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PURELY INSEPARABLE COVERINGS OF RATIONAL DOUBLE POINTS
IN POSITIVE CHARACTERISTIC

YUYA MATSUMOTO

ABSTRACT. We classify purely inseparable morphisms of degree p between rational double
points (RDPs) in characteristic p > 0. Using such morphisms, we refine a result of Artin that
any RDP admits a finite smooth covering.

1. INTRODUCTION

Rational double points, RDPs for short, are perhaps the most basic singularities in dimension
2. They are precisely the canonical singularities in dimension 2 and have many other charac-
terizations. In characteristic 0, they are characterized as the quotient singularities by the linear
actions of finite subgroups of SLs, and in particular they admit finite coverings by regular local
rings. However, some of the quotient presentations fail in positive characteristic, even if we take
finite group schemes into account. Nevertheless, Artin [Art77] determined étale fundamental
groups of RDPs and showed the existence of finite coverings (possibly ramified and possibly
inseparable) by regular local rings.

In this paper we study finite purely inseparable morphisms Spec B — Spec B’ of degree p be-
tween RDPs, and give a classification (Theorem 1.1). As an application, we show (Theorem 4.1)

that any RDP Spec B admits a finite covering of the form Speck[[z, y]] ER Spec B 2 Spec B,
where f is a composite of purely inseparable morphisms of degree p and g is the universal cov-
ering outside the closed point. This refines the above-mentioned result of Artin in the respect
that we use a restricted class of morphisms. We moreover show that, in all but one cases, B and
all the intermediate steps of f can be taken to be RDPs.

Our classification will be used in a subsequent paper [LMM21] to show that certain RDPs in
characteristic 2 and 3 are not quotient singularities by any finite group schemes. See loc. cit. for
the precise definition of the quotient singularities by finite group schemes.

To state the main theorem, we first introduce some terminology and conditions.

We work over an algebraically closed field k of characteristic p > 0. An at most RDP is a
complete local k-algebra of dimension 2 that is either an RDP or smooth.

Let 7m: Spec B — Spec B’ be a finite purely inseparable morphism of degree p between at most
RDPs. Then it is given as the quotient by a p-closed derivation D on B (Proposition 2.4(2)),
and D is unique up to Frac(B)*-multiple. The relation between B and B’ is reciprocal in the
sense that knowing 7: Spec B — Spec B’ is equivalent to knowing 7’: Spec B’ — Spec B(®).
The morphism 7’ is also purely inseparable of degree p and hence given as the quotient by a
p-closed derivation D’ on B’. We say that the morphisms 7 and 7’ are dual to each other.

We may assume that the fixed locus Fix(D) of D (Definition 2.9), which is a closed subscheme
of Spec B, satisfies exactly one of the following three conditions:
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(a) Fix(D) = 0.

(b) Fix(D) = {m}.

(c) The divisorial part (D) of Fix(D) is a non-Cartier (Weil) divisor. In other words, the
corresponding ideal of B is not principal.

Similarly we may assume exactly one of (a’), (b’), (¢’) according to Fix(D’). Thus there are a
priori 32 = 9 possibilities.

Theorem 1.1. Suppose B and B’ are complete 2-dimensional local k-algebras, both either
smooth or RDP. Suppose Spec B — Spec B’ is purely inseparable of degree p. Then, (c) holds if
and only if (¢') holds. Therefore 5 possibilities among 9 remains, and in each case we have the
following classification.

(1) If (a) and (d') hold, then both B and B’ are smooth. In this case, it is known (Rudakov—
Shafarevich [RS76, Theorem 1 and Corollary] and Ganong [Gan82, Theorem|) that
B = E[[z,y]] and B’ = k[[z,y?]] for some x,y € B.

(2) If (a) and (V') hold, then

B = k([z,y,2]]/(F) > B" = k[, y, 2"]]/(F)
and D(z) = D(y) = 0, where F is one of Table 1.

(3) Dually, if (b) and (d') hold, then either B = k[[z,y]] or B = k[[z,y, z]]/(F) with F and
D as in one of Table 2, up to replacing D with a unit multiple. B’ is generated by xP, yP
and one more element if B is smooth and by xP,yP,z if B is an RDP, subject to an
equation similar to the one in the dual case in Table 1.

