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AXIUMBILIC SINGULAR POINTS ON SURFACES IMMERSED IN R* AND
THEIR GENERIC BIFURCATIONS

R. GARCIA, J. SOTOMAYOR, AND F. SPINDOLA

ABSTRACT. Here are described the aziumbilic points that appear in generic one parameter
families of surfaces immersed in R%. At these points the ellipse of curvature of the immersion,
Little [7], Garcia - Sotomayor [11], has equal axes.

A review is made on the basic preliminaries on axial curvature lines and the associated
axiumbilic points which are the singularities of the fields of principal, mean axial lines, axial
crossings and the quartic differential equation defining them.

The Lie-Cartan vector field suspension of the quartic differential equation, giving a line field
tangent to the Lie-Cartan surface (in the projective bundle of the source immersed surface
which quadruply covers a punctured neighborhood of the axiumbilic point) whose integral
curves project regularly on the lines of axial curvature.

In an appropriate Monge chart the configurations of the generic axiumbilic points, denoted
by E3, E4 and Es in [11] [12], are obtained by studying the integral curves of the Lie-Cartan
vector field.

Elementary bifurcation theory is applied to the study of the transition and elimination
between the axiumbilic generic points. The two generic patterns E§4 and Ei5 are analysed
and their axial configurations are explained in terms of their qualitative changes (bifurcations)
with one parameter in the space of immersions, focusing on their close analogy with the saddle-
node bifurcation for vector fields in the plane [1], [10].

This work can be regarded as a partial extension to R* of the umbilic bifurcations in
Garcia - Gutierrez - Sotomayor [5], for surfaces in R3. With less restrictive differentiability
hypotheses and distinct methodology it has points of contact with the results of Gutierrez -
Guifiez - Castafieda [3].

INTRODUCTION

In this work are described the axiumbilic singularities, at which the ellipse of curvature, as
defined in Little [7] and Garcia - Sotomayor [11], has equal axes. The focus here are the axiumbilic
points that appear generically in one parameter families of surfaces immersed in R*. It can be
regarded as an extension from R? to R?, as target spaces for immersed surfaces, and from umbilic
to axiumbilic points as singularities, of results obtained by Gutierrez - Garcia - Sotomayor in [5].
It is also a continuation, in the direction of bifurcations of axiumbilic singularities, of the study
of the structural stability of global axial configurations started in Garcia - Sotomayor [11].

An outline of the organization of this paper follows:

Section 1 deals with geometric preliminaries and a review of axial lines and axiumblic points
in order to define the principal and mean curvature configurations and their quartic differential
equations.
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In Section 2, locally presenting a surface M immersed into R* with a Monge chart, are studied
the axiumbilic points and the transversality conditions in terms of which are defined the generic
axiumbilic points are made explicit.

Section 3 establishes the axial principal and mean configurations in a neighborhood of generic
axiumbilic points, denoted F3, F, and Fs5. This description uses the suspension of Lie-Cartan,
giving rise to a line field tangent to a surface, which quadruply covers a punctured neighborhood
of the axiumbilic point, and whose integral lines project regularly on the lines of axial curvature.
This follows the approach of Garcia and Sotomayor in [11] and [12], chap. 8. After this review
follow two subsections devoted to describe the behaviors of the axial lines near the axiumbilic
points denoted E, and E};, which are the transversal transitions between the generic axiumbilic
points.

In fact, the axiumbilic point E1, (Figure 7) characterizes the transition between an axiumbilic
point of type F3 and one of type E,, which is explained by the variation of one parameter family
in the space of immersions C", r > 5 of a surface M into R* (Proposition 11), in a first analogy
with the saddle-node bifurcation of vector fields [1], [10].

The axiumbilic point Ej5 (Figure 11) is characterized by the collision and subsequent elimina-
tion between one point of type E4 and other of type E5. Here also, this bifurcation phenomenon
is explained by means of a parameter variation in the space of immersions (Proposition 17), in
a second analogy with the saddle-node bifurcations in the plane [1] [10].

Section 4 establishes the genericity of the axiumbilic bifurcations studied in this paper.

This work is related to the papers by Guifiez-Gutiérrez [2] and Guiniez-Gutiérrez-Castaneda
[3] where a description, in class C* and in the context of quartic differential forms, of the points
E}, and E}; (using the notation Hzs and Hys), can be found.

Here was adopted a different approach, using the Lie-Cartan suspension as established in
Garcia-Sotomayor [11], for immersions of class C",5 < r < co. This leads to an interpretation of
these points with less restrictive differentiability hypotheses and allows proofs with techniques
closer to those of elementary bifurcation theory as in [1] and [10].

Section 5 closes the paper with related comments on its results and their connection with
others found in the literature.

Acknowledgment. The authors are grateful to the referee for his/her careful reading and
helpful style suggestions.

1. DIFFERENTIAL EQUATION OF AXIAL LINES

Let o : M — R* be an immersion of class C", r > 5, of an oriented smooth surface in R*, with
the canonical orientation. Assume that (z,y) is a positive chart of M and that {a,, oy, N1, No}
is a smooth positive frame in R*, where for p € M, {a, = 0a/0x, o, = Oa/Dy}, is the the
standard basis of T, M in the chart (z,y) and {Ny, N2}, is an orthonormal basis of the normal
plane N, M.

In the chart (z,y), the first fundamental form is expressed by

I, = (Do, Da) = Eda? + 2Fdxdy + Gdy?

where, E = (ay, 0z), F = (0, ay) and G = (ay, o) and the second fundamental form is given
by 11, = IILNy + II2Ny where II,i = 1,2, is

II! .= (D%, N;) = e;dz® + 2fidzdy + g;dy?,

with e; = (0, Ni), fi = (Qay, Ni) and g; = (ayy, N;).
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The mean curvature vector is defined by H = hy Ny + ho Ny with
Egi — 2Ffi + Gei

2(EG — F?)

For v € T, M, the normal curvature vector in the direction v is defined by:

II,(v) IIl(v) I712%(v)

1 ko = kn(p,v) = ALY o
. P =T T L T L

The image of k,, restricted to the unitary circle S; of T,M describes in N, M an ellipse
centered in H(p), which is called ellipse of curvature of a at p, and it will be denoted by e, (p).
When (e1 — ¢1) fo — (e2 — g2) f1 # 0, it is an actual non-degenerate ellipse, which can be a circle.
Otherwise it can be a segment or a point. As k| s is quadratic, the pre-image of each point of
the ellipse is formed of two antipodal points on S}, and therefore each point of €, (p) is associated
to a direction in T, M. Moreover, for each pair of points in €,(p) antipodally symmetric with
respect to H(p), it is associated two orthogonal directions in T, M, defining a pair of lines in
T,M [7], (8], [9].

Consider the function:

hi =

No.

