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THE RIGHT CLASSIFICATION OF UNIVARIATE POWER SERIES IN
POSITIVE CHARACTERISTIC

NGUYEN HONG DUC

ABSTRACT. While the classification of univariate power series up to coordinate change is
trivial in characteristic 0, this classification is very different in positive characteristic. In this
note we give a complete classification of univariate power series f € K|[z]], where K is an
algebraically closed field of characteristic p > 0 by explicit normal forms. We show that the
right determinacy of f is completely determined by its support. Moreover we prove that the
right modality of f is equal to the integer part of u/p, where p is the Milnor number of f. As
a consequence we prove in this case that the modality is equal to the proper modality, which
is the dimension of the p-constant stratum in an algebraic representative of the semiuniversal
deformation with trivial section.

1. INTRODUCTION

In [Arn72] V.I. Arnol’d introduced the “modality”, or the number of moduli, for real and
complex hypersurface singularities and he classified singularities with modality smaller than or
equal to 2. In oder to generalize the notion of modality to the algebraic setting, the author and
Greuel in [GN13] introduced the modality for algebraic group actions and applied it to high jet
spaces.

Let the algebraic group G act on the variety X. Then there exists a Rosenlicht stratification
{(Xiypi)yi = 1,...,8} of X wrt. G, ie. the X; is a locally closed G-invariant subset of X,
X = U{_; X, and the p; : X; = X;/G a geometric quotient. For each open subset U C X we
define

G-mod(U) := 1r£1%xs{d1m (ps(UN X))},
and for x € X we call
G-mod(z) := min{G-mod(U) | U a neighbourhood of x}

the G-modality of x.

Let K be an algebraically closed field of characteristic p > 0, let K[[x]] = K[[z1,...,zy]]
be the formal power series ring and let the right group, R := Aut(K][x]]), act on K][x]] by
(®, f) — ®(f). Two elements f,g € K|[[x]] are called right equivalent, f ~, g, if they belong to
the same R-orbit, or equivalently, there exists a coordinate change ® € Aut(K][[x]]) such that
g="2(f).

Let f € (x) C K[[x]] and let u(f) := dim K[[x]]/{fz,,---, fz,) be its Milnor number. We
call f isolated if u(f) < oco. By [BGMI12, Thm. 5|, f is isolated if and only if it is finitely
right determined, i.e. f is right k-determined for some k. Here f is right k-determined if each
g € K[[x]] st. j¥g = j*¥f, is right equivalent to f, where j*f denotes the k-jet of f in the
k-th jet space Jy := (x)/(x)**1. The minimum of such k is called the right determinacy of f.
For each isolated f, the right modality of f, R-mod(f), is defined to be the Ry-modality of j* f
in Ji with & > 2u(f) and Ry the k-jet of R. Notice that if f is right equivalent to g then
R-mod(f) = R-mod(g) (cf. [GN13, Prop. A.4]).
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In Section 2, we show that the right determinacy of an isolated univariate formal power
series f is equal to d(f), which is defined by a concrete formula determined by the support
of f (Definition 2.1, Proposition 2.8). Moreover we give an explicit normal form for any (not
necessary isolated) univariate power series f w.r.t. right equivalence (Theorem 2.11). We prove
in Section 3 that the right modality of an isolated series f is equal to the integer part of u(f)/p
(Theorem 3.1). As a consequence we show that the right modality is equal to the dimension
of the p-constant stratum in an algebraic representative of the semiuniversal deformation with
trivial section (Corollary 3.6).
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2. NORMAL FORMS OF UNIVARIATE POWER SERIES

Let f=3,~ocne™ € K[[z]] be a univariate power series, let supp(f) :={n >0 | ¢, # 0} be
the support of f and mt(f) := min{n | n € supp(f)} the multiplicity of f. If char(K) = 0 and
if o(z) = a12 + asx® 4+ ...,a; # 0, is a coordinate change, then the coefficients a; of ¢ can be
determined inductively from the equation f(x) = co + (¢(z))™9) with g(x) := f — ¢o. Hence f
is right equivalent to ¢o + 2™,

In the following we investigate f € K[[z]] with char(K) = p > 0. The aim of this section
is to give a normal form of f. It turns out that it depends in a complicated way on the
divisibility relation between p and the support of f. To describe this relation we make the
following definition, where later on A will be supp(f).