(4) Suppose (b) and (V') hold. Then (Sing(B),Sing(B’)) is one of Table 3, and there are
elements x,y, z,w € B such that

B = k[[l‘, Y, z, ,w]]/<xp - P(yp7 Z, w)7 w — Q(Z7 Y, .’IJ)) and

B/ = k[[wa Z, yp, :Cp]]/(wp - Q(Z7 Y, ‘T)pv xP — P<yp7 Z, ’LU)),
with P and Q as in the table up to terms of high degree. Up to a unit multiple, D satisfies
(D(z), D(y), D(2)) = (—Qy, Qs,0).

(5) Suppose (c) and (c') hold. Let1") be the order of the class [(D"))] in CL(B"). Thenl =1
andl | (p—1), and we have B = k[[x,y, 2]]/(F) with D(z) = 0 and B" = k[[w, z,y]]/(F),
where (1, Sing(B), Sing(B’), F,w) is one of Table /.

In particular, if B’ (resp. B) is smooth, then (a) (resp. (d')) holds.

In Table 3, (¢)™ := max{0, ¢} denotes the positive part of a real q. In Table 4, [ is an arbitrary
positive integer and p is a prime satisfying p =1 (mod 1), unless specified otherwise.

Convention 1.2. Non-taut RDPs are the RDPs (over a fixed algebraically closed field k) not
uniquely determined from the dual graph of the minimal resolution. Artin [Art77] classified
them and introduced the notation D), E] using the coindex r. We follow Artin’s notation with
the following exception: We say that

k
[[‘ZU?y?Z]] —, n22,0§5§n71
(22 +x2y+ Zyn + nyn—é)
in characteristic 2 to be of type D;Z}F{Q, instead of Artin’s notation D3, ;. Consequently, the
range of r for Dy, is {%, %, cee 2"2_1 }. Under this notation, the RDP defined by

24ty ey +y" =0 (m>1, n>2)

is of type ngm regardless of the parity of n, and this makes it easier to write Table 3 and the
proofs of Theorem 4.1 and Proposition 4.3.
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TABLE 1. p-closed derivations on RDPs with D fixed-point-free (m > 2)

P B B’ equation of B

any Ap_1 smooth xy + 2P
any Apm—1  Am-1 xy + 2P™

E? smooth 25 + 2% + 33

E smooth 23 4+ 22 + ¢4
EY Ay 22 +y3 +y2?
E? smooth 23+ 2% +y°

om smooth 22 + 22y + xy™
D2 A z? 4+ yz2? + zy™
E A, 22+ x22 + 983
E? smooth 22 + 3 + 2?
EY smooth 22 + 3 4+ ¢°

DN NN DND[WWW| o
2

Also, we use the convention that D3 := A3 and that Ay is a smooth point.

Convention 1.3. Let X = Spec B be the spectrum of a complete local k-algebra B, z its closed
point, U = X \ {z}, and suppose U is smooth.

(1) CI(B) := Pic(U) is the (divisor) class group of B. If B is an at most RDP (which is
complete by our definition), it follows from [Lip69, Proposition 17.1] that this group is
determined from the Dynkin diagram as in Table 5 and is independent of the character-
istic and the coindex.

(2) We call 7¢t (B) := n§*(U) the local fundamental group of B, and we define the universal
(étale) covering of RDP X = Spec B to be the integral closure X’ of X in the universal
covering U’ of U. Artin [Art77] showed that if X is an RDP then 7’ (B) is always
finite and X’ is an at most RDP, and determined them (Table 7). We say that X is
simply-connected if U is so.

We prove Theorem 1.1 in Section 3 after some preparations on derivations in Section 2.

2. PRELIMINARIES ON p-CLOSED DERIVATIONS

2.1. p-closed derivations and their properties. A derivation D on an F,-algebra B is called
p-closed if there exists h € B with DP = hD. (See also Proposition 2.5.)
The following formula is well-known. See [Mat89, Theorem 25.5] for a proof.