. erdz? + 2fidxdy + gi1dy? _ Eg — 2F f1 4+ Gey 2
T Edx? 4+ 2Fdxdy + Gdy? 2(EG — F?)

|:€2d1'2 + 2fodxdy + gody?  Egy — 2F fo + Geg] 2

Ik — HIJ?

Edz? + 2Fdzxdy + Gdy? 2(EG — F?)

For each p € M in which e,(p) is not a circle, the points maximum and minimum of this
function determine four points over the ellipse of curvature £, (p), which are their vertices, located
at the large and small axes.

FIGURE 1. Ellipse of curvature £, (p) and lines of axial curvature

As illustrated in Figure 1, to the small axis AB is associated the crossing A’A”B’B” and
to the large axis CD is associated the crossing C'C”D’D"”. Thus, for each p € M at which
the non-degenerate ellipse is not a circle or a point, two crossings are defined in T, M, one
associated to the large axis and the other to the small axis of the ellipse of curvature. These
fields of 2-crossings in M are called fields of axial curvature.

Outside the set U, of points at which the ellipse of curvature is a circle (i.e. has equal
axes), called aziumbilic points, the lines and crossings are said to be lines and crossings of azial
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curvature. Those related to the large (respectively small) axis of the ellipse of curvature are
called lines and crossings of principal (respectively mean) azxial curvature.
From the considerations above, the axial directions are defined by the equationm

Jac(||kn — H||?, 1) =0
which has four solutions for p ¢ U, and is singular at p € U,. According to [11] and [12], the
differential equation of axial lines is given by:

(2) asdy* + asdy®dz + asdy?da? + a1dyda® + apdz* = 0,
where
ay = —AF(EG—2F?)(gi + ¢3) +4G(EG — 4F?)(fig1 + f292),
+ 8FG*(ff + f3) + AFG?(e1g1 + eag2) — 4G®(e1f1 + e2f2)

a3 = —4E(EG —4F?)(g} +g3) — 32EFG(f191 + f292),
+ 16EG?(ff + f3) — AG®(ef + €3) + BEG?(e1g1 + e292)

ay = —12FG*(e? + €2) + 12E?F(EG — 4F?)(¢? + ¢2),
+ 24EG*(e1fi + eaf2) — 24E%G(f1g1 + f292)

ar = 4E’(¢7 + g3) + AG(EG — 4F?)(ef + €3)
+ 32EFG(e1f1 + eaf2) — 16E°G(ff + f3) — 8E*G(e1g1 + e292),

ay = AF(EG —2F?)(e3 +e3) —4AE(EG — 4F?)(e1f1 + eafa)
+ —8E’F(ff+ f3) — AE*F(e1g1 + e292) + 4E*(fig1 + f292)-

Proposition 1 ([11], [12]). Let o : M — R* be an immersion of class C", 7 > 5, of an oriented
and smooth surface. Denote the first fundamental form of a by

I, = Edaz? + 2Fdzdy + Gdy?
and the second fundamental form by:
II, = (eydz® 4 2f1dxdy + gi1dy? )Ny + (eadz? + 2 fodzdy + gody?) N,
where { Ny, Ny} is an orthonormal frame.
i) The differential equation of axial lines is given by:
G = [aG(EG —4F?%) +a,F(2F? — EG)|dy*
+ [-8aoEFG + a1 E(4F? — EG)|dy*dx
+ [—6a0GE2 + 3a1FE2}dy2dx2 + a1 E3dyda® + agE3dx* = 0,
where
ar = A4G(EG —4F?)(e} + €3) + 32EFG(e1f1 + exfa)
+ 4E%(g} + g3) — 8E?G(e1g1 + e292) — 16E°G(f} + f3)
and
ay = AF(EG —2F?)(e3 +e3) —4AE(EG — 4F?)(e1f1 + eafa)
+ AE*(figr + f2g2) — AE°F(e1g1 + e2g2) — 8E°F(f7 + f3).
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i1) The axiumbilic points of « are characterized by ag = a; = 0.

The axiumbilic points are defined by the intersection of the curves ag(z,y) = 0 and a4 (z,y) = 0.
Assume, with no lost of generality, that they intersect at (z,y) = (0,0). In this work it will be
considered the case where the intersection is transversal or quadratic at (0, 0).

Figure 2 illustrates the generic contact of the curves ag(z,y) = 0 and a1 (z,y) =0, whose
intersection characterizes the axiumbilic points.

a,=0

a,=0

FIGURE 2. Transversal and quadratic contact between the curves ap = 0 and
a; = 0 at an axiumbilic point p.

An axiumbilic point given by (z,y) = (0,0) is called transversal if
d(ao, a1) Za%(om %(0, 0)
3. y) ba1(0,0) 921.(0,0)
The axiumbilic point given by (x,y) = (0,0) is said to be of quadratic type if the matrix

Oag,a)| | 52(0,0) F(0,0)
(=.y) oo | F4(0,0) F(0,0)

has rank 1 and, assuming %‘Z’(O, 0) # 0, it follows from the implicit function theorem that y(x)
is a local solution of ag(x,y(x)) = 0. Writing s(x) = a;1(z,y(z)) it follows that s'(0) = 0 and
s"(0) # 0.

A similar analysis can be carried out if other element of the matrix DY)

(0,0)

(3) £0.

(4)

is non zero.

(0,0)
Remark 2 ([11]). In isothermic coordinates, where E = G and F = 0, it follows that
ar = —az = E°[ef + e + gi + g5 — 4(fT + f3) — 2(e191 + e292)]

a
ap = a4 = *32 = 4E3[f191 + fag2 — (e1f1 + eaf2)]

and the differential equation of axial lines is simplified to

(5) ao(x,y)(dzt — 6dzdy® + dy*) + a1 (z, y)(dz* — dy*)dzdy = 0.

1.1. Axial configurations of immersed surfaces in R*. Let Z" = Z"(M,R*) the set of
immersions of class C". For a € Z", the differential equation of axial lines is well defined
(equation (2)):

(6) G(x,y,dz, dy) = asdy® + azdy’dx + axdy®dx® + aydyda® + agdz® = 0

in the projective bundle PM of M.
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For each v € I, define the Lie-Cartan surface of the immersion a by L, := G *(0), which
is of class C"~2, regular in M — U,, and may present singularities at U,,.

Moreover, as the set defined by the quartic equation (6) contains the projective lines at U,
it follows that L., is a ramified covering of degree 4 in M — U,, and contains the projective line
7~ 1(p) for each p € U,,.

In the chart (z,y,p) of PM, with p = %, equation (6) is given by

(7) G(2,y,p) = asp® + asp® + azp® + a1p + ag = 0.
Consider the Lie-Cartan vector field X, of class C"~3, tangent to the surface G = 0

0 0 0

The azial curvature lines are the projections by m : PM — M restricted to L, of the
integral curves of X,.