Definition 2.1. For each n € N and each non-empty subset A C N\ {0}, we define
(a) m:=m(A):=min{n | n € A}.

(b) e:=e(A) :=min{e(n) | n € A}, where e(n) := max{i | p* divides n}.
(¢) ¢:=¢q(A) :=min{n € A | e(n) = e}.
(d) k:=k(A):=1and ey(A) :=e+1if e(m) = e (i.e. m = q), otherwise,
k:=k(A) :=max{ka(n) | m <n<gq,ne A},
where
ka(n) := {E])nw denotes the ceiling of ?);n
pe n) __ p€ pe n) _ pe
and

eo = eo(A) :=min{e(n) | m <n < g,n € A}.
(e) d:=d(A):=q+p°(k—1).
(f) A(A) =0 if e(m) = e, otherwise,
AA):={neN|m<n<de <e(n)}uUiq}.
(g) If e(m) > e (i.e. m < q) we define -
Ag = {n €A ‘ n < q}, qo = q(Ao), dp = d(Ao), dy = min{d, do},
Ao(A) := 0 if e(m) = eq,
Ao(A) :={neN|m<n<dyes<e(n)}U{qg}if e(m) > e, and
A(A):={neN|g<n<d,e<e(n) <ep}.
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(h) If e(m) = e then A(A) := 0, otherwise,
A(A) = Ag(A) U Ay (A).

Remark 2.2. If f € K[[z]] with u(f) < oo and A = supp(f) then

(a) m(A) = mt(f), the multiplicity (or, the order) of f.
(b) q(A) = u(f) + 1, the first exponent in the expansion of f which is not divisible by p.
(¢) ka(n) is the minimum of ! for which

mt (p(a") —z") > mt (p(a?) —2%) = ¢ +1

with ¢ := ¢(A) and ¢ = x + ;127 + terms of higher order,u;y; # 0, a coordinate

change.
Indeed,
(") = (z+wpa ™+ )n
1P
= {x—i—ul 1xl+1+ . )n/p }
o) pe(m
= {x”/” pe) g™

pe(™ e(n) e(n)
_ .’[n—I-(TL/pe(n)) f—&- n+lp +

It yields that
n n q—n
mt (p(e") —2") 2 g+l e 1>~
pe n) _ 1
This proves the claim.
(d) k(A) is then the minimum of [ for which

o(f) = mod a7

with ¢ = ¢(A) and a coordinate change ¢ as above. This is used to show that:
(e) d(A) is the right determinacy of f, cf. Proposition 2.8.

Remark 2.3. The following facts (a)-(e) are immediate consequences of the definition.
Property (f) follows from elementary calculations.
(a) e(A) < ep(A), E(A) > 0.
(b) If g(A) = g(A’) =: ¢ and ANN.y = A’ NNy, then d(A) = d(A’) and A(A) = A(A").
That is, ¢(A) is the “determinacy” of A(A).
(c) pr does not divide m(A), then

e(A) = e(m(A)) = 0 and g(A) = m(A),

E(A) =1 and d(A) = m(A).
(@) Ife(m( )) = e(A), then

a(A) = m(A).

kE(A) =1 and d(A) = m(A).
(e) If n —|—l e(n) < d(A) for some | and some n € A, then I < k(A).
(f) If k(A) = ka(n), then

RK(A) =1+ — Ld(A)J,

pe(n) pe(n)

(A)

where L‘ffﬁgJ denotes the floor (or, integer part)
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In fact, one has, by denoting e := e(A), ¢ := q(A), k:= k(A), ), that

d g+ pi(k—1)
e (k 1+ e(n)) = e \FTLE pe<n>
f’(") _ _

_ qg—-_n _

- e(n) (pe(n _ k+ 1) :
Then

0 7d —1 1
< pe(n) - e(n <

since k = [ﬁ—‘. This gives us the formula.

