diffeomorphism is the inverse of the germ

(z,y) = (a1 + bry, asx + bay).

These four source coordinate changes take the multigerm to one multigerm defined by four
branches sending (z,y) respectively to (z,y,0), (x,0,y),(0,z,y) and (z,y,—x — y). Hence, all
germs of standard quadruple point are equivalent. O

Lemma 3.10. The (S)DF-generic points are reqular points, transverse double points, cross-caps,
standard self tangencies and triple points (resp. standard quadruple points).
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Proof. Given a (special) double fold f and a point w = (x9,y9) € C? satisfying the (S)DF-
genericity conditions, we shall determine the type of singularity of the multigerm of f at
f71(f(w)). First of all, notice that singular points lie in O X UOY and the genericity condition 2)
implies that all triple points belong to the facet C?\ (OXUQY'). Hence, from genericity condition
1), together with Lemma 3.4, it follows that all points where f is singular are cross-caps.

Now suppose that f is regular at w and the point w belongs to D;(f), 1 <1 < 3. Take the
vector fields along f defined by the cross product 7 := % X g—{/ and n =noi, for 1 <[ < 3.
The branches of the multigerm of f at w and i;w are transverse unless 7 x 1; or, equivalently,
& == (n—m) x (n+m) vanish at w. We study the different cases a), b) and c), where w belongs
to D1(f), D2(f) and Ds(f) respectively.

Case a) Let w belong to D;(f), then we have:

o o o) o
&1 lw = 4zoyo(dzo (fﬂmg;ryp:s)|u”4y0 (rplg;ﬂsyps”w’( (xmg;myps)m@giz o — (rm(;_ryps)m 8%2 o))

Suppose first w ¢ OX U OY, then &, vanishes if and only if apl((;;ypﬂw = 6”15;”3 lw = 0,
that is, if and only if p; + yps is not transverse to {0} at w. This is in contradiction with
the first genericity condition. Suppose now w € OX U OY and notice w ¢ OY because it
would be a singular point. Thus, we have w € OX \ {0}. We claim that the bigerm of f at
(£, 0) forms a standard self tangency at (Xo,0,0), where X, = z3. The genericity conditions
imply that P; has a simple zero at (Xy,0) and P> does not vanish at (Xy,0). Let the germ
of f: C? — C? at zy parameterize one of the branches and let ¢ : C3 — C be the germ at
(X0,0,0) which defines the other branch implicitly. Then, following Montaldi [11], the contact
between the branches is given by the KC-class of the composition ¢ o f. The branches are given
by (72 + VXP))? — YP} £ 2YVXPyP; — XYP? = 0. After choosing the preimage (g, 0)
and composing we get the function 4z (py + yps)(zp1 + yp2), which is of Morse type in (xg,0).
Therefore, the multigerm of f at (+xg,0) is a standard self tangency.

Case b) is symmetric interchanging indices 1 and 2, and OX and OY.

Case ¢) If w € D3(f), then we can assume w € D3(f) \ (OX U OY) because otherwise
w € Dy(f) U Da(f). We have

O(xp1 + yp
&lw = 4xoyo (4950(182/2)

d(xp1 + yp2) |
ax w

(3(96191 +yp2)| 890yp3| ~ O(zp +ypz)| 5xyp3| ))
Oy Yoox Y Ox Yooy M)

|u)7 —4yo

which vanishes if and only i vanish in w, if and only if xp; + ypo is not

f 9zp1typs and dzp1+yp2
ox oy
transverse to {0} at w.
As we have seen before, all triple points (and therefore all quadruple points) belong to the
facet C2\ (OX N OY), where the second genericity condition implies that the branches are
transverse. Therefore, all triple points are transverse (respectively all quadruple points are

standard quadruple points). (I

Lemma 3.11. Every (special) double fold admits a (S)DF-deformation f; defined in a neigh-
borhood U x V of (0,0) € C% x C such that, for everyt € V, f; is (S)DF-generic.