See illustration in Figure 3. For each p € M — U, there are 4 well defined axial directions,
given the four roots of equation (7).

Two azial configurations are given: the principal azial configuration Py, = {Uy, Xs} defined by
the axiumbilic points U, and by the net X, (related to the crossing of principal axial curvature),
in M — U, and the mean azial configuration Qn = {Uy,Va}, defined by the axiumbilic points
U, and the net ), (related to the crossing of mean axial curvature), in M — U,

~2_

e
-
N

4

1Y

FIGURE 3. Projection on M of the integral curves of the Lie-Cartan vector field
tangent to L, in a neighborhood of p € M —U,,. For each point in M pass four
lines, associated, in pairs, to the axis of the ellipse.

2. DIFFERENTIAL EQUATION OF AXIAL LINES IN A MONGE CHART

The surface M will be locally parametrized by a Monge chart near an axiumbilic point p as

follows
z = R(z,y), and  w=5(z,y),

where
790 r r ’
R(x,y) 7-73 +T11.’L‘y+ﬂ 2.2 30 3+£ Qy_;'_i 2+£ 3
(9) 7"2 , QT 6 . 2 2 6
404, 7313 22,22 113, 5 Tod 4
o4 i e — h.o.t.,
+ 24 + 6 oy + 1 roy° + 6 Ty’ + — 24 + h.o.
s s s s s
S(a,y) =22002 4 gyyay + o2y? 4 T8 Py SN2 S5,
(10) 2 2 6 2 D) 6

540 4 531 25 522 2202 3 4
- - = h.o.t.
+24 + 6 Yy + — 1 y+ 6 y+24y+ 0.
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At the point (z,y, R(x,y), S(x,y)), the tangent plane to the surface is generated by {t1,t2},
where t; = (1,0, R;, S;) and t; = (0,1, R,,Sy). The normal plane is generated by {Ni, Na},

where N; = I%l\ and Ny = I%\ are defined by N1 = (—R;, —Ry,1,0) and Z/va =t1 Aty A Ny.
1 2

Here A is the exterior or wedge product vy A vs Awvs of three vectors v1, va, vg in R* is defined
by equation det(vy,ve,v3,v) = (v1 Avg Awvg,v) for all v € R%.
Therefore it follows that:

det(t1, t2, N1, 0) = (Na, o).
From the expressions of R and S given by equations (9) and (10), it follows that:

E=1+0(2), F=0(2), G=1+0(2),
and
e1 =10 + 7307 + 721y + O(2), €2 = 820 + 8307 + s21y + O(2),
fi=ritrar+ri2y+0(2), fa=s11+suz+ s12y + O0(2),
g1 =102 + 1127 + 103y + O(2), g2 = s02 + 5122 + 503y + O(2).
The axiumbilic points are defined by ag(z,y) = 0 and a1 (z,y) = 0. So, in a neighborhood of
(0,0), it follows that

(11) ap(z,y) = agy + alyz + agy + O(2)
and
(12) ay(z,y) = agy + ajpr + agy + O(2),
where
ago = ri1(roz — ra0) + s11(so2 — $20),
@(1)0 = r91(ro2 — r20) + r11(r12 — 730) + S11(812 — S30) + S21(S02 — S20),
CL81 = 712(r02 — 120) + 711(r03 — r21) + S11(S03 — 521) + 512(S02 — 520)
and
abo = (ro2 —720)° + (S02 — 520)° — 4(ri1 + s11),
aijo = 2(ri2— 730)(To2 — r20) + 2(s12 — $30)(S02 — S20) — 8(r21711 + S21811),
ag, = 2(roz — 721)(ro2 — T20) + 2(S03 — 521)(S02 — S20) — 8(r12711 + S12511).

Therefore a point p, expressed in a Monge chart by (0,0), is an axiumbilic point when the
following relations hold.

(13) ady = r11(ro2 — r20) + s11(S02 — S20) = 0,
agy = (roz — 720) + (S02 — $20)> — 4(rfy + s11) = 0.

Algebraic manipulations of the equations above, see [2], show that (0, 0) is an axiumbilic point
when the following equations hold

2711 = (S02 — $20), 2r11 = —(s02 — $20),
14 or
(14) { 2811 = —(r02 — 720, ) 2811 = (T02 — T20)-

Remark 3. Let ro2 = rog + r and sga = s20 + 8, p> = %, + s2;. Then condition for (0,0) to be
an axiumbilic point, see equation (13), is given by

7"11'7“+811'S=0,
(15) { T2+52 :4102.
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These condition for being an axiumbilic point can be interpreted as the intersection of a circle
and a straight line in the plane (r,s). The intersections are given by

— s —_3
(16) { = 2’7« or { 11 B 2
S11 = B S11 = 2
and therefore equation (16) is another form of equation (14).

Let
a1 =812 — 830 + 2ra1, Qo = r3g — r12 + 2521,

Q3 =803 — S21 + 2r12, Q4 = T21 — To3 + 2512.
The discussion above is synthesized in the following lemma.
Lemma 4. Let p be an axiumbilic point with coordinates (0, 0) in a Monge chart. The differential
equation of axial lines in a neighborhood of (0,0) is given by
(17)  ao(w,y)(da* — 6da?dy® + dy*) + @y (x, y)(do? — dy*)dady + H(z,y, dz, dy) = 0,

where

N 1 1
as) ao(z,y) 25(7“041 + sag)z + 5(7"043 + saq)y + afoz” + af Y + agey’,

ay(x,y) =2(saq — rag)z + 2(saz — rag)y + asgx’® + airy + afey?
and H contains terms of order greater than or equal to 3 in (x,y).

With the notation in equation (17), the condition of transversality between the curves ag = 0
and a; = 0 is given by
ajy  ag £0.
Q19 Ao
The determinant above has the following expression:

[asas — agay] - (r2 + 52)7

where r = rga—790 and s = sg2 —8g0. If (T2+82) is zero, it follows that a?o = a81 = a}o = a(l)l =0,
and therefore the matrix
0 0
a0 @01

is identically zero. Thus the axiumbilic points with r = s = 0 form a set of codimension at least
four.
Therefore, the condition of transversality, supposing r2 + s? # 0, is given by:

(19) T := Qg — 10y 75 0.

Long, but straightforward calculations show that condition (19) is invariant by positive rota-
tions in the tangent and in the normal planes.

Lemma 5. Consider the quartic differential equation
(aroz + a01y)(da:4 — 6dz>dy® + dy4) + (byox + bory)dxdy(dz?® — dy?*) = 0.