Example 2.4. Let p = char(K) = 2, let
f=a® 4+ 2% + 237 + terms of higher order in K/[[z]],

and let
A :=supp(f) = {8,36,37,...}.
Then
e=0,q=37,k=ka(8) =5,d =41,
eo = 2,q0 = 36,dy = 60,dy = d = 41.
and

A(f) = {16, 24, 32,36, 37,38, 39, 40,41},
_g_| 2| _|m
M) =9= LJGOJ LJGOJ +2'
The following proposition is the first key step in the classification.

Proposition 2.5. With the notions as in Definition 2.1, assume that e(A) = 0. Then

EA(A) < E])J - % +1.

More precisely,
(i) Ife(m) < e then tA(A) =0
(ii) If e(m) = e then tA(A) = [ J
(iii) If e(m) > ep and
(1) ifp>2 then tA(A) < | % | — 2 +1;
7]
y<e

(2) if p=2 then fA(A) < — 5 T2

Proof. (i) It is easy to see that, e(m) < eq if and only if e(m) = e and then A(A) = ().
(ii) Since e(m) = eg, Ag(A) =0 and ka(m) = k. Then
AA)=M(A)={neN|g<n<de(n) <ep}

-1 (][ - [+

since k — 1+ =t = L e(m)J due to Remark 2.3(f).

(iii) Since e(m) > eg one has

_ Go—7n _ Go—m
k(AO) —1= lrpe(n) _peo—‘ 1< peo-‘rl _pEO

and hence
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for some n € Ag, e(n) > ep, and

Ao(A) ={n" eN|m<n <dge(n)>en} U{q}

A(A) = {0 N | g <n' <de(n') < o}
This implies that

do
tho(A) = L,HJ ~ e T

A (A) = (d—q+1)— QPC;J - L,ZOD
q

and

Il
E
|
7N
—_—
3|~
| S
|
—_—
s
o]
o
—_
~_

We consider the following cases:

Case 1: ka(qo) = k.

Then k — 1+ % = | -4 | by Remark 2.3(f). We obtain
s = snesinio 2] (220

q 0 do m
S pe() o (pe() o \‘pEO“I’lJ + p€0+1 - 2)
< |al_ qio_qo+(/€(Ao)—1)pe“Jr m_o_,
— _pﬁ’() ] peo pe()Jrl p60+1
_ e (P -2atm  m
_pﬁ’() ] p€0+2 _ p60+1 p60+1

< | L] (™o
>~ _peo— peo )

due to k(Ag) — 1 < pq‘);m respectively gg > m. Hence

co+tT —peo
HA(A)S{QJ— = 41
pe]  pe

Case 2: ka(qo) < k.
Then

[ qg-n qg—m
k= lrpe(n)_l—‘ <peg+1_1+1

for some n € Ag, e(n) > eg. It yields that

d=q+k—1>(k—-1)p°tt4+m
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and hence B
WA= _PZ°_ - (_pcel“J - LD”’O“J * p:il ke 1)
: _pZO_ - <_p(‘iJ - {peilJ p@z’il " 1)
< [l ([Ber] o)
< _;_—<(p—1)(k—1)+£—k—1>
- _pzo_ _pﬁ) +2—(p—2)(k—1).
This completes the proposition. (I

Note that if f € K[[z]] and mt(f) = 0 then mt(f — f(0)) > 0. Applying the results from
mt(f) > 0 to f — f(0) we obtain that f ~, f(0) 4+ g, where g is a normal form of f — f(0) (cf.
Theorem 2.11). From now on we assume that mt(f) > 0. We denote, by using notations as in
Definition 2.1 for A = supp(f),

e(f) = e(A), q(f) = a(A), k(f) = k(A), d(f) :=d(A)

and

A(f) == A(A), A(f) == A(A).

