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SINGULARITIES OF AFFINE EQUIDISTANTS:
PROJECTIONS AND CONTACTS

W. DOMITRZ, P. DE M. RIOS, AND M. A. S. RUAS

ABSTRACT. Using standard methods for studying singularities of projections and of contacts,
we classify the stable singularities of affine A-equidistants of n-dimensional closed submanifolds
of RY, for ¢ < 2n, whenever (2n, q) is a pair of nice dimensions [12].

1. INTRODUCTION

When M is a smooth closed curve on the affine plane R2, the set of all midpoints of chords
connecting pairs of points on M with parallel tangent vectors is called the Wigner caustic of M,
or the area evolute of M, or still, the affine 1/2-equidistant of M, denoted E, j5(M).

The 1/2-equidistant is generalized to any A-equidistant, denoted Ex(M), A € R, by consid-
ering all chords connecting pairs of points of M with parallel tangent vectors and the set of
all points of these chords which stand in the A-proportion to their corresponding pair of points
on M. In this case, when M is a curve on R?, the local classification of stable singularities of
Ey(M) is well known [2, 5].

The definition of the affine A-equidistant of M is generalized to the cases when M is an n-
dimensional closed submanifold of R?, with ¢ < 2n, by considering the set of all A-points of
chords connecting pairs of points on M whose direct sum of tangent spaces do not coincide with
RY, the so-called weakly parallel pairs on M.

In addition to curves in R?, the possible stable singularities of E(M) have been previously
studied in the general setting when M is a hypersurface [5, 6], or when M is a surface in R* [7].
The cases of curves in R? and surfaces in R* have also been studied in the particular setting of
Lagrangian submanifolds of affine symplectic spaces [3].

In this paper, we classify the possible stable singularities of (M) in a quite more general
circumstance, namely, when the double dimension of M, 2n, and the dimension of the ambient
affine space, ¢, form a pair of nice dimensions [12], see Theorem 5.3 below.

In order to obtain such a classification, we start in Section 2 by defining an affine A-equidistant
of M™ C R? as the set of critical values of the A-point map (projection)

7y i RIX RT 5 R (27, 27) = At + (1 — N~
restricted to M x M, thus locally a map
xR 5 RY
see Definition 2.8, Remark 2.9 and equation (5.2), below. Then, we also present the characteri-

zation of affine equidistants by a contact map, extending previous construction for the Wigner
caustic ([14, 7]).
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In Section 3 we review the standard K-equivalence and the classification of K-simple singu-
larities [10, 12], Theorem 3.9 below. Then, in Section 4 we combine the study of singularities of
projections and of contacts, in view of Theorem 4.6 below ([12, 11]), with emphasis on contact
reduction to rank 0 map-germs, Proposition 4.14.

Our main result is obtained in Section 5. First, in Theorem 5.2 we apply the Multijet Transver-
sality Theorem [8] to a K-invariant stratification of the jet space. When (2n, q) is a pair of nice
dimensions, the relevant strata of this stratification are the C-simple orbits in jet space. Then,
we use the results of Section 4 in the context of affine equidistants: Proposition 5.4 and Corollary
5.5, as well as equations (5.8)-(5.12). The following table summarizes our main result, Theorem
5.6, which is presented more extensively as subsection 5.1. The normal forms for the A-stable
singularities of the map 7 follow the notation of [10] (see Theorem 3.9 below) for the K-simple
rank-0 contact map-germ

Oy : (R¥,0) — (RF=Cr=a) ) |

where k is the degree of parallelism of the pair of points on M joined by the chord (cf. Definition
2.1 and Tables I, II, IIT in Theorem 3.9).

(n,q) | Stable Ex(M), M™ C R? Restrictions

(172) Ay p<2

(274) Auvczig nw<4

(3a4) AuvD4i n<4

(375) AuvDéli,D5i7S5 MSS

(3,6 A.,Chr, Co p<6,2<p<7,p+7<6
(475) ‘4H7D4i7D5:t ,LL§5

(4,7) | Ay, DE Bo,Br, 85,17, Tr | p<T,A<v<T7,5<B<T
(4,8) | A, Cr, Cs,Cs, I, Fs [ n<82<p<7,p+7<8
(5, 6) A,,DE Eg u<6,4<v<6

We note that the case M* C RS is absent from the table of results. This is due to the fact that
(2n = 8,q = 6) is not a pair of nice dimensions (see Theorem 5.3 below). Similarly, (2n,q > 6)
is not a pair of nice dimensions, for all n > 5. Classification of stable singularities of Ey (M), in
these cases, lies outside the scope of this paper.