Consider a rotation & = cosQu+sinfv, y = — sin Qu+ cos fv, where 6 is a real root of the system
of equations

—aoﬂf5 + (a0 — 501)754 + (6ao1 + blo)t3 + (bo1 — 6a10)t2 — (ap1 + b1o)t + a10 =0, t = tanb.
Then it follows that

aprv(du* — 6du’dv? + dv*) + (biou + borv)dudv(du® — dv?) = 0, where
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ap1 =(t* + V[aoy (t* — 6t + 1) + by t(t* — 1)1]
bIQ = — 16t(t2 — 1)((110 — a01t) —|— (t4 — 6t2 —|— 1)(b10 — b01t)
bor = — 16(t2 — 1)(taio + ao1) + (t* — 6t + 1)(byot + bo1)

Proof. The result follows from straightforward calculations. Observe that when ag; = 0 a
rotation of angle /2 is sufficient to obtain the result stated. ]

Proposition 6. Let p be an axiumbilic point. Then there exists a Monge chart and a homothety
in R* such that the differential equation of axial lines is given by

(20) y(dy* — 6dz?dy® + dz*) + (az + by)dxdy(da? — dy?) + H(x,y, dz,dy) =0

where H contains terms of order greater than or equal to 2 in (z,y). Moreover, the axiumbilic
point p is transversal if and only if a #£ 0.

Proof. Consider a parametrization X (z,y) = (z,y, R(x,y), S(x,y)) given by equations (9) and
(10) such that 0 is an axiumbilic point. By equation (18) it follows that:

1 1
ap(z,y) 25(7"041 + sas)T + 5(1"043 + say)y + O(2),

a1 (z,y) =2(saq — ras)r + 2(saz — rag)y + O(2).

By an appropriate choice of the rotation in the plane {z, y} given by Lemma 5 and a homothety
in R4, it is possible to make 2a;g = ra; + sas = 0 and, when (ayay — asas)(r? + s2) # 0, also

a1 = %(7‘&3 + say) = 1. So the result is established, a = %

b= Asaa—ras) Ifr#Oitfollowsthata:—m and a = 24 when s #0 and r =0. [

rasz-+sag r(rag+say) ay

when raq 4+ sas = 0 and

Remark 7. Let p = %. Then the differential equation (20) is given by:

(21) y(p* — 6p*> + 1) + (ax + by)p(1 — p*) + H(z, y,p) =0,

where H contains terms of order greater than or or equal to 2 in (z,y).

3. AXIAL CONFIGURATION IN THE NEIGHBORHOOD OF AXIUMBILIC POINTS

Let p be an axiumbilic point whose neighborhood is parametrized by a Monge chart and
assume the notation established at the beginning of Section 2.

When it is a transversal axiumbilic point, which is determined by transversal intersection of
the curves ag = 0 and a; = 0 (see equation (3)), it results from Proposition 6 and Remark 7
that the differential equation of axial lines is given by

(22) G(z,y,p) =y(p* — 6p*> + 1) + (ax + by)p(1 — p*) + H(z, y,p) =0,

where H(z,y,p) contains higher order terms greater or equal to 2 in (z,y).
The Lie-Cartan surface L, in PM is defined implicitly by

(23) G(z,y,p) =0.

In the case that p is a transversal axiumbilic point the surface defined above is regular and of
class C"~2 in the neighborhood of the projective axis p.
In the coordinates (z,y, p), the Lie-Cartan vector field X, is of class C" 3, (equation (8)):

0 0 0
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and the projections of the integral curves of X are the axial lines in a neighborhood of p
G=0
(Figure 3).

Restricted to the projective axis p, defined by z = 0, y = 0, the Lie-Cartan vector field is
given by

0

X =—pl(p* —6p* +1) + (1 —p*)(a+ )l

Therefore, the singular points of the Lie-Cartan vector field in the projective line are given
by the equation:

(25) P(p) = pR(p) = pl(p* — 6p* +1) + (1 = p*)(a + bp)] = 0.
The discriminant of R(p) = (p* — 6p® + 1) + (1 — p*)(a + bp) is

A(a,b) =16a° 4 4(b* 4 68)a* + 16(b* 4 144)a®
—8(b% — 80)(16 + b*)a® + 96(16 + b*)%a + 4(16 + b*)3.

Furthermore, R(+1) = —4, R(0) =1+ and lim,_, 4+ R(p) = +o0, thus R has at least two
simple real roots, one is less than —1 and the other is greater than 1.
The derivative of X at (0,0, p) is given by:

(26)

a(l—3p%)  4p® +b(1 —3p?) —12p 0
DX (0,0,p) = | a(l—3p*)p pldp® +b(1 — 3p?) — 12p) 0
0 0 —P'(p)

whose eigenvalues are 0 and
Ai(p) = a(l - 3p?) + p[dp® + b(1 — 3p®) — 12p],
A2(p) = —P'(p).
Recall that P(p) = pR(p), and so P'(p) = R(p) + pR'(p). Therefore at the roots of R, it
follows that —P’(p) = —pR/(p). Also, as £1 are not roots of R, it follows that

) =
) =

(=p* +6p* — 1) + bp(1 - p?)
1—p? '
Substituting the equation above into the expression of A1 (p), p being a root of R(p) (a singular
point of X), it follows that

2 1 3
)\1<p) - ((1;2-";1)) 9
A2(p) = —pR/(p).
Therefore, the eigenvalues of DX, at the singular points (0,0,p9) = (0,0,0) and (0,0, p;),
p; # 0, on the tangent space to G = 0, are as follows:

_0n- A1 =a,
27) m—o'{&——m+m
(28) M=
28 pi #0: p;—1) 7’
Ay = —pi R (p;).

The eigenspace associated to the eigenvalue \; is transversal to the axis p and the eigenvalue
Ao has the projective axis as the associated eigenspace.
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In [11] the axial configuration near an axiumbilic point was established in the following situ-
ation:

Ala,b) <0,
Aa,b) >0, a<0, a# -1,
A(a,b) >0, a>0.

When A(a,b) < 0, R has two simple real roots, and the Lie-Cartan vector field has three
hyperbolic saddles in the projective axis. This axiumbilic point is called of type E3.

When A(a,b) > 0,a < 0, a # —1, R has four simple real roots, and the Lie-Cartan vector field
has 5 singular points in the projective line. Four are hyperbolic saddles and one is a hyperbolic
node. This axiumbilic point is called of type Fjy.

When A(a,b) > 0, a > 0, the Lie-Cartan vector field has 5 hyperbolic saddles in the projective
line. This axiumbilic point is called of type FEs.

In Figure 4 the Lie-Cartan surfaces and the integral curves of the Lie-Cartan vector field
are sketched in the three cases F3, E4 and E5. The projections of the integral curves by
7w : PM — M are the axial lines near the axiumbilic points (see Figure 5) E3, E; and Fs.

FIGURE 4. Lie-Cartan vector field and its integral curves in the cases E3, Fy
and FEs.