Remark 2.6. (a) The above numbers mt, e, ¢, k,d and the sets A and A are invariant w.r.t.

right equivalence.
(b) Let f=3_,5, cua™ € K[[z]] and let

o
= 2. o

n>m(f)
Then f € K[[z]], f(z) = f(a:pem) and e(f = 0. Moreover,

)=
k(f) = k(f), 8A(F) = EA(S), EA(Sf) = $A(F)
and if (f) denotes one of mt(f),e(f),q(f),d(f) then

¢(f) = p"D¢(f).

(¢) Note that p(f) < oo if and only if e(f) = 0 and then ¢(f) = p(f) + 1. By [BGMI12,
Thm. 2.1] f is then right (2¢(f) — mt(f))-determined. In Proposition 2.8 we will show
that d(f) is the right determinacy of f.

Lemma 2.7. If e(mt(f)) = e(f) then f ~, ™),

Proof. By Remark 2.6, there exists f € K[[z]] such that f(z) = F(a”") and e(f) = 0. This
implies that u(f) = q(f) — 1 and then u(f) = mt(f) — 1 since e(mt(f)) = e(f). It follows from
[BGM12, Thm. 2.1] that f is right (mt(f) + 1)-determined. That is,

oy eppa™() o, gmt(h)

and hence f ~, (/) with the same coordinate change.
In fact, in this case an inductive proof as in the case of characteristic 0 works. (|

The next proposition is the second key step in the classification.
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Proposition 2.8. With f and d(f) as above, assume that p(f) < oo then d(f) is exactly the
right determinacy of f.

Proof. We may assume that e(mt(f)) > e(f) since the case e(mt(f)) = e(f) follows from Lemma
2.7. Let us denote A := supp(f) and use the notions as in Definition 2.1.

Step 1: Let us show that if g € K[[z]] with j¢(f) = j%(g) and d := d(f) then f ~, g.
By Remark 2.3(b), d(g) = d(f) = d since

supp(f) N{n € N [ n < ¢} =supp(g) N{n e N[ n <q}.
It suffices to show that
[ foi=300).
Indeed, we write
f=fo+ f1 with mt(f;) >d+ 1.
and assume without loss of generality, that

fi= bq+lxq+l + terms of higher order, with b,4; # 0.

l

Then the coordinate change ¢1(x) = x+uj41x 1 with uy41 a root of the following non-constant

polynomial:

qcqX + Z (”/pe(n))pC(n)CnXpC(n) +bgr =0

g—n -
pe(nLl*l

is sufficient to increase the multiplicity of f; and does not change fo by Remark 2.2(d). We thus
finish by induction.

Step 2: We now show that f is not right (d — 1)-determined.
For this we need the following
Claim: f ~, g if and only if j%¢g € Ry, - j%f, where
Ry = {w:uox—i—ule—i—...—i—uk,lxk | up #0} C R
and it acts on the jet space Jy by (¥, j%h) — j4(v(j%h)).
Proof of the claim. The “if”-statement follows easily from the first step. We assume that f ~,. g,
ie. g = (f) with
gpzuox—l—ula:Q—i—...,uo £ 0.
Setting
)= ugxr + w4+ ...+ up_q2*
and ¢ := ¢ 0 ~! we obtain that ¢ = ¢; 01 and that
Y1 =x+ ak;v’”'l + terms of higher order.

Note that k = k(f) = k(¢0(f)) due to Remark 2.6(a). It follows from Remark 2.2(d) that
i (o1 ())) = 34 (1))
Hence
39 = % (f) = i (er(0 () = j* () = 74w (GF)).
This completes the claim.
We write, for new indeterminates uq, ..., ur_1,1,

d
f+tat —y(f) = Z bi(uo, - - ., up—1, 1)’

i=m
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with ¢ = uoz + w1z + ... + up_12* and b; € Kluo, ..., ux_1,t], and define
Vi=Z(bm,. . ba) = {(u1,...,up_1,t) € A* | b(ug,...,up_1,t) = 0}
with the structure sheaf Oy and its algebra of global section
Oy (V) = Klug, ..., up—1,t]/{bms - -, ba).