As mentioned before, the cases in the table of results when

(n,q) €{(1,2),(2,3),(3,4),(4,5), (5,6)}

correspond to hypersurfaces and have been previously studied in [5, 6], and the case (n,q) = (2,4)
was partially studied in [7]. On the other hand, the results for the cases when

(n, Q) € {(3a 5), (3, 6)5 (47 7)’ (4a 8)}

are entirely new.

We emphasize that, in all of the above, we are excluding the cases of vanishing chords, that
is, when the A-point of the chord connecting two points on M touches M because the pair of
points on M lies in the diagonal of M x M. Such “diagonal singularities” or singularities on
shell for E\(M) possess additional symmetries when A = 1/2 and these have been studied for
the cases of curves on the plane and surfaces in R?, both in the general setting [7] and in the
more particular setting of Lagrangian submanifolds of affine symplectic space [4]. In this paper,
we don’t study such singularities on shell for Ey(M).
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2. AFFINE EQUIDISTANTS

2.1. Definition of affine equidistants. Let M be a smooth closed n-dimensional submanifold
of the affine space R?, with ¢ < 2n. Let a,b be points of M and denote by

Ta—b RISz z+ (a—b) e R?
the translation by the vector (a — b).
Definition 2.1. A pair of points a,b € M (a # b) is called a weakly parallel pair if
ToM + 7 (T M) # R

codim(T,M + 74—p(TyM)) in T,R? is called the codimension of a weakly parallel pair a,b.
We denote it by codim(a, b).
A weakly parallel pair a,b € M is called k-parallel if

(2.1) dim(T, M N 1y_o(TyM)) = k.

If kK = n the pair a,b € M is called strongly parallel, or just parallel. We also refer to k as the
degree of parallelism of the pair (a,b) and denote it by deg(a,b). The degree of parallelism
and the codimension of parallelism are related in the following way:

(2.2) 2n — deg(a, b) = ¢ — codim(a, b).
Definition 2.2. A chord passing through a pair a, b, is the line
l(a,b) = {x e Rz =Xa+ (1 — \)b, A € R}

Definition 2.3. For a given A, an affine A-equidistant of M, E)(M), is the set of all z € R?
such that x = Aa+ (1 —\)b, for all weakly parallel pairs a,b € M. Ex(M) is also called a (affine)
momentary equidistant of M. Whenever M is understood, we write Ey for E(M).

Note that, for any A, Ex(M) = E1_x(M) and in particular Eq(M) = E1(M) = M. Thus,
the case A = 1/2 is special:

Definition 2.4. E; /(M) is called the Wigner caustic of M [2, 14].

2.2. Characterization of affine equidistants by projection. Consider the product affine
space: R? x R? with coordinates (x4, z_) and the tangent bundle to R%: TR? = R? x R? with
coordinate system (x,#) and standard projection 7 : TR? 3 (z,&) — = € R%

Definition 2.5. For A € R, a A-chord transformation
[y:RIxR?— TR, (2F,27) — (z,%)

is a linear diffeomorphism defined by the A-point equation:

(2.3) =T+ (1- Nz,

for the A\-point x, and a chord equation:

(2.4) t=at -7,

Remark 2.6. For our purposes, the choice (2.4) for a chord equation is not unique, but is the
simplest one. Among other possibilities, the choice # = Ax™ — (1 — X)x™ is particularly well
suited for the study of affine equidistants of Lagrangian submanifolds in symplectic space [3].
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Now, let M be a smooth closed n-dimensional submanifold of the affine space R? (2n > q)
and consider the product M x M C R? x R?. Let M, denote the image of M x M by a A-chord
transformation,

My =T\(M x M),

which is a 2n-dimensional smooth submanifold of TRY.
Then we have the following general characterization:

Theorem 2.7 ([3]). The set of critical values of the standard projection m : TR? — R? restricted
to My is Ex(M).

Definition 2.8. For A € R, the A-point map is the projection
T RIXRI =R, (2h, o)==t +(1—- Nz~ .

Remark 2.9. Because m) = mwo ') we can rephrase Theorem 2.7: the set of critical values of
the projection my restricted to M x M is Ex(M).

2.3. Characterization of affine equidistants by contact. In the literature, if M C R? is
a smooth curve, the Wigner caustic E /(M ) has been described in various ways. A particular
description says that, if R, : R* — R? denotes reflection through a € R?, then a € E;/5(M)
when M and R, (M) are not transversal [2, 14]. This description has also been used in [14] for
the case of Lagrangian surfaces in symplectic R* and, more recently [7], for the case of general
surfaces in R*.