Proof. Let f = (o, xp1 +yp2 + xyps) be a representative defined at some neighborhood U of the
origin. we consider DF-deformations of the form f, 5. = (o, 2(p1 + a) + y(p2 + b) + zy(ps +¢)).
Denote A the analytic space of the points (a, b, c) € C3, such that for some point w in U the map
Ja.b.c does not satisfy all genericity conditions. We claim that A is a proper subspace of C?. Take
the first function, p; +yps, of the first condition and any facet of the Coxeter complex C' € C. We
consider the map ¢ : C x C? — C, given by ¥(w, a, b, ¢) = py(w) +a+y(p3(w)+c). This is clearly
a submersion. Therefore, the Basic Transversality Lemma |2, Lemma 4.6] tells us that, for almost
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every (a,b,c¢) € C3, the map fqp, is transverse to 0. We can proceed analogously for all the
maps given by the DF-genericity conditions to finally show that, for almost every (a,b,c) € C3,
all the genericity conditions hold at every point in U. Thus, A is a proper subspace. Hence, we
can find some particular (a,b,c) € C3 and some neighborhood V' of 0, such that t(a,b,c) ¢ C?
for any t € V. If we take the DF-deformation

filz,y) = (2,9, z(p1 + ta) + y(p2 + tb) + zy(ps + tc)

defined at U x V, then for any ¢ € V', the map f; has only D F-generic points at U. The special
double fold case is analogous. O

Theorem 3.12. (S)DF-stable and (S)DF-generic points are the same. As a consequence:
The DF-stable singularities are

e Transverse double points, cross-caps and triple points.
e Standard self tangencies.

The SDF-stable singularities are

e Transverse double points and cross-caps.
e Standard self tangencies.
e Standard quadruple points.

Proof. By Lemma 3.11, the DF-stable singularities must be DF-generic. Now take a DF-generic
point w of a double fold f. If w is a transverse double point, a cross-cap or a triple point, then it
is stable and, hence, DF-stable. Suppose w is a standard self tangency and Let F' = (fy,t) be a
DF-unfolding of f. Assume w € D;(f). Then, as we have seen in the proof of Lemma 3.10, the
point belongs to OX \ {0}, (p1 +yps)|ox has a simple zero at w and the functions ps + zps and
xp1 + ype don’t vanish at w. Therefore, there exist a neighborhood U x V of (w,0) and a curve
of points wy € UNOX \ {0}, with ¢t € V and wy = w, such that (p; + yps)|ox has a simple zero
and the functions ps + xps and xp; + yp2 don’t vanish at w;. All this points are also standard
self tangencies and, since they are all A-equivalent by 3.9, they are DF-stable. The proof holds
in the special case and is analogous for standard quadruple points. (Il

4. COUNTING (S)DF-STABLE POINTS

A usual way to study germs is to count the number of stable 0-dimensional points of each
type which appear in a stabilization of the original germ. One can show that these numbers can
be obtained as the dimension (as C-vector space) of certain local algebras related to the different
stable 0-dimensional types. We adapt these techniques specifically to (S)DF-deformations and
to (S)DF-stable points.

Definition 4.1. We call (S)DF-stabilization any (S)DF-deformation F such that there exists a
neighborhood U x V of (0,0) € C? x C such that, for every t € V, f; is (S)DF-stable.

Remark 4.2. By Lemma 3.11 and Theorem 3.12, every (special) double fold admits a (S)DF-
stabilization.
Definition 4.3. For any (special) double fold f we define:

STi(f) = 1 dimc Oy /57 L;(f), for i = 1,2,

Ci(f) = dime O1/j;Li(f), for (i,k) = (1,2),(2,1),

T(f) = dimc Oz/11 2(f) (in the special DF case: QD(f) = %dimc Oo/{(p1,p2)),

where j; and j3 denote the inclusions of OX and OY into C? respectively.
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FIGURE 5. A non SDF-stable special double fold (see Example 4.6).

Remark 4.4. We don’t include indices for the triple points in different branches because the
complex spaces D; ;(f) are all isomorphic, since Oz/I1 o(f) = O2/11 3(f) = O2/I>3(f) via the
isomorphisms induced by i1 and is.

Proposition 4.5. Let ST;(f), Ci(f) and T(f) (respectively QD(f)) be finite. Let fs be a (S)DF-
stabilization of f. Then, for a small enough s # 0, the following equalities hold:

ST;(f) = # standard self tangencies f(D;(fs)),
Ci(f) = # cross-caps in Di(f,) \ {0},
T(f) = # triple points of fs (QD(f) = # standard quadruple points of f).