We prove the second step by contradiction. Suppose the assertion were false. Then for all
t € K, f would be right equivalent to f + tz?, equivalently, j¢f + tz? € Ry, - j%f for all t due to
the above claim. This implies that the map p defined by
p 1% — Al
(UO,...,'U,kfl,t) — t
is surjective. It yields that dimV > 1. We may assume without loss of generality that
dimp V' > 1, where O = (1,0,...,0) € V and dimp V denotes the maximal dimension of irre-
ducible components of V' containing O. Since Oy,o C R := K|[ug, U1, ..., Uk—1,t]]/{bm, - -, ba)
with uf = up — 1,
dim R > dim Ov)o = dimo \%4 > 1.

By the Curve Selection Lemma, there exists a non-constant K—algebra homomorphism

¢ Klug,uty. .. ,ug—1,t] — K[[7]]
uy — ug(T)
u; = w(7)

t — t(r)

such that
bi (14 uy(7),ur (1), ..« up—1(7),t(7)) =0 for all i =m,...,d.
Since by, = ¢ (uy® — 1), it follows that
(1+uy(r)™ —1=0
and therefore uf(7) = 0. Notice that, the series u;(7),7 = 1,...,k — 1 could not be all equal to
zero since ¢ # 0 and since
ba(l,ut, ... up—1,t) = gequp—1 +t + bjy(u1, ..., up—1), with mt(d);) > 2.
We set
[ :=min{j | u;(7) # 0},

L :=min{n + 1p°™ | n € A}
and

I'={neA|L=n+p™}.
By Remark 2.2 we can conclude that m < L < d and that

e(n)
v(f)—f= Z (n/pe(")>p cnul(r)pe(n)xL + terms of higher order
nel

where
Y= +u(r) T+ up (7)F

It follows that
e(n)

br (L (7). s (), 40) = X (n/p )" (™ 0

nel
which is a contradiction. This proves the second step. (I
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In Corollary 2.9, Lemma 2.10 and Theorem 2.11 below we do not assume that f is an isolated
singularity, i.e. u(f) may be infinite or, equivalently, e(f) may be bigger than 0.

Corollary 2.9. Let f € K[[z]] and d = d(f). Let g € K|[z]] be such that e(f) = e(g) and

34(f) = j%g). Then [~ g.
We have in particular that f ~, j¢(f).

Proof. By Proposition 2.8, it suffices to prove the corollary for the case that e := e(f) = e(g) > 0.
Taking f € K|[[z]] and § € K[[z]] such that f(z) = f(2?"), g(x) = g(2?") as in Remark 2.6 we
have

e(f) =e(g) =0, d:=d(f) = d/p".
Since j4(f) = j%(g), j%(f) = j4(g) and hence f ~, g according to Proposition 2.8. This implies
f ~ g with the same coordinate change. (I

Lemma 2.10. With f, mt(f) and A(f) as above, we have
f’\’r xmt(f) + Z /\nxn7
neA(f)
for suitable A\, € K.

Proof. We decompose f = fo + f1 with

fo:= Z ¢zt and fy = Z cp.

e(f)<e(i)<eo e(n)>eo

Then mt(fo) = ¢(f) and e(mt(fo)) = e(fo) = 0 and hence fy ~, z9/) by Lemma 2.7. That is,
©(fo) = 29 for some coordinate change ¢ € Aut(K([[z]]). It yields that

g9:=0(f) = e(fo) +(f1) = "D + o(f).
By Remark 2.6, d(g) = d(f) and

@(fl) = Z Anz"

for some \,, € K. Hence
frrger jd(g) (9) = xmt(f) + Z Anz”
neA(f)
due to Corollary 2.9. O

From Proposition 2.5 and Remark 2.6(b), replacing f by f if e(f) > 0, and denoting
A :=supp(f) we can conclude that

IA(F) < m - ETE LfJ - 22— 1A,

The following theorem is therefore stronger than Lemma 2.10 because it reduces the number of
parameters.