We now generalize this description for every A-equidistant of submanifolds of more arbitrary
dimensions.

Definition 2.10. For A € R\ {0,1}, a A-reflection through a € RY is the map
1 1—A

(2.5) Rﬁ:Rq%Rq,xHRg(aﬁ):Xa— By

Remark 2.11. A A-reflection through a is not a reflection in the strict sense because

RYoR) #id : RT — RY,

T

instead,
R oR) =id : RT — RY |
so that, if a = ay = Aa™ + (1 — A)a™ is the A-point of (a*,a™) € R?9,
Rék (a”)=at, R(ll;’\(a+) =a .
Of course, for A =1/2, Ré/z =R, is a reflection in the strict sense.
Now, let M be a smooth n-dimensional submanifold of R?, with 2n > ¢, and let
a=ayx=Xa"+(1-Na~

be the A-point of (a*,a7) € M x M C R? x R4. Also, let MT be a germ of submanifold M
around at and M~ be a germ of submanifold M around a~. We have:

Proposition 2.12. The following statements are equivalent:
(i) The A-point a belongs to Ex(M).

(is) M+ and R)(M™) are not transversal at a™.

(ii5) M~ and RL=*(M™) are not transversal at a™.
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Remark 2.13. Furthermore, from Remark 2.9 we see that the study of the singularities of
affine equidistants is the study of the singularities of 7). But this is the same as the study of
the singularities at a = 0 of

(xt,27) = ot + T =T —Ry(z7) .

In other words, the study of the singularities of Ex(M) > 0 can be proceeded via the study of the
contact between M+ and R)(M~) or, equivalently, the contact between M~ and Ry (M™).

3. K-EQUIVALENCE

We recall some basic definitions and results (for details, see [1]).
Henceforth, £ denotes the local ring of smooth function-germs on R*, and m, its maximal
ideal.

Definition 3.1. Map-germs f, f : (R®,y9) — (R%,0) are K-equivalent if there exists a diffeo-
morphism-germ ¢ : (R%,99) — (R®,y0) and a map-germ A : (R%,yo) — GL(R!) such that
f=A4A-(fo9).

Theorem 3.2 ([1]). For the K-equivalence of two map-germs it is necessary and sufficient that

two ideals generated by the components of these map-germs may be mapped one to the other by
an isomorphism of & induced by a diffeomorphism-germ of the source space (R®, yo).

Definition 3.3. A map-germ F : (R® x R?, (y9,20)) — R! is a deformation of a map-germ
f:(RS yg) =R F Rsx{z} = [, where p is the number of parameters of deformation F'.

Definition 3.4. A diffeomorphism-germ & : (R® x RP, (yg, 20)) — (R® x RP, (yo, 20)) is called
fiber-preserving if ®(y,z) = (Y (y, 2), Z(z)) for a smooth map-germ

Y : (Ré X Rp, (yo7 Zo)) — (Rs7y0)
and a diffeomorphism-germ Z : (R?, zg) — (RP?, zp). It means that ® preserves the fibers of the
projection pr: (R® x RP, (yg,20)) — (RP, zp).

Definition 3.5. Deformations F, F : (R® x R”, (yo,20)) — (R*,0) of respective map-germs
f f: (R%,y0) — (R?,0) are fiber K-equivalent if there is a fiber-preserving diffeomorphism-
germ @ : (R* x R?, (yo, 20)) = (R® X R?, (yo, 20)), i.e. ®(y,2) = (Y(y,2), Z(2)), and a map-germ
A (R® x R, (yo, 20)) = GL(R?) such that F = A - (Fo®).

Corollary 3.6. For the fiber K-equivalence of two deformations it is necessary and sufficient
that the two ideals of Es4p generated by the components of these deformations may be mapped
one to the other by an isomorphism of Es, induced by a fiber-preserving diffeomorphism-germ

of the source space (R® x RP, (yo, 20)).

Definition 3.7. The germ f : (R% 0) — (R, 0) is said to be K-simple if its k-jet, for any k, has
a neighborhood in the jet space J(’J“_VO(RS, RY) that intersects only a finite number of K-equivalence
classes (bounded by a constant independent of k).

Definition 3.8. The p-parameter suspension of the map-germ f : (R%,0) — (R, 0) is the map
germ
F:(R*xR”,0) > (y,2) = (f(y), 2) € (R* x RP,0).