Lemma 2.1 (Hochschild’s formula). Let B be an F,-algebra, a € B an element, and D a
derivation on B. Then

(aD)P = a?DP + (aD)P~(a)D.
Corollary 2.2. Suppose a derivation D on B is p-closed.
e For any a € B, aD is also p-closed.
e If B is a domain, D #0, a # 0, and (aD)P = hiaD, then hy € (h) + (Im D).

Proof. Suppose DP = hD with h € B. Then Hochschild’s formula implies that (aD)? = hyaD
with hy = a?~'h + D((aD)?~2(a)). O
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TABLE 2. p-closed derivations on smooth points and RDPs whose quotients are
RDPs, with D’ fixed-point-free (m > 2)

D B B’ equation of B D(z),D(y),D(z) h

any smooth A, 4 — T, —y 1

any Am,1 Apmfl xy + zm z,—Y, 0 1

5 smooth EY — v 0

3 smooth EJ — vz 0

3 Ay E? 22+ +yz z,x,0 0

3 smooth EY — vt —w -3

2 smooth DY, — 2?2+ may™ L ym  mym!
2 Ay Dér/nzﬂ 22 fyz+ay™ z4+my™ e y™, 0 my™m !
2 As E 224+zz+y> 43, 2,0 0

2 smooth EY — zy?, 22 + 3 y?

2 smooth E3 — yt, 2’ 0

TABLE 3. p-closed derivations on RDPs whose quotients are RDPs, with
Fix(D) = {m} and Fix(D") = {m'} (m,m’ > 1, n > 2)

p B B’ 2P =PyP,z,w) = w=Q(zy,z)~ D(x),D(y) ~ h~
3 Eé Eé 22 + 2w y? +yx T —Y,—Y 1
3 E} EY 22 + 3w y? +yz T —y,—y 1
3 Eg Eé 22+ zw y2 + 2z Y, 2 0
3 Eg Eg 22 + ySw y2 + zx Y,z 0
—m)¥ )t
2 D;fn/’:; Déin_f; ) 2z + 2 w zy+ymx z+mym 1z, y™ my™ 1
_m)t
2 Déz ™) D;Lme Zw 2y +y" +ymx z+my™ Tz 4+ ny® Ly my™1
)t
2 D:;fzm Dgz ™) Y2z + 2" 4+ 2w yx T,y 1
_m)t
2 D;7/n2+3 E$3 ) Y2z + 2mw Y3 + 2z Y2,z
—_m)t
2 E;B ™) D;ﬁ+3 23+ y2w zy+ymx z+mym lz, y™ my™ 1
2 E? E? 23 + zw Y2 4+ yx z+1y2y 1
2 E? Eg 28 + 2w Y3+ 2z Y2,z 0
2 E3 E?2 22+ y?w v +yz z+y%y 1
2 Eg Eg 23 + y%w Y3+ zx Y2,z 0

TABLE 4. p-closed derivations on RDPs whose quotients are RDPs, with non-
Cartier divisorial fixed loci (m > 1) (p is any prime = 1 (mod [) unless specified)

B B’ l (D(z), D(y)) equation of B w

A A any  (z,ly), (z,lz'"1) —al 4+ yz zyP=1/1

D42 Dppt2 2 (yz, ), (yz,y? + 2™) —z2 + 2(y? + 2™) z(y? + zm)(P—1)/2
Dpp+2  Dmt2 2 (22 + y™P, 2x), (x,2y) —z2 +y(22 +y™P) py(P—1)/2

B E7 2 (eyy?+2), (WP +2D)ye) —2?+ (P +22) (2 +2) a(y?+2)
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TABLE 5. Class groups of complete RDPs (in any characteristic)

smooth An ng D2m+1 EG E7 Eg
0  Z/(n+1)Z (Z/22)* ZJAZ ZJ3Z 7/2Z 0

We list some properties of p-closed derivations and inseparable extensions. See Section 2.2
for counterexamples under weaker assumptions. Note that RDPs are normal complete F-finite
Noetherian domains and hence satisfy all the assumptions. Here, we say that a domain is normal
if it is integrally closed in its field of fractions.

Lemma 2.3. Let B be an Fp-algebra, h an element of B, and D a p-closed derivation on B
with DP = hD. Assume either B is reduced, or Im D contains a reqular element of B. Then
D(h) =0.