FIGURE 5. Axial configurations near axiumbilic points E3 (left), Es (center)
and Ej5 (right).
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For an immersion a of a surface M into R*, the axiumbilic singularities I/, and the lines
of axial curvature are assembled into two axial configurations: the principal axial configuration
Po = {Un, Xs} and the mean azial configuration Qo = {Uy, Val}-

An immersion o € Z" is said to be principal azial stable if it has a C" neighborhood V(«)
such that, for any 8 € V(«) there exists a homeomorphism h : M — M mapping U, onto Ua
and mapping the integral net of X, onto that of X3. Analogous definition is given for mean azial
stability.

In Proposition 8 are described the axiumbilic points which are principal axial stable. In Figure
6 are sketched the curves A(a,b) =0, a = —1 and a = 0 in the plane a, b, which bound the open
regions corresponding to the three types of axiumbilic points of principal axial stable type.

Proposition 8 ([11], [12] p. 209). Let p be an axiumbilic point of & € Z", r > 5. Then, « is
locally principal axial stable and locally mean axial stable at p if and only if p is of type E3, F4
or E5. The curve A(a,b) = 0 has three connected components, is contained in the region a < —1

and it is regular outside the points (—27, i%) which are of cuspidal type.
b
E4
& B4 s
E;
1
E, °o e
E, E, Es

FIGURE 6. Diagram of stable axiumbilic points, E3, F4 and Ej.

Proof. The function A(a,b) defined by equation (26) is symmetric in b. The polynomials A(a, b)

and % in the variable b have resultant equal to a positive multiple of

(1 + a)(a® + 8a + 32)%a*®(2a + 27)°.

The critical points py = (-2, i#) of A are contained in A(a,b) = 0.
Near the point p; it follows that:

2 o2 e ) 55

Further analysis shows p. are Whitney cuspidal points.

Also the curve A(a,b) = 0 is contained in the region ¢ < —1 and near (—1,0) it is given by
a=—5b%+0(3). In fact, for a > —1 all the roots of A(a,b) are complex.

By the classification of axiumbilic points E3, E, and Ej5 by the sign of A(a,b) and of a, the
diagram of stable axiumbilic points, see [11], [12] p. 209, is as shown in Fig. 6. O

A(a,b) = — 54675

+h.o.t.
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3.1. The axiumbilic point EJ,.

Definition 9. Let oo : M — R* be an immersion of class C",r > 5, of a smooth and oriented
surface. An axiumbilic point p is said to be of type Fi, if a defined in Proposition 6 does not
vanish and:

i) Aa,b) =0, (a,b) # (—1,0) and (a,b) # (=%, £3V/5), or

it) b£0ifa=—1.

Proposition 10. Let o : M — R* be an immersion of class C", r > 5 of a smooth and
oriented surface having an axiumbilic point p of type F3,. Then the axial configuration, defined
in subsection 1.1, of « in a neighborhood of p is as shown in Figure 7.

FIGURE 7. Axial configurations in a neighborhood of an axiumbilic point of type E},.

Proof. Since the condition of transversality (a # 0) is preserved at an axiumbilic point of type
E}, the implicit surface defined by equation (23) is regular in a neighborhood of the projective
line. From the hypotheses A(a,b) = 0, (a,b) # (—1,0) and (a,b) # (=2, +3/5) or b # 0, if
a = —1, the polynomial P(p) = p[(p* — 6p? + 1) + (1 — p?)(a + bp)] = pR(p), which defines the
singularities of the Lie-Cartan vector field, has one double root and three real simple roots.
With no loss of generality, we can consider the case a = —1 and b # 0, where p = 0 is a double
root of the polynomial P(p). In this case, we have P(p) = p?(p® — bp? — 5p + b).

The eigenvalues of DX at (0,0, p) are given by:

A =4p* —3bp® —9p2 +bp—1 and Ny = p(—5p° + 4bp? + 15p — 2b).
Therefore, at the singular points (0,0, p), p # 0, of X it follows that:

(p22+ D’ nd oy = P07 45)
p*—1 p*—1

Then, AA2 < 0 when p # 0 and these three singular points of X are hyperbolic saddles. At
p = 0, double root of P, it follows that Ay = —1, Ay = 0. Recall that the eigenspace associated
to A; is transversal to the axis p and that one associated to Aq is the projective axis itself.
Since G,(0,0,0) = 1, it follows from the implicit function theorem that y(z,p) = zp + O(3) is
defined in a neighborhood of (0,0, 0) such that G(x, y(x, p),p) = 0. In this case, the Lie-Cartan
vector field in the chart (z,p) is given by:

A=

(29) { & =—z+bxp+ O(3)

p=—bp?+ O(3)

with b # 0. Therefore, (0,0,0) is a quadratic saddle-node with the center manifold tangent to
the projective line. The phase portrait is sketched in Figure 8, and the projections of the integral
curves are the axial lines shown in Figure 7.
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FIGURE 8. Integral curves of X|g—o in the neighborhood of the projective line
in the case of an axiumbilic point of type Ei,

When (a,b) # (-1,0), (a,b) # (=2, £2v/5) and A(a,b) = 0 the polynomial

P(p) = p[(p* = 6p* + 1) + (1 — p*)(a + bp)]
has a double root py # 0 and three real simple roots. This case is reduced to the case when
p = 0 is a double root, making an appropriate rotation of coordinates in the plane {x,y} so that,
in the new coordinates, the double root pg is located at p = 0. (I

Proposition 11. Let a € Z", r > 5, be an immersion such that p is axiumbilic point of type
E3,. Then, there is a neighborhood V of p, a neighborhood V of a and a function F :V — R
of class C"~3 such that for each u € V there is an unique axiumbilic point p, € V such that:

i) dFq #0,

it) F(p) < 0if and only if p, is of type Es,
i) F(w) > 0 if and only if p,, of type Ey,

iv) F(p) =0 if, and only if, p,, is of type Ei,.

Proof. Since p is a transversal axiumbilic point of «, the existence of the neighborhoods V and
V follows from the Implicit Function Theorem. For p € V with an axiumbilic point p, € V,
after a rigid motion I';, in R%, locally the immersion 4 € V can be parametrized in terms of a
Monge chart (z,y, R, (z,y), S,(x,y)), with the origin being the axiumbilic point p, and

Ry(w,y) ng( Mo 4 (e + mg( My rgoﬁ(u) e
+T132(/~L) 2y + T036(/”L) v + h.o.t.,

Su(a“"? y) 28202(H) 2 + s11(p)ey + 502200 3/2 + SOBG(M) 7+ 521200 ny
+312(/~L) oy’ + s03(1) y3 + h.o.t.