Theorem 2.11 (Normal form of univariate power series). With f, mt(f) and A(f) as above,
we have
[ ™) 4 Z Anx"
neA(f)
for suitable A\, € K.



244 NGUYEN HONG DUC

Proof. We set A := supp(f) and use the notations as in Definition 2.1. Tt is sufficient to prove
the theorem for the case that e(m) > e, because the case e(m) = e follows from Lemma 2.7.
Then

Ao(A) = {n eEN|m<n<dye< e(n)} U{qo},
MA)={neN|g<n<d,e<e(n) <ep}.

We decompose f = fy + f1 with

fo:= Zcixi and fi := chm".

1<q n>q
Applying Lemma 2.10 to fy we obtain, by denoting Aj(A) := A(A)N{n € N | n < ¢} that
forra™+ Z bpr™ =a™ + Z bpz™ mod z7,
n€A(Ao) neAL(A)

for suitable A,, € K, since

AAp)N{neN|n<q} CAyA).
This means that there exists a coordinate change ¢ such that
o(fo) =2™+ Z bpz™  mod 9.
nEAL(A)
We denote g := ¢(f),
go = z™ + Z bnxna
neAy(A)

and

GLi=g—go= bpx", by #0.

n>q

We will construct a series h such that f ~, h and
h=a2"+ Z Apz”  mod z?
neA(A)
by eliminating inductively all terms of exponent in
I={ieN|g<i<d,e<e(i)}\AA).
If we succeed then by Corollary 2.9
f ~p h ~p th ~op [L‘m + Z )\nl‘n
neA(A)

Let ¢; be the minimum exponent in I for which b;; # 0. According to Remark 2.3 the coordinate

change

p1(x) =2+ gttt

i1 —
with [ := %Oqo and w41 a root of the non-constant polynomial:
()P xpt™)
S ba(n/p™)” X by, =0,
n+lpe(™) =iy
makes the coefficient of 2% vanish, and no term of exponent 4 in I with i < ¢; occurs. We prove
the last claim by contradiction. Suppose the claim were false, then we could find j € I,j < 73



RIGHT CLASSIFICATION OF UNIVARIATE POWER SERIES 245

such that the coefficient of 7 in ¢ (g) differs from zero. That is, j is an exponent of a term in
(z + w1 2H1)" for some n € A(A) with b, # 0. Then there exists an i € N such that
j=mn+ilps™.
Note that ¢ > 0 by the definition of ¢;. This implies that
n+ilp*™ >n+1p*™ > jfor all n € A(A) with b, # 0,
because
o if e(n) < eg then n is either ¢ or gy, and hence
qo+1Ip*° =i1>j
and
q+1p°>qo+1Ip* =i1 >

since | < k due to Remark 2.3(e). -
e If e(n) > ey then e(j) > e(n) > ey and therefore j > dy. This implies that

dy=dy<j<ip<d
and therefore )
I = “quo > k(D).
It follows that
n+ilp™ > n+p*™ > go + Ip% =iy > j.
This contradiction shows that there is no term of exponent ¢ in I with ¢ < ¢; in p1(g). Hence
we obtain by induction a series h as required. O

Note that the families over A(f) resp. A(f) in Theorem 2.11 resp. Lemma 2.10 contain all
possible normal forms having the same set A resp. A (and hence having the same m, ¢, k and d).
The number of parameters of normal forms in the p—constant stratum (proof of Theorem 3.1)
could be bigger.

The following example shows that this normal form is in general not the best one we can get.
This means that, we can sometimes reduce the number of parameters even more.