Proof. Take the zero locus of the different ideals which appear in 4.3. If ST;(f), C;(f) and T'(f)
(respectively QD(f)) are finite, then the spaces are 0-dimensional. In this case, the codimension
of any of these spaces equals the number of generators of its defining ideal. Hence, the spaces are
complete intersection and the Principle of Conservation of Number (see for example [4, Theorem
6.4.7]) applies to them. We only need to check that, if the multigerm of fs at f;1(fs(w)) is
(S)DF-generic, then the numbers are 1 if it is the considered singularity and 0 otherwise. g

Example 4.6. Take the family of special double folds
(z,y) = (%97, 2(a12” + b1y — c1) + y(aaz”® + bay® — c2)).

The double points D1 (f) and Ds(f) are given by a;2? + b1y? = ¢; and asx? + bay? = co. In the
real case, these two spaces collapse to the point 0 if ¢; = ¢co = 0. For the germ

flz,y) = (% 9%, 2(a” + 20°) + y(22° + 7))

(Figure 5), we can easily compute ST} = 1/2dim¢(O;/(z?)) = 1 and similarly ST = 1 and
Cy = Cy = 2. We also have QD = 1/4dimc(0s/(22% + 32,2y + 22)) = 1. Now take the
2-parameter deformation f; = (22,92, x(2? + 2y® — t1) + y(22% + y? — t3)), where t = (t1,t3).
We see that, for almost every fixed t with t; # 0 # t3, f; is a SDF-stable map where we can
find (Figure 6) a standard self tangency and two cross-caps along D1 (f;) \ {0} and the same on
D5 (f:)\ {0}. We also see the cross-cap at f;(0) and a standard quadruple point. For these good
values of ¢ we can also see that, apart from the restrictions on D;(f) N D3(f) and Ds(f) N {0}
(see Remark 3.7), the regular stratification of D(f;) is transverse to every facet of the Coxeter
complex.
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FIGURE 6. A SDF-stable deformation of the surface shown in figure 5.

Example 4.7. If we take the double cone (z,y) — (22,92, zy) of Example 2.5, we see easily
that ST; =0, C; = dim¢ O1/m; =1 for i = 1,2 and T = dim¢ Oz /my. In fact

filz,y) = (2%, y° te + ty + xy)

is a DF-stabilization of the double cone where each section ¢t # 0 has, as in figure 3, three
cross-caps (one in Di(f) \ {0}, one in Da(f) \ {0} and the other at 0) and one triple point.

Remark 4.8. Let ST(f), C(f), T(f) (and respectively @QD(f) in the special case) denote the
number of standard self tangencies, cross-caps, triple points (and standard quadruple points)
respectively that appear taking a (S)DF-stabilization of f. It is known that C(f) and T(f)
are well defined A-invariants of f. It is immediate that Q(f) is also invariant, because any
map showing a quadruple point can be deformed (outside the special double fold world) into
another that shows 4 triple points. It is not clear whether ST is A-invariant or not, but it
is easy to see that the numbers with indices ST;(f) and C;(f) are not. Given a double fold
f, we can interchange x and y at the source and then permute the first two coordinates at
the target to obtain a new double fold, say g, such that STi(f) = ST2(g), ST2(f) = Ni(9),
C1(f) = C2(g) and Ca(f) = C1(g). Apart from the permutation of indices 1 and 2 that this
change of coordinates produces, examples suggest that changes of coordinates don’t make the
singularities jump from one space D;(f) to another one. Therefore, the numbers ST;(f) and
C;(f) seem to be A-invariant, modulo a simultaneous permutation of all indices 1 and 2 (and
that would make ST A-invariant). However, we have only succeeded in showing it for finitely
determined quasi homogeneous double folds (Corollary 5.6).