2 6
For p, performing rotations and homoteties as described in Section 2, the coefficients a,, and

b, can be expressed in function of the coefficients of the surface presented in a Monge chart, as
was done in Proposition 6, considering the coefficients in function of the parameter p € V.
Define F(p) = A(a(p), b(p)) whose zeros define locally the manifold of immersions with an
E}, axiumbilic point. Here, A(a, b), given by equation (26), is the discriminant of the polynomial
R(p) = (p* = 6p” + 1) + (1 — p*)(a + bp).
Notice that due to the particular representation of the 3-jets taken here, the condition
a(p) = —1 in Definition 9, the jet extension of the immersion is not transversal, but tangent, to
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the manifold of jets with E3, axiumbilic points. It is always possible, by an appropriate rotation
in the plane {z,y} to suppose that a(a) ¢ {—2%', —1}. See Section 2.

Assertions (i7), (474) and (iv) follow from the definition of F and the previous analysis on the
sign of the discriminant A(a,,b,).

Moreover, the derivative of F(u) in the direction of the coordinate a does not vanish, leading
to conclude that dF, # 0.

In fact, assuming s11 () = 2r # 0, it follows that ag(u) =y + 0(2),

A(r()? + s(u)Pos()  Als(mas () — r(p)as(w)
70 (r(aa) +smea () et +s(aatn) * TP

ar(p)(z,y) = —

= a(u)z + b(p)y + 0(2),

Q1 = 812 — 830 + 2721, Qip = T30 — r12 + 2821, @3 = 503 — S21 + 2112, and ay = r21 — 103 + 2512.

Consider the deformation
1 1
1= (z,y, Ra(z,y), Salz,y)) + (0,07t(6w3 - QIyQ),tx2y> ~

B 4('r2+52)(a2 +t)
r(ras+sag)

d OA da OA 4(r? + s?)
Z (A = = _ = (2 e )
dt (Alalu), biw)) o Oa dt  Oa ( r(ros + sa4)> 70

In the case where s11(a) = 0 it follows that r11 () = f%s #0, ayay # 0 and as(p) = 0. Now
consider the deformation

1 1
n= (xvya Ra(xvy)a Sa(xay)) + <Oa O,tlzyat(ff‘rs + .’ﬂy2)) .

’J:‘hen7 as ag =139 — 12 + 2521, it follows that a(u) = and

6 2

Then, a(p) = 222 ang

(e %8

O0A da OA 4
t_o—aa'dt—aa(%)#o‘

i
A &

FIGURE 9. Axial configuration near axiumbilic points. Es (left), E3, (center)
and Ey (right).
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Ficure 10. Bifurcation diagram of the axial configuration near an axiumbilic
point E}, and the structure of separatrices.

3.2. The axiumbilic point Ei,s- Consider the Monge chart described by equations (9) and

(10). Suppose that the origin is an axiumbilic point, which is expressed by

720 T r T 03 -
R(z,y) =—2002 4 ppyay + “2q2 4 D308 T2, 1122 ) 03,8
(30) 7"2 . 27’ 6 . 2 . 2 6
40 4 31 3 22 9 92 13 3 04 4
ey — — — — h.o.t.
+24 +6xy+4:ry+69:y+24y+0,
52 S Sn-
S(z,y) =2 +511$y+i2 2y dO(ES—i— y—}-i 2+Ey3
(31) 2 2 6 2 2 6
540 et 831 3 522 9 9o 513 3 S04 4
ey — — — h.o.t.,
+24 +6xy+4 y+6xy+24 + h.o.
where, 7og = 720 + 7, 711 = —35, S02 = S20 + 5, $11 = 57

139

Let op = 512 — 830 + 2721, g = 730 — T12 + 2821, 3 = Sg3 — S21 + 2712, Qg = T2 — To3 + 2812,
B1 = S22 — 840 + 2131, P2 = Ta0 — T2z + 2831, B3 = 813 — S31 + 2792, B4 = 7r31 — T13 + 2502,

Bs = So4 — S22 + 2113, and B = 722 — To4 + 2513.

The functions ap and a1 (see Proposition 1) are given by

1 1
(32) ao(x, y) = aipx + apry + 5&203)2 +anzy + §a02y2 + h.o.t. and
1 2 1 2
a1{x,Y) = b10& 01Y T 50207 112Y + 5002y -0.1.,

(33) (z,y) =0 +b +2b +b +2b + h.o.t
where

1 1

a1p = 5(7’041 + sam), apl = i(rozg + say),

a0 = —QaT91 —|— 1521 —+ |:il —+ T(’I"QO —|- 820):| +

vl

[52 — 20 (rg + 320)] s+ (13 — 550)s7 — $(r? + s?)(s20r — r208) + r20820(s* — 12),

2 2 2 2
11 = —T1209 + S12001 — 2104 + S (3 — %3 + 7“20(7“20 =+ 820) r—+ % — 820(7“20 + 820) S

—2s90r207s — 5 (3530 + 130)s? — £(3r3 + s30)r% — 2(r? + 5%)% = 2(r? + 5%)(ra0r + $208),
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agy = —Ti204 + S1203 + {625 — %8 (r3 + 5%0)} T+ {526 + 782 (rdy + 53 ]S+

)
(=230 + 2r3y)sr + 2s20r20(s* — 2r%) + =3 (r? + s2)(rs20 — s720),

b10 = 2(8&1 — ’1“042), b01 = 2(80(3 — 7“0[4)7
bao = ai + a3 — 4(sz1q2 + raoa) + { — B2+ 2ra0(r3y + 3%0)] T+

[51 + 2890(13y + s%o)} s — %(7«2 + 52) (5208 + roo7) + 4(r208 — S207)2,

bi1 = 2(aza1 + apas) — 4(arri2 + es12 + asrar + aasar)+

2| — By + 2s20(r2 + 550)] r+2 {53 — 2ra0(13y + s%o)} s+ 4(s39 — r3y)rs + 4ragsan (r? — s?),

boz = a3 + aF + 4(riy + s35) + 4s12(r21 — 1o3) + 4r12(S03 — 521)+

[—Bs — 2r20(r3y + 530)]r + [B5 — 2s20(r30 + 530)]s + 2(r3y — 3s30)s + 2(s39 — r3)r>.

Definition 12. An axiumbilic point is said to be of type Ei,s) if the variety L, has exactly 4
singular points which are of Morse type located along the projective line over the point.

Proposition 13. Consider a Monge chart and a homothety such that the differential equation
of axial lines is written as

ao(, y)(da* — 6da’dy® + dy*) + a1 (2, y)dwdy(da® — dy*) +0(3) = 0,
where

1 1
ao(z,y) =y + 56120562 + anzy + anzyQ + h.o.t.,
1 1
ai(z,y) =bory + 5520362 + by + §b02y2 + h.o.t.