Example 2.12. We consider
f =284 235 + 237 + terms of higher order
in characteristic 2, as in Example 2.4. Then d(f) = 41 and
A(f) = {16, 24, 32, 36, 37, 38, 39, 40,41}.
It follows from Theorem 2.11 that
[ 2® 4+ XMz + Ao + X332 + Xg2®0 4+ Ms2®™ 4+ Ngx®® + A3 + Agz®0 + Agz?!

for suitable \; € K.
On the other hand, applying Lemma 2.7 to fi := f — (2% + 23%) we get f; ~, 237. That is,
©(f1) = 237 for some coordinate change . It yields
o(f) = aor® + a1z + agx® + a32x®? 4+ ay2® + 237 mod z*.
By Proposition 2.8,
I~ o(f) ~p apz® + a1z 4+ agz® + azx® + ag2® + 237 + az2?°

and hence
[~ 28 4+ b2’ + boa®t + b31’32 + b0 + b59:37 + b6x40.
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This shows that, we can find a “better normal form” for f. Moreover by the coordinate change
T+ bﬁ/b5$4,

we can even get rid of the term bgz*° and obtain that

f o~ 28 + 1218 + ot + 639:32 + e 230 + 051:37.

In the following, we will give a set of terms of f which can not be removed by coordinate
changes and then we conjecture the “best normal form” for f.

Remark 2.13. Let f € K[[z]] be such that u(f) < co. Let A := supp(f) and let
¢; :=min{n € A | e(n) <i}.
Then
qf)=q>q > ... > qe(m) =m = g, for all i > e(m).

We can see easily that the set {qo,...,qe(m)} is the set of exponents of terms which can not be
removed by coordinate changes. However it is not true in general that

e(m)

f ~r Z Az
=1

for suitable A\; € K as the following example shows:
f=a%+2% 4237 + 2% ¢ K[[2]] with char(K) = 2.
Then
Go=q =q=237,q2 =36,q3 = m = 8.
It is not difficult to see that
I A Aoz + A0 + No2?7
for any Mg, A1, A2 € K.
We like to pose the following conjecture.
Conjecture 2.14. With notations as in Remark 2.13, let A*(f) := 0 if e(m) = 0, otherwise
A(f)={neN|m<n<gen)>iifqg <n<g-1}

Then f is right equivalent to

xmt(f) + Z )\nxn
neA*(f)

for suitable \,, € K, and moreover this is a modular family. That is, for each A = (An)nen=(f),
there are only finitely many X' = (X, )nea=(y) such that

™) 4 Z A"~y ™) Z ALz
neA*(f) neA*(f)
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3. RIGHT MODALITY

Theorem 3.1. Let charK =p > 0. Let f € (x) C K[[z]] be a univariate power series such that
its Milnor number p = u(f) is finite. Then

R-mod(f) = [u/p)

For the proof we need the following lemmas which are proven in [GN13] for unfoldings but
the proof works in general (for algebraic families of power series).

Let us recall the notion of unfoldings (see, [GN13]). Let T be an affine variety over K with the
structure sheaf O and its algebra of global section O(T'). An element f;(z) := F(z,t) € O(T)[[z]]
is called an algebraic family of power series over T. A family f;(x) is said to be modular if for
each t € T there are only finitely many ¢ € T such that fy is right equivalent to f;. An
unfolding, or deformation with trivial section of a power series f at tg € T over T is a family
fi(x) satistying f;, = f and f; € (z) for all t € T

Remark 3.2. Let f € (z) C K][[z]] be a univariate power series with Milnor number p < oo.
Then the system {x,z% ..., 2"} is a basis of the algebra (z)/(z - %> By [GN13, Prop. 2.14]
the unfolding over A*,

o
fe(z) == f + th‘ -t
i=1

with ¢ := (t1,...,t,) the coordinates of ¢ € A¥, is an algebraic representative of the semiuniversal
deformation with trivial section of f.

Lemma 3.3. With f and fi:(x) as in Remark 3.2, assume that there exists a finite number of

algebraic families of power series hiz)(x) over varieties T i € T and an open subset U C A*
satisfying: for allt € U there exists an i € I and t; € T such that f,(x) is right equivalent to

hgl)(x) Then
R-mod(f) < _maxldimT(i).