Theorem 3.9 ([10]). K-simple map-germs (R*,0) — (R*,0) with s > t belong, up to K-
equivalence and suspension, to one of the following three lists in Tables 1-3:
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Notation Normal form Restrictions
Ay Y+ Qe p>1
Dy |ylyrtyh " +Qsa| p>4
Es Yl +ys + Qs o -
2 Yi + Y15 + Qs -
Eg Yl u5 + Qs -

TABLE 1. K-simple germs R® — R. Qs—; = +97,; +--- +¢2.

Notation | Normal form | Restrictions
Cor | i £9h) | 12k>2
Cox (Wi +v5,95) k>3

Fomsr | (Y7 +93,v5") m>3
Fomya | (Y7 493, 4195") m>2
1o (yf, y%) -
Hois | Witydyiys) | m>4

TABLE 2. K-simple germs R? — RZ.

Notation Normal form Restrictions
Sy (Fyi £ u3 + 95 " y2us) [n>5
T (v + 95 + v3, y2ys) -
Ty (7 +v5,95 +y3) -
Ts (v + 95 £ 3, y2ys) -
Ty (y7 + 95 + 13, y2ys) -
Uz (i + yays, y1y2 + u3) -
Us (yi + y2ys + U3, y1y2) -
Us (yi + y2ys, y1y2 + y3) -
Ws (i +v5,93 + y1ys) -
Wy (T + y2v3, 95 + y1ys) -
Zy (yi+y5,v3 +v3) -
Zo (7 +y2u3, 95 +v3) -

TABLE 3. K-simple germs R® — R2.

Definition 3.10. A deformation
F: (R* x R? (0,0)) — (R",0)

of a map-germ f : (R*,0) — (R?,0) is K-versal if any other deformation
F: (R® x R, (0,0)) — (R, 0)

of f is of the form

where A : R xR? — GL(R?), g : (R®xR%,(0,0)) = (R*,0), h: (R?,0) — (RP,0) are map-germs
such that A(0,0) is nondegerate matrix and g(y,0) = y.

Theorem 3.11 ([1]). K-versal deformations of K-equivalent germs with the same number of
parameters are fiber K-equivalent.



SINGULARITIES OF AFFINE EQUIDISTANTS 73

4. SINGULARITIES OF PROJECTION AND OF CONTACT

4.1. Singularities of projection. In view of Theorem 2.7, let M and M be smooth closed
n-dimensional submanifolds of R?, g < 2n, and

My =Tx(M x M), My =Tx(M x M),

where IT"y is the A-chord transformation.
For local classification of singularities, we introduce the definition:

Definition 4.1. E)\(M) and E)(M) are A\-chord equivalent if there exists a fiber-preserving

diffeomorphism-germ of TR? that maps the germ of M to the germ of M i.e. if the following
diagram commutes (vertical arrows indicate diffeomorphism-germs):

Calarxar T
M x M — TR? — RY

1 1 3

Ul 37xar ™

MxM —s TR? — RY

The A-chord equivalence of F)y is a special case of equivalence of projections studied by V.
Goryunov ([9], [10]), as outlined below.

Definition 4.2. A projection of a (smooth) submanifold S from a total space E to the base
B of the bundle p: E — B is a triple

L P
S -« F — B

where ¢ is an embedding. A projection is called a projection “onto” if the dimension of S is
not less than the dimension of the base B.

Definition 4.3. Two projections S; < FE; — B; for i = 1,2 are equivalent if the following
diagram commutes

L1 Y41
Sl — E1 — Bl

Lo Lope |

52‘—>E2—)BQ

where vertical arrows indicate diffeomorphisms.

A projection of S onto B defines a family of subvarieties in the fibers of the bundle p : E — B
parameterized by B: S, = SN p~1(b) for any b € B. A germ of the projection

(Sa qO) — (Ean) — (BabO)

can be considered in a natural way as a deformation of the subvariety Sp,.
The germ of a bundle E — B can be identified with the germ of the trivial bundle

R®* x RP — RP.

A germ of an embedded smooth submanifold S can be described by the germ of the variety of
zeros of some mapping-germ F : (R® x R, (yo,20)) — R’. Then S,, can be identified with the
germ of the variety of zeros of F'

Rs X{ZQ}'
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If deformations F, F : (R* x R?, (yg,20)) — (R?,0) of map-germs f,f: (R®,y0) — (R, 0)
(respectively) are fiber K-equivalent then the following diagram commutes (P, Z indicate diffeo-
morphism-germs and pr indicate the projection):

pr
F710) < R*xRF — RP

1 1o 4
pr
F710) — R*xR — R?
If the ideal of function-germs vanishing on F~1(0) is generated by the components of F, then
by Corollary 3.6 the inverse result is also true.