5. A-EQUIVALENCE AND K“-EQUIVALENCE

The aim of this section is to mimic a result of David Mond [8, Theorem 4.1:1], which shows
the coincidence between the A-equivalence of folds f : (C2,0) — (C3,0), f(z,y) = (z,y?, f3)
and some easier to use equivalence of the third coordinate function, f3, defined ad hoc. This
equivalence is given by a subgroup of K called KT which behaves well with respect to the
Whitney Fold T'(z,y) = (x,y?). We take, instead of the Whitney Fold, any finite mapping
a : (C",0) — (C*,0) and consider mappings («, fnt1) : (C*,0) — (C"*1,0). We define the
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group K and the generalization of one direction of Mond’s results comes easily: K“-equivalence
for f,4+1 implies A-equivalence for (o, fr41)-
As usual, we denote R,, the group of germs of biholomorphism ¢ : (C™,0) — (C”,0).

Definition 5.1. Let « : (C™,0) — (C",0) be a finite germ. We define R* as the subgroup
consisting of the germs ¢ € R, such that there exists a germ ¢ € R,, such that

poa=aop.

We say that two germs g, h € O,, are K%-equivalent if there exist a function k € a*Oq, k(0) # 0
and a germ of diffeomorphism ¢ € R®, such that

g=~K-hop.
Example 5.2. Let a(z,y) = (z2,5?), then any diffeomorphism ¢ € R is of the form

o(r,y) = (zp1,yp2) or  w(z,y) = (yp1, Tp2)

for some functions @1, p2 € a*Oa, ¢;(0,0) # 0. In particular, if g, h € C[z,y] are homogeneous
K“-equivalent polynomials, the factors x and h o ¢ are homogeneous. Hence, on one hand, k
is a constant in C*. On the other hand, since ¢ is a diffeomorphism, both h and h o ¢ are
homogeneous of the same degree. We can replace ¢ by its linear part without changing the
composition. Thus, we can assume that ¢ is of the form (z,y) — (az,by) or (x,y) — (by, ax).

Lemma 5.3. A diffeomorphism ¢ € R, belongs to R* if and only if the algebras a*O,, and
(vo p)*O,, are equal.

Proof. Let ¢ € R* with ¢ oa o ¢ = a. Any function hoa € a*0, is equal to

(hog)oaop e (o) O,.

Now take hoaoyp € (aop)*O,,. This function is equal to hogp~logoaop = (hop~t)oa € a*O,,.

Now suppose that the two sub-algebras above are equal, then there exist some functions ¢;
such that a; = @;oaop. Take = (P1,...,%yn). Then we have o = poaoyp. As « is finite and
@ is a biholomorphism, o and « o ¢ have the same finite multiplicity. Therefore ¢ must have
multiplicity 1, and hence is a biholomorphism. O

Theorem 5.4. Let o : (C™,0) — (C™,0) be a finite germ and fny1, gnt1 be two K*-equivalent
functions of Oy, then the map germs (C*,0) — (C"*1,0) f = (a, far1) and g = (a, gns1) are
A-equivalent.

Proof. f ~xo g implies that there exists 6, : (C" x C,0) — (C,0) of the form
0.(X,Z2) =0(a(X), Z)

for some germ of function 6 and such that 6,0, ) is a germ of biholomorphism, and there exists
v € RY such that g(X) = 0,(X, f o o(X)). Since ¢ € RZ, then there exists some germ of
biholomorphism ¢ such that a = p o a o . We define 1, : C**1 — C" by 9 = ¢ o m; and
1o = 0 o (11, ™), where ; represents the projection over the i-th component of C" x C. Now
we define ¥ = (11,19) : (C**1,0) — (C**1,0) and, for every X € C", we have

Yo (a, f)op(X) = (¢la(p(X))), 0(¢((p(X))), f((X)))) =
((X), 00 (X, f((X)))) = (e, 9)(X).

As a consequence of ¢ and 6,(X, ) being biholomorphisms, we have that ¢ is a biholomorphism.
O
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Again, examples suggest that the converse of Theorem 5.4 also holds: A-equivalence of
(o, fnt1) and (o, gn41) implies K%-equivalence of f,,+1 and g,+1. However we have not suc-
ceed in proving this in general. It was proved by Mond in [8] that it holds when « is the
Whitney Fold. We have only succeeded in showing it for finitely determined quasihomogeneous
double folds.

It is shown in [5] that any quasihomogeneous double fold must be a homogeneous one. There
are only two ways to obtain a homogeneous double fold f(z,y) = (o, zp1 + yp2 + zyps). One is
p3 = 0 and the other p; = ps = 0. Every finitely determined double fold must have a reduced
double point space, which is given by (p1+yps)(p2+xps)(zp1+yp2) = 0. We deduce immediately
that every finitely determined quasihomogeneous double fold must be, in fact, a homogeneous
special double fold.