Then the following conditions are equivalent:

i) the curves ap = 0 and a7 = 0 are regular and have quadratic contact at 0,
i) the axiumbilic point 0 is of type Ejj,
1i1) the Lie-Cartan vector field defined in L, has a quadratic saddle-node in the projective axis
with the center manifold transversal to the projective line.

Proof. The differential equation of axial lines can be written as
ao(z, y)(dz* — 6da*dy® + dy*) + a1 (z, y)dady(dz® — dy*) +0(3) = 0,
where

1 2 1 2
ap(z,y) =a10x + aory + 5&201’ +anzy + §a02y + h.o.t.

1 1
ai(z,y) =biox + bory + 51?20$2 +buizy + gbozy2 + h.o.t.

where the coefficients of ag and ay are given by equations (32) and (33). Here O(3) means terms
of order greater than or equal to 3 in the variables = and y.

In what follows it will be considered a Monge chart such that a;g = 0. This is possible as
shown in Lemma 5 and Proposition 6. Since the contact between ay = 0 and a; = 0 is supposed
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to be quadratic it results that b9 = 0 and agy - bp1 # 0. Also by a homothety it is possible to
obtain apgy = 1.
So, it results that:

(34) ao(r,y) = y+ 2602001j +anxy + 2

(35) ai(z,y) = boy+ §b20$2 +biizy + 550292 + h.o.t.

aogy + h.o.t.

Therefore, the condition of quadratic contact between the two regular curves is expressed by

X = bao — azobo1 # 0.
Notice that this amounts to establish the implication i) — 41).

Claim 14. In the neighborhood of (0,0,0), the Lie-Cartan vector field restricted to the surface
G =0, can be expressed in the chart (z,p) by

S 3 2 _ —b 2

P = —p+ 5a110202° — (a11 + Xx)p — bo1p” + 0(3)
and (0,0,0) is a saddle-node when y # 0.

(36)

Since G,(0,0,0) = 1 # 0, it follows from implicit function theorem that locally y = y(z, p)

and G(z,y(z,p),p) = 0.
The Taylor expansion of y(z,p) in the neighborhood of (z,p) = (0,0) is given by:

1
(37) y(x,p) = —56120302 + O(3).
The Lie-Cartan vector field restricted to the surface G = 0 is given by

& = Gy(x,y(z,p),p) = 3xa* + O(3)
)= —(Ge +pGy)(w,y(x,p),p) = —p + Fanazox® — (x +a11)p — bo1p” + 0(3)

The eigenvalues of the vector field (36) at 0 are \; = 0 and Ay = —1 with respective associated
eigenspaces {1 = (1, —agg) and ¢ = (0,1). By Invariant Manifold Theory the center manifold is
tangent to ¢; and is given by W€ = {(z, —azoz + 3azo(x + a11)z* + O(3))}.

The restriction of the vector field (36) to the center manifold is given by [1ya? + 0(3)]%.

This establishes that i) — i44).

Claim 15. The function G has exactly 4 critical points in the projective line, and they are of
Morse-type of index 1 or 2 if and only if x # 0.

The critical points of G along the projective line are determined by

(38) S(p) = G.(0,0,p) = (p* = 6p* +1) + boup(1 — p*) = 0,
which has for 4 simple real roots located in the intervals (—oo, —1), (-1, ) (0,1) and (1 oo).
This follows from S(+1) = —4, S(0) =1 and from the dlscrlmlnant A(S) = 4(16 + b3,)% >

Along the projective line, the determinant of the Hessian of G is given by
(39)  HessG(0,0,p) = —(azo(1 = 6p° + p*) + baop(1 — p*)) (bor — 12p — 3borp? + 4p*)°.

The resultant of S(p) and HessG(0,0,p) is given by 256x*(16 + b3,)® and therefore
Hess G(0,0,p) # 0 at the critical points of G. This implies that the critical points are of Morse
type. As G(0,0,p) = 0 it follows that the index of a critical point is 1 or 2 and so locally the
level set G = 0 is a cone.

The eigenvalues of the derivative of the Lie-Cartan vector field at a point (0,0, p) are given
by:

A = —p(—4p® + 3bp1p? + 12p — bo1), Aa = —1 + 18p? — 5p* — 2bg1p + 4bo1p°.
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At the critical points p; (satisfying S(p;) = 0) it follows that A\; = =Xy = Iﬂgﬁiﬁ’pm, then
NN, <0, for i = 1..4.

Therefore, these 4 points are saddles of the Lie-Cartan vector field. As the projective line is
invariant it is follows that the other invariant manifold (stable or stable) of a singular point is
transversal to the projective line.

This amounts to prove that i) — 7). O

Proposition 16. Let « € Z", r > 5 and p be an axiumbilic point. Suppose, in the Monge chart
expressed by equations (30) and (31), that oy = a3 = 0 and x # 0. Then p is an axiumbilic
point of type Ej75 and the axial configurations of « in a neighborhood of p is as shown in Figure
11.

FIGURE 11. Axial configurations in a neighborhood of an axiumbilic point of
type Ej ;.

Parallel

Saddle Node

FIGURE 12. Lie-Cartan vector field near an axiumbilic point E}; and the axial
configuration (principal and mean).
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Proof. Condition oy = a3 = 0 implies the non-transversal contact of the curves ag = 0 and
a1 = 0 at the axiumbilic point p expressed in the Monge chart by (0,0). By Lemma 5 and
Proposition 6, it is possible to express these curves as in equation (34). Assuming x # 0, we
have the quadratic contact of the curves at the axiumbilic point.

Proposition 13 implies that over the axiumbilic point we have five equilibria of the Lie-Cartan
vector field. One of them is a regular point of the Lie-Cartan surface, and this is an equilibrium
of saddle-node type with center manifold transversal to the axis p (see Claim 14).

The remaining equilibria are critical points of Morse type of the Lie-Cartan surface. In the
neighborhood of these points, the level set G = 0 are locally cones, and the 4 points are saddles
of the Lie-Cartan vector field (see Claim 15).

Therefore, we conclude that the configuration is as described in Figure 12, whose projection of
the saddle-node and parallel sectors describe the principal axial and mean axial configurations
close to the axiumbilic point p of type Ej; (Figure 11). O

Proposition 17. Let a € Z", r > 5, be an immersion having an axiumbilic point p of type Ei’g,.
Then, there exist a neighborhood V of p, a neighborhood V of @ and a function F : ¥V — R of
class C"~3 such that:

i) dFy #0,

1) F(u) =0 if, and only if, u € V has just one axiumbilic point in V', which is of type Ei75,
191) F(p) < 0 if, and only if, u has exactly two axiumbilic points in V', one of type E4 and the

other of type Es,
iv) F(u) > 0 if, and only if, u has no axiumbilic points in V.