We remind that the group A = Diff(R™, 0) x Diff(R?, 0) acts on map-germs (R™,0) — (RP,0)
by composition on source and target, with corresponding definitions for A-equivalent and A-
simple (refer to Definitions 3.1 and 3.7 for the group K). Then, from the above we have the
following results:

Proposition 4.4 ([9, 10)). F and F are fiber K-equivalent if and only if the projections of
F=1(0) and F~1(0) onto RP are A-equivalent.

Theorem 4.5 ([9]). If the germ of a projection (F~1(0), (0,0)) — (R* x R?,(0,0)) — (RP,0) is
A-simple then f = Flgs {0y is K-simple.

Theorem 4.6 ([11, 12]). The map-germ F : R®* xRP — R? is a K-versal deformation of a rank-0
map-germ f : RS — R? of finite K-codimension if and only if the projection-germ of F~1(0) onto
RP s A-stable (infinitesimally stable).

By Theorems 4.5 and 4.6, in order to classify stable singularities of projections one considers
deformations of three classes of singularities: simple singularities of hypersurfaces (Table 1),
simple singularities of curves in a 3-dimensional space (Table 3), simple singularities of a mul-
tiple point on a plane (Table 2). We are interested in projections "onto” when the projected
submanifold S = F~1(0) is smooth and the dimension of the base B of the bundle is greater
than 1.

In order to see in a more clear way how these three tables are applied to the classification of
singularities of affine equidistants, we now turn to the contact viewpoint.

4.2. Singularities of contact. Let N1, No be germs at x of smooth n-dimensional submanifolds
of the space RY, with 2n > q. We describe N7, N in the following way:
e Ny = f71(0), where f: (R?,z) — (R97",0) is a submersion-germ,
e Ny = g(R™), where g : (R",0) — (R%,z) is an embedding-germ.
Let Ny, N, be another pair of germs at # of smooth n-dimensional submanifolds of the space
RY, described in the same way.

Deﬁrlition 4.7. The contact of N7 and Ny at x is of the same contact-type as the contact of ]\:71
and N> at T if there exists a diffeomorphism-germ @ : (R, z) — (R?,Z) such that ®(N1) = N;
and ®(N3) = No. We denote the contact-type of N7 and Na at « by (N1, Na, ).

Definition 4.8. A contact map between submanifold-germs Ny, N is the following map-germ
fog:(R",0)— (RI™",0).

Theorem 4.9 ([13]). K(N1, N2 z) = K(N1, Ny, &) if and only if the contact maps f o g and
f o g are K-equivalent.
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Remark 4.10. If N; and N, are transversal at x then it is obvious that the contact map
fog:(R"0)— (R?~™,0) is a submersion-germ or a diffecomorphism-germ (when g = 2n).

The interesting cases are when N7 and N» are not transversal at xg
Tyo N1+ Ty Ny # T RY.
Definition 4.11. We say that N; and N, are k-tangent at x if
dim(T N1 N Ty No) =k

If £ is maximal, that is
k = n = dim(Ty, N1) = dim(Ty, Na)
we say that N; and Ny are tangent at zg.
Remark 4.12. In order to bring this definition into the context of affine equidistants, Ey(M),

note that Ny = M+ and Ny = R} (M ™) are k-tangent at 0 if and only if T, M+ and T, M~ are
k-parallel, where Aa + (1 — A\)b =0 € E\(M).

If Ny and N, are k-tangent then we can describe germs of N7 and Ny at 0 in the following
way:

(41) Nl :{<y727u7v) € R? :u:¢(yaz)7 U:w(yaz)}a
(42) Ny = {(y,z,u,v) ERI: 2= n(yvv)’ U= C(yvv)}v
where Yy = (yla'" 7yk)7 z = (217"' 7Zn7k)a u = (U],"' 7uq+k72n)a v = (’Ula"' ;Unfk) and

(y, z,u,v) is a coordinate system on the affine space RY,
(b:(d)h"' 7¢q+1€72n)) ¢:(¢1» 7wn7k)7

n:(nlv"' 7”777,7]6)7 CZ(Clv 7€q+k72n); and (Zslv,lpjvnjv(lg/\/lg?
fori=1,---,q+k—2nand j=1,--- ,n—k.
Then, the contact map Ky, n, : (R",0) — (R?7",0) is given by:

(4.3) Ny N2 (Y, 2) = (2 = 1(y, ¥ (Y, 2)), ¢y, 2) — C(y, ¥(y, 2)))

From the form of Ky, v, we easily obtain the following fact

Proposition 4.13. If Ny and Ny are k-tangent at O then the corank of the contact map K, N,
is k.