Proof. We have hDD = D?D = DDP? = D(hD) = D(h)D + hDD, hence D(h)D = 0. If B is
reduced, then D(h)? = 0 and D(h) = 0. If D(a) € Im D is a regular element, then D(h)D(a) = 0
and D(h) =0. O

Proposition 2.4.

(1) Let B be an F-finite normal domain and D # 0 be a p-closed derivation on B. Then
B D A := BP is a finite estension of normal domains and Frac B/ Frac A is purely
inseparable of degree p.

(2) Let B D A be a finite extension of normal domains over F,, such that Frac B/ Frac A is
purely inseparable of degree p. Then there exists a p-closed derivation D on B such that
A = BP. Moreover, D is unique up to (Frac B)*.

Proof. (1) Since B is finite over B() (this is the definition of F-finiteness), and clearly A > B®),
it follows that B is finite over A. Normality of A follows from that of B. Now take b € Frac B
such that D(b) # 0. It is straightforward to show that b’ (0 < i < p) is a basis of Frac B over
Frac A, and that bP € Frac A.

(2) There exists ¢t € Frac B such that Frac B = (Frac A)[¢] (and then t? € A). Then D’ = %
is a p-closed derivation on Frac B such that Frac A = (Frac B)D,. Take z1,...,x, € B such that
B = Alz1,...,x,]. Take b € B\ {0} such that

bD' (2 ... x%) € B for every iy,..., i, € {0,1,...,p—1}.

Then D := bD’ takes values in B and is also p-closed. We obtain B” = B N Frac A = A, where
the last equality follows from B being integral over A and A being normal.

Suppose D" is another derivation on B with the same property. Then the derivations
(D(t)/D"(t))D" and D on Frac B agree on Frac A and ¢, hence agree on Frac B. O

Proposition 2.5. Let B be a normal Noetherian domain, D # 0 a derivation on B, and
h € Frac B. Suppose DP = hD. Then h € B.

Thus, under this assumption on B, the definition of p-closedness can be either h € B or
h € Frac B.

Proof. Let I := (Im D) # 0 be the ideal generated by the image of D. Then
hI = (ImhD) = (Im D?) C (Im D) = I.

Since B is Noetherian, I is finitely generated, and then the usual argument using determinant
shows that & is integral over B. Since B is normal, we have h € B. (]
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2.2. Examples of derivations. For the sake of completeness, we give counterexamples for
Lemma 2.3 and Propositions 2.4 and 2.5 under weaker assumptions. These examples are not
needed for the rest of the paper. k will be a field of characteristic p.

Example 2.6 (cf. Lemma 2.3). (1) There are examples of D such that DP = hyD = hoD,
D(h1) = 0, but D(hy) # 0. Let B = k[t]/(t?), D = t2, hy = 1, hy = 1 +t?~1. Then
D(h1) =0 but D(hy) = (p— 1)tP~1 £ 0.

(2) There are examples of D that is p-closed but D(h) # 0 for any h satisfying DP = hD.

First, let B = k[z,y]/(z'y’ | i+j=p+1,(i,5) # (1,p)), D = (2% + zy) 2 + xya%.
We observe that D induces D;: m!/m/*! — m!*!/m!*+2 and that D; are injective for
1 <1 < p. Given h € B, to check whether the derivations D? and hD are equal, it suffices
to check that they agree on z and y. Since DP(z) = DP(y) = xyP, we obtain DP = yP~1D,
hence h satisfies this property if and only if h—yP~! € Ann(D(x), D(y)) = (mP +amP~2),
which implies h # 0 (mod mP). By the injectivity of D,_1, we have D(h) # 0 for any
such h.

Another example is as follows. Let B = k[z,ya, ..., yp]/ (Y2, - - -, Yp)?,

o = 9 0
D = _— ,L R— .
Y25 + Z;y 190 + xY2 E
We have D? = ¢D. Then D? = hD if and only if h = 2 (mod (y2,...,¥p)) and then
D(h) =y2 #0 (mod (zy2,Y3,---,Yp))-
Example 2.7 (cf. Proposition 2.4). Let B = k[z1,...,%p,...] (which is not F-finite).