Theorem 5.5. Let f = («, f3) and g = (o, g3) be A-equivalent finitely determined quasihomo-
geneous double folds , then fs and gs are K-equivalent.

Proof. Suppose there exist ¢ and ¢ such that g =1 o f o¢. Denote by ; ., the derivative of
the i-th component with respect to the variable x;. Taking into account that p;,ps € m?, the
2-jet of the first two coordinate functions of the equality g = ¥ o f o p gives us

2% =1 x (07,7 + 9120152y + 05 ,¥°) + Y1y (93 .27 + P2202,4TY + 93 ,Y7),
2 _ 2" 2 272 2" 2 272
y* =2 x (0T .07 + 012015 TY + 93 ,Y7) + Y2y (03,77 + P2.202,7Y + @3 ,y°).
Since dy is invertible, we have @1 y@2 y # 0 or @1 42 4 # 0. In the first case from the equations
we obtain ¢, = @2, = 0 and, in the second case @1, = @2, = 0. Suppose we are in the first
case (the second one is analogous). Then the differential of ¢ is of the form dy(u,v) = (au,bv)
for some a,b € C*.

Notice that w is a source double point of g if and only if it is so for f o, if and only if @(w)
is a source double point of f. Since f and g are finitely determined, their double point spaces
are reduced and thus ¢|p,) : D(g) — D(f) is an isomorphism between complex space germs.
We claim that ¢|p,(4) is an isomorphism between D3(g) and Ds(f). We proceed by reduction
to the absurd: suppose there is a irreducible component R of D3(g), such that o(R) ¢ Ds(f).
For example, suppose p(R) C D1(f) (the other case, ¢(R) C Dy(f), is analogous). Since f and
g are finitely determined, their diagonal double points are isolated and thus, since R C Ds3(g)
and ¢(R) C D1(f), we have ¢(i3(R)) = i1(p(R)). Let (u,v) be the tangent vector to the curve
germ R, we have the equality do(iz(u,v)) = i1(de(u,v)), that is (—au, —bv) = (—au,bv). The
last equality implies (u,v) is a horizontal vector. Since g is homogeneous, the equation which
defines R is also homogeneous and, thus, it is independent of z. This is implies that y divides
xq1 + yq2, which in turn implies that y divides ¢;. Then y? divides g1q2(7q1 + yg2). This is a
contradiction, because g is finitely determined and, thus, D(g) = V(q1g2(2q1 + yg2)) must be
reduced.

Now we have the isomorphism of complex spaces ¢|p,(g) : D3(g) — D3(f), that is, we have
the equality (g3) = ¢*(f3). This implies the existence of a function h, with h(0,0) # 0, such
that g3 = h - f3 0 ¢. Since g3 y f3 are homogeneous, we can take the diffeomorphism ¢ = dp
and the constant k = h(0,0) # 0 and get g3 = k- f3 o . Moreover, as we have seen before, ¢ is
a diagonal linear change and thus it belongs to R<. O

Notice that the K*-equivalence of f3 and g3 splits into two simultaneous equivalences between
P, P, and 1, Q2. In the diagonal case we get an expression

Q1 (22, 9%) + yQa(2?,y?) = kaw Py (a’x?,b%y?) + kbyPa(a’x?, b*y?).
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This is equivalent to Q1(z,y) = kaPi(a’z,b%y) and Q2(x,y) = kbPs(az,b%y). In the antidiag-
onal case we obtain the expression

Q1 (2%, y%) + yQa(2?,y?) = kayPi(ay?, b22?) + kba Py(a®y?, b*2?),

which is equivalent to Qi (z,y) = kbP2(a?y,b*x) and Q2(z,y) = rkaP;(a’y,b*r). Now the next
corollary follows immediately.

Corollary 5.6. Let f and g be two A-equivalent quasihomogeneous finitely determined special
double folds, then:

Ci(f) = Cilg),

QD(f) = QD(y),

w(Di(f)) = m(D;(9)),
where j =i in the diagonal case, and in the antidiagonal the pairs (i,j) are (1,2), (2,1), (3,3).
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