We can interpret the contact between two k-tangent n-dimensional submanifolds N1, Ny of
RY as the contact between tangent k-dimensional submanifolds Py, and Py, of N; and Na,
respectively, in a smooth ¢ — 2n 4 2k-dimensional submanifold S of RY. These submanifolds are
constructed in the following way:

Let H be a smooth ¢ + k — n-dimensional submanifold-germ on R? which contains N7 and is
transversal to Ny at 0. Then Py, = H N N3 is a smooth k-dimensional submanifold on Ns.

Let G be a smooth ¢ 4+ k — n-dimensional submanifold-germ on R? which contains N5 and is
transversal to N1 at 0. Then Py, = G N N; is a smooth k-dimensional submanifold on Nj.

Py, and Py, are tangent at 0 and they are contained in the smooth ¢ — 2n + 2k-dimensional
submanifold-germ S = H N G.

The contact between N7 and N at 0 can now be described as the contact between Py, and
Py, at 0, which defines a rank-0 map

(4.4) Kpy, Py,  (RF,0) = (RF=(Gn=a) )
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Although in general Py, and Py, depend on the choices of H and G, the contact type of Py,
and Py, does not depend on these choices. This means that if N;, Ny is another pair of germs
at 0 of smooth n-dimensional submanifold of R? then we have the following result.

Proposition 4.14. K(Ny, N3,0) = K(Ny, No,0) if and only if
K(Py,, Pn,,0) = K(Pg,, Pg,,0).

Proof. 1t is easy to see that in general H can be described in the following way:

(4.5) v=1vY(y,2) + Ay, z,u,v)(u — ¢(y, 2)),
and G can be described in the following way:
(4.6) z=n(y,v) + By, 2, u,v)(u — ((y,v)),

=1, n—k =1, n—k :
where A = (ai;)iZ) i ons B = (bij)i=1 )0k _on and ajj, bij are smooth function-germs on
RY

Thus S = H NG is given by (4.5) and (4.6).

Py, is given by (4.5), (4.6), and v = ¢(y, z) and P, is given by (4.5), (4.6) and u = ((y, v).

On the other hand we can also describe Ny by (4.5) and u = ¢(y, 2) and N3 by (4.6) and
u = ((y,v). Then it is easy to see that contact maps are the same after a suitable suspension. [J

In view of Proposition 4.14, it is enough to classify the rank-0 map-germs of the form (4.4)
with respect to the group K.

5. STABLE SINGULARITIES OF AFFINE EQUIDISTANTS

Since our goal is to classify singularities of affine equidistants of n-dimensional submanifold
M of RY, we substitute submanifold-germs N; and Ny of the previous section by N; = M+ and
Ny = R)(M™), or equivalently by Ny = M~ and Ny = R, (M™), where M+ and M~ are
germs of M C R? at points a™ # a~ € M C R?, such that Aa™ + (1 — A)a™ = 0.

First, we state the following definition and theorem:

Definition 5.1. A mapping ¢ : N — R? is locally stable at p € N™ if there exists a neighbour-
hood W, of ¢ in the space C>°(N™,R?) of C°-mappings from N™ into R? with the Whitney
C*-topology, and neighbourhoods U, around p and V,, around ¢(p) such that for all ¢ € W,
it follows that ¢ : U, — V,, is A- equivalent to ¢ : U, — V,,, where A = Diff(U,) x Diff(V})) (see
[8])-
Theorem 5.2. For a residual set of embeddings v : M™ — R? the map
mao(bxe): Mx M\ A—R?
is locally stable whenever the pair (2n,q) is a pair of nice dimensions, where A is the diagonal
i M x M.
Proof. From the diagram of maps
LX L T
MxM — RIxR? — R7,

we obtain the diagram of r-jet maps

3" (e xe) (72)

M x M — J' (M x M,R?xR?) —  J(M x M,R?) .