1=1,...,
Proof. cf. [GN13, Proposition 2.15(i)]. O

Lemma 3.4. If fi(x) is a modular unfolding of f over T then
R-mod(f) > dimT.
Proof. Tt follows from [GN13, Propositions 2.12(ii) and 2.15(ii)]. O

Proof of Theorem 3.1. We first prove the inequality R-mod(f) < |u/p]. Indeed, let

I={Ac{l,....a(f)} a(f) € A},
and let
B () i= ™) 4 Z SXL)Z‘“, Ael
neA(A)
the finite set of families over Ap = A2 with [x = A(A) and SXL), n € A(A) the coordinates of

sA in An.
Notice that if A € I, then e(A) = 0,¢(A) < ¢g(f) and therefore, by Proposition 2.5,

dim Ax = #A(A) < [¢(A)/p] < q(f)/p) = [n/p] -
With f; as in Remark 3.2, setting

Ay = {n € supp(fi) | n < q(f)}
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for each t € A*, we conclude that A; € T and A(A;) = A(supp(f;)) according to Remark 2.3(b).
By Theorem 2.11, f; ~; hs,, for some sa,.
This implies that the finite set of families h, (x), A € I satisfies the assumption of Lemma 3.3.
Hence
R-mod(f) < 1le$<dimAA < |u/p].

In order to prove the other inequality we consider the two following cases.
Case 1: m(f) =p.

Then q = g(f) = u(f) + 1,k = k(f) = | 42| ,d:=d(f) =g+ k— 1 and
A(f) ={neN|g<n<de(n) =0}
and $A(f) = |¢/p] due to Proposition 2.5. It follows from Theorem 2.11 that
frogma?t Y o
neA(f)
for suitable ¢,, € K with ¢, # 0. Consider the unfolding

gri=g+ A"
neA(f)
of g over S :={A = (An)neacs) € A | X, + ¢, # 0}, where \,,n € A(f) are the coordinates
of A. Let us show that g, is a modular unfolding. In fact, if ' = (A],)nea(y) € S for which
gx ~r g, then there exists a coordinate change

gp::am+a1xl+1+...

such that

©(gr) = gn-
Looking at the coefficient of P we deduce that a? = 1 and therefore a = 1. We have moreover
that | > k, because if | < k, equivalently, ¢ +1 > p(l + 1) then p(I + 1) € supp(p(gxr)) but

p(l+ 1) & supp(gy ), that is ¢(gx) # gr, a contradiction. It then follows from Remark 2.2(d)
that

390 = 3%(e(9r)) = % (gw),
i.e. A = ). This implies that g, is a modular unfolding and hence

R-mod(f) = R-mod(g) = #A(f) = la/p] = |1/p]

due to Lemma 3.4
Case 2: m(f) > p.
By the upper semicontinuity of the right modality (cf. [GN13, Prop. 2.7]) one has

R-mod(f) > R-mod(fs)
with fs = f +s- 2P, for all s in some neighbourhood W of 0 in A'. Take a sy € W \ {0} then
R-mod(fs,) = [1+/p] by the first case and hence
R-mod(f) = R-mod(fs,) = [1/p] -
(]

Remark 3.5. We have R-mod(f) > #A(f) by Theorem 3.1 and Proposition 2.5 with equality if
m(f) < p. Moreover, if m(f) = p, then fy ~, fi for A\, € A(f) implies A = X, which follows
from the proof of Theorem 3.1.

The example f = zP™! with R-mod(f) = 1 but A(f) = 0 shows that a strict inequality
R-mod(f) > #A(f) can happen.
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With f and the semiuniversal unfolding f;(z) as in Remark 3.2 we define

A= {te A% [ ul(f) = )
the p-constant stratum of the unfolding f;.

Corollary 3.6. Let f € (z) C K[[z]] with the Milnor number p < co. Then
R-mod(f) = dimA,.

Proof. For each t = (t1,...,t,) € A*, if the set Ny := {i =1,...,u | t; # 0,e(i) = 0} is not
empty, then u(f:) =n —1 < p with n := min{i | ¢ € N;}. This implies that
AM:{t: <t17~-~7ty) e A* | t; =0 if 6(2) :0}
It yields that
dimA, = {1l <n <p|e(n) >0} = [u/p]
and hence R-mod(f) = dimA,, by Theorem 3.1. O
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