Proof. By Proposition 13, a being an immersion having an axiumbilic point p of type E}, the

curves aj = 0 and af = 0 have quadratic contact at p.

Since 8;5 (0,0) = ag1 # 0, if follows from Implicit Function Theorem that locally, for u in a

neighborhood V of a, y = y,(z) and af(z,y,(z)) = 0.
2 o I
Moreover, %(0,0) = by # 0, and so = x,, is a local solution of %(wu, yu(z,)) =0.
Define F(u) = af (24, yu(z,)). Consider the variation
ht(xv y) = (IE, Y, R(l’, y) + tl’y7 S(l’, y) + tl’y)

dF (1)

It follows that o

# 0, and so dF, # 0. Therefore, the result follows from the Implicit
t=0
Function Theorem.

The axiumbilic point of type Ejs is therefore the transition between zero and two axiumbilic
points, one of type F4 and the other of type Es.

In Figures 13 and 15 are illustrated this transition, with the axial configurations sketched
in two different styles. See also Figure 15 for an illustration of transition in the Lie - Cartan
surface. O

Proposition 18. In the space of smooth mappings of M x R — R* which are immersions
relative to the first variable, those which have all their axiumbilic points either generic (of types
E3, E; and Ej3) or of types E3, and E};, crossed transversally, is open and dense. Furthermore,
for such families the axiumbilic points describe a regular curve in M x R whose projection into
R has only non-degenerate critical points at E}; and the regular points of the projection is a
collection of arcs bounded by E3, points, which a the common boundary points of the arcs
consisting of points of types F3 and Ej.

Proposition 18 follows from the analysis in Propositions 11 and 17 and an application of
Thom Transversality Theorem to the submanifold of four jets of immersions at axiumbilic points,
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e e
ok s

FIGURE 13. Axiumbilic point E};. The axiumbilic points E4 and Es collapse
in an axiumbilic point Ejs, and after they are eliminated and there are no
axiumbilic points.

FIGURE 14. Bifurcation diagram of the axial configuration near an axiumbilic
point of type E}; and the structure of separatrices

¢ L

F1cURE 15. The Lie-Cartan surface. In the left, with two axiumbilic point, in
the center with four singular points, and in the right the four regular levels.

stratified by the generic axiumbilic points of types E3, E; and Es, by those of types Ei, and
Ej}s, and by their complement which has codimension larger than 3. See Section 4.
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4. TRANSVERSALITY AND STRATIFICATION

Consider the space J*(M,R*) of k-jets of immersions a of a compact oriented surface M
into R*, endowed with the structure of Principal Fiber Bundle. The base is M; the fiber is the
space R* x J¥(2,4), where J%(2,4) is the space of k-jets of immersions of R? to R*, preserving
the respective origins. The structure group, Aﬁ, is the product of the group £ﬁ(2, 2) of k-jets
of origin and orientation preserving diffeomorphisms of R2, acting on the right by coordinate
changes, and by the group of positive isometries of R*, acting on the left. This group is generated
by the groups of translations and that of positive rotations, Oy (4), of R*.

Denote by Iy ;, k < I the projection of J!(2,4) to J*(2,4). It is well known that the group
action commutes with projections.

Definition 19. We define below the canonic aziumbilic stratification of J4(2,4). The term
canonic means that the strata are invariant under the action of the group A% = O, (4) x £% (2,2).

1) Aziumbilic Jets: U*, those in the orbit of j4(xz,y, R(z,y), S(z,y)), where R and S are as
in equations (9) and (10) satisfying the axiumbilic conditions defined in terms of j2R(0)
and j25(0). It is a closed variety of codimension 2.

2) Non-aziumbilic Jets: (NU)* is the complement of U*. Tt is an open submanifold of
codimension 0.

3) Non-stable azumbilic Jets: (N'E)?*, in the orbit of the axiumbilic jets for which:

o T = (ajaq—azaz)(r?+s?)=0or
e T =0 and conditions that characterize F5 or E4 axiumbilic points in Proposition 8
fail.

&5 is a closed variety of codimension 3, which can be expressed as the union of the following
invariant strata:

3.1) Non-Transversal jets: £} for which T'= 0 and x # 0. It has codimension 3.
3.2) Transversal-double jets: (€1,)*, The Lie-Cartan field has a quadratic saddle-node in the
projective line which is characterized by Proposition 11. It has codimension 3.

4) The stable azumbilic jets: UE, the complement in U* of NEL.

Proposition 20. In the space of 1-parameter families of immersions, those whose 4-jet extension
are transversal to the canonical axiumbilic stratification is open and dense.

Proof. Follows from Thom Transversality Theorem [6]. d

5. CONCLUDING COMMENTS

In this work was established the principal axial and the mean axial configurations in a neigh-
borhood of the axiumbilc points of types E3, and Ej;. The approach concerning methods and
class of differentiability requirements is distinct from that presented in the work of Gutiérrez-
Guinez-Castafieda in [3]. The use of the Lie-Cartan suspension method made possible the study
of these points by means the classic theory of differential equations, in clear analogy with the
saddle-node bifurcation of vector fields in the plane, following [1], [10] and [5].

The type E3, satisfies the transversality condition of the curves ag and a;, Proposition 6,
which amounts to the fact the Lie-Cartan surface remains regular in a neighborhood of the
projective axis over the axiumbilic point. In this case there is a saddle-node equilibrium point
of the Lie-Cartan vector field whose central separatrix is along the projective axis itself. The
axial configurations are established in Proposition 10 and the qualitative change (bifurcation)
between the types E3 and E4, with the variation of a parameter in the space of immersions, is
explained in Proposition 7. See Figure 10.
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In the case Ej; the transversality condition fails, since curves ag and a1, Proposition 13, have
quadratic contact at the axiumbilic point. Here the Lie-Cartan surface is not regular along the
projective axis. It is established in Proposition 13 that there are four conic critical points of
Morse type on the p—axis. At these points there are partially hyperbolic equilibria of the Lie-
Cartan vector field. There is also a saddle-node equilibrium in the regular part of the surface
whose central separatrix is transversal to the projective axis. The integral curves of the Lie
- Cartan vector field on the regular components of the Lie - Cartan surface (which are four
bi-punctured disks) are illustrated in Figure 12. Their projections on the plane give the axial
configurations in a neighborhood of the axiumbilic point.

In Proposition 18 is established the one parameter variation (bifurcation) in the space of im-
mersions. This leads to the fact that for small perturbations of an immersion with an axiumbilic
point of this type it holds that two axiumbilic points, one of type E; and the other of type
Ej5, bifurcate form Ejy or disappear leaving a neighborhood free from axiumbilic points, in full
analogy with the saddle-node bifurcation [1] and [10]. See Figure 14.

In Proposition 20 the genericity of the points E3i, and E}; is established in terms of stratifi-
cation and transversality.
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