A typical fiber of J"(M x M,R?) is Jj(M x M,R?), the space of (degree < r)-polynomial
map-germs R™ x R™ — R?, vanishing at 0.
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Let {W1,..., W} be the finite set of all XC simple orbits in J"(M x M,R?); let {Wyy1,..., Wi}
be a finite stratification of the complement of the union of simple orbits W7 U ... U W. This
stratification exists because these are semialgebraic sets. We denote by S = {W,}1<;<¢ the
resulting stratification of J"(M x M,R?). Because (). is a submersion, (), 'W; = W7 is a
submanifold of J"(M x M, R?xR?), forall j = 1,...,, so that S* = {W} }1<;j<; is a stratification
of this space.

Furthermore,

(5.1) Jiexe) M8 <« j7(mo(txe)) M S,

where transversality to S (respectively to 8*) means transversality of j7(¢ x ¢) (respectively
J"(mx 0 (¢ x ¢))) to each stratum of the corresponding stratification.
On the other hand, under the natural identification

J e x )lmxana = 25"t C 2 J"(M,RY)
where o J7 (M, R?) is the space of double r-jets, we can apply the Multijet Transversality Theorem
8] to get that, for each W} in oJ"(M,R?), the set of immersions

Rw, ={t: M — R 55" W}
is residual. Then, the set
R = ﬁ;—leWj
is also residual.
Now, it follows from equation (5.1) that j7(mxo (¢ x¢)) M W;, foralle € R, forall j =1,...,¢t.

When (2n,q) is a pair of nice dimensions, this implies that j7(my o (¢ X ¢)) is transversal to all
K orbits in J"(M x M,R?), which says that this mapping is locally stable (see [8, 12]). O

Theorem 5.3 ([12]). The nice dimensions for pairs (2n,q) are:
(i)n<qg=2n, n<4

(ii))n<qg=2n—1, n<4

(iii) n<g=2n-—2, n <3

(iv)n<qg<2n-3,4<6

Thinking locally, denote two distinct germs of embedding ¢ : M™ — RY by
(T (R™,0) = (R, a™) and ¢ : (R™,0) — (R%,a"),

and by
(5.2) 7y =myo (LT x 7)) (R*™,0) — (RY,0) ,
the restriction of my to M x M~. Then, recalling the notation of (4.1)-(4.2), 7, is given by
(5:3) T (Y, 2,9,0) = (739, 9), 73(2,5,0), 7R, 2,5, 0), 73 (Y, 2,0))
where y,7 € R*, z,v € R"* and
(5.4) T (y:9) =Xy + (1= N7,
(5:5) A2 3,v) = Az + (1= Nn(7,v),
(5.6) TR (Y: 2,9,0) = Ad(y, 2) + (1 = N)¢(F,v),
(5.7) 3y, 2,0) = Mb(y, 2) + (1 — M.
Let

kx @ (R™,0) — (RT7™,0)
denote the the contact-map between M T and R} (M ). We have:
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& &
Proposition 5.4. Local rings — 2 ond " i
w3 (myg) K3 (Mg—n)

Proof. From (5.3), we have that

are isomorphic.

Ean ~ Ely,z,5.0)
ﬁ;(mq) <7~T}\(y7 g)a ﬁi('% g7 U)v ,ﬁ-i(yv Za Zja U)v ,ﬁ-i(ya Za U))

so that, using (5.4)-(5.7), this is isomorphic to

E(y.2)
X —x
<Z + (1)\ )77(_ (1i,\)y7 - (12,\)7#(9’ Z))v (b(yv Z) + (1>\ )C(_ (1é>\)ya - (13)\)1?(2/7 Z))>
and, using (4.3) for Ny = M+ and Ny = R)(M ™), we see that the above local ring is isomorphic

En
tO *7- D
K3 (Mg—n)

On the other hand, we remind from Remark 4.12 that k is the degree of tangency of M T and
RY(M~) and therefore k is the degree of parallelism of T,+ M+ and T,,- M~ , where

Aat + (1= XNa~ =0¢€ E\(M),
so that, denoting by
Oy : (R*,0) — (RF=Cn=9) )
the reduced (rank-0) contact map 0\ = kpy, py,, for N1 = MT and Ny = RY(M™), from
Proposition 4.14 we have the following

En and &k
K3 (Mg—n) 03 (Mk—(2n—q))

Thus, by Theorems 4.6 and 5.2, Proposition 5.4 and Corollary 5.5, for the local classification of
stable singularities of affine equidistants, we need to determine every rank-0 /C-simple map-germ

Corollary 5.5. The local rings are isomorphic.

(5.8) 0 : (R*,0) — (R),0),
that admits a K-versal deformation Fy : R x R? — R, so that
(5.9) 7x: (F\)7H0) = (R*™,0) — (R%,0)

is an A-stable map. Here, 0\ = kpy py,, for Ny = M+ and Ny = R)(M ™), and 7, is the
restriction of ) to M+ x M ™, so that

for any pair (2n, ¢) in the nice dimensions (Theorem 5.3).
In other words, we unfold the map-germ 6, with m parameters,

(5.11) 7 (R™ x Rk,O) — (R™ x Rl,O) , (w,y) = (w,u(w,y)) ,

where m = 2n — k, so that 7 is A-stable. Thus, in each case, we look for the rank-0 /C-simple
map-germs 6 that can be unfolded with m = 2n — k parameters so that its .-codimension u
is such that

(5.12) u<l+m=gq.

The list of KC-simple map-germs 6) is presented in Tables 1, 2 and 3, in section 2 above. Thus,
for classifying the stable singularities of affine equidistants of smooth submanifolds M"™ C RY, all
we have to do is read those Tables with respect to the numbers k, [ and p, subject to conditions
(5.10) and (5.12) for each pair (2n,q) in the nice dimensions.

In this way, we arrive at our main result, as follows.
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5.1. All possible stable singularities in the nice dimensions. First, remind the definition
of k-parallelism, cf. (2.1). Then, we have:

Theorem 5.6. Let M™ C R? be a smooth closed submanifold of the affine space, such that
2n > q and (2n,q) is a pair of nice dimensions, as listed in Theorem 5.3. Then, the possible
stable singularities of the A-affine equidistant Ex(M) C R are listed case by case, as below.

Curves:

In this case, we have curves in R? and the rank-0 contact map is #y : R — R, u < 2. From Table
1, the stable singularities of affine equidistants can be of type A; and As.

Surfaces:

(1) M? C R3.
2-parallelism. 0y : R? = R, u < 3.
E, (M) with stable singularities of types A;, A2 and As.

(2) M? C R*.
(i) 1-parallelism. 6y : R - R, p < 4.

E, (M) with stable singularities of types A, As, As and Ay.
(i) 2-parallelism. 6 : R? — R? < 4.

E, (M) with stable singularities of types Czi,z

3-manifolds:

(1) M3 C R*.
3-parallelism. 0 : R? = R, p < 4.
E,(M) with stable singularities of types Ay, ..., A4 and fo.

(2) M3 C RS
(i) 2-parallelism. 0y : R? - R, pu < 5.

E\(M) with stable singularities of types A, ..., A5, DI, DE.
(i) 3-parallelism. 6 : R3 — R? < 5.

E, (M) with stable singularites of types Ss.

(3) M3 C RS.
(i) 1-parallelism. 0y : R — R, u < 6.
E\ (M) with stable singularities of types Aq, ..., Ag.
(i) 2-parallelism. 6, : R? — R? 1 < 6.
E, (M) with stable singularities of types C;Q, Cig, C§4, C:,fg, Cs.
(iii) 3-parallelism. No stable singularities for Ey(M).

4-manifolds:
(1) M* C R5.

4-parallelism. 0y : R* = R, u < 5.
E\(M) with stable singularities of types Ay, ..., A5, Df, DE.
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(2) M* C RS: The map 7 : R® — RS is not in nice dimensions.

(3) M* C R”.
(i) 2-parallelism. 0, : R*> - R, 4 < 7.
E, (M) with stable singularities 4y, ..., Az, fo, ey D;E, Eg, Er.
(ii) 3-parallelism. @) : R3 — R?, u < 7.
E, (M) with stable singularities of types S5, Se, S7, T7, Ts.
(iil) 4-parallelism. No stable singularities for Ey(M).

(4) M* C RS.
(i) 1-parallelism. 65 : R — R, u < 8.
E,(M) with stable singularities of types Ay, ..., As.
(i) 2-parallelism. 6 : R? — R? ;< 8.
E, (M) with stable singularities of types
C5y. Cis, CFy, CF5, Ciy, Ciy, Cy, Css, Ciy, Cs, Cs, Fr, F.
(iil) 3-parallelism, 4-parallelism. No stable singularities for Ey(M).

5-manifolds:

(1) M5 C RS.
5-parallelism. 0y : R® = R, u < 6.
E\(M) with stable singularities A1, ..., Ag, DT, DE, DE, F.

(2) For all other embeddings M® C R?, no map 7 in nice dimensions.

n-manifolds, n > 6: No map 7 in nice dimensions.
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