(1) Let D = >, miaiwi: B — B. Then Spec B — Spec BP is not finite. Indeed, if m C B
and m’ C BP are the maximal ideals at the origin, then m/(m? 4+ m’) is of infinite
dimension.

(2) Let D' =372, xl_p% B — Frac B. Then, although Frac B/ Frac BP" is purely insep-
arable of degree p and B D BP "is an integral extension between normal domains, there
is no p-closed derivation D on B such that BP? = BP". Indeed, if such D exists then
D = bD’ for some b € Frac B\ {0}, and b satisfies bD’(x;) = bxz; ¥ € B for every i, but
this is impossible.

Example 2.8 (cf. Proposition 2.5). Let B = k[t' | i € Z,i > p(p —1)] C k[t] and D = ¢PT12.
This is Noetherian and not normal. Then DP = hD with h = t?(°=1) € Frac B, but h ¢ B.

Let B =klyz' | i € Z] or B = k[z,yx" | i € Z] C k[z*',y] and D = %8%. This is normal and
non-Noetherian. Then D? = hD with h = 2=~ € Frac B, but h ¢ B.

2.3. p-closed derivation quotients. We recall the notion of the fixed loci of derivations and
how they are related to derivation quotients. Rudakov—Shafarevich [RS76] uses the term sin-
gularity but we do not use this, as we want to distinguish them from the singularities of the
varieties.

Definition 2.9. Suppose D is a derivation on a scheme X. The fized locus Fix(D) is the closed
subscheme of X corresponding to the sheaf (Im(D)) of ideals generated by
Im(D) ={D(a) |a € Ox}.

A fized point of D is a point of Fix(D).
Assume X is a smooth irreducible variety and D # 0. Then Fix(D) consists of its divisorial
part (D) and non-divisorial part (D). If we write D = f)". gi% for some local coordinate
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x; with g; having no common factor, then (D) and (D) correspond to the ideals (f) and (g;)
respectively.

Assume X is a smooth irreducible variety and suppose D # 0 is now a rational derivation,
locally of the form f~!D’ for some regular function f and (regular) derivation D’. Then we
define (D) = (D’) — div(f) and (D) = (D’).

If X is only normal, then we can still define (D) as a Weil divisor.

Proposition 2.10 ([Mat21a, Proposition 2.14]). Suppose Xo —% X1 % ... /=% X, = X,
is a sequence of purely inseparable morphisms of degree p between n-dimensional integral normal
varieties, with each m; given by a p-closed rational derivation D; on X;. Then Kx, is linearly
equivalent to — Y7 (w1 0 -+~ o mo)* ((Dy)).

Corollary 2.11. If 7: X = Spec B — X' = Spec B’ and D, D' are as in Theorem 1.1, then
the order of the class [(D)] in Cl(B) is equal to that of [(D’)] in CL(B’).

Proof. By applying Proposition 2.10 to the sequence X — X’ — X®) and using Kx = 0, we
obtain [(D)] 4+ 7*([(D")]) = 0 in CI(B). Dually we have 7*([(D®)]) 4+ [(D")] = 0 in CI(B’). O

Proposition 2.12 ([Mat21la, Proposition 2.12]). Suppose w: X — X' is a purely inseparable
morphism of degree p between smooth varieties of dimension m, induced by a p-closed rational
derivation D such that A := Fix(D) is divisorial. Then we have isomorphisms

O (A) = (1°Q%, ) (pA) and (1.Q% ), (A)P = QR ) (1.A)
sending
fo-dfv A+ Ndfym—1 AND(g)" dg = fo-dfs A+ Ndfm1 A D(g)"Pd(g")

if fi,g € Ox, D(fi) =0 (1 <i<m—1), and D(g9)~' € Ox(A), and for the second morphism
if moreover D(fy) = 0.
In particular, we obtain the Rudakov—Shafarevich formula Kx ~ m*Kx, + (p — 1)A.

See [Mat21a, Section 2.1] for the definition of the action of D on m-forms.

Remark 2.13. This isomorphism (although it depends on the choice of D) may be considered as
an analogue of the natural pullback isomorphism Q% k= T QY / «(R) for a finite flat morphism
m: X — X' between smooth varieties, where R is the ramification divisor which is 0 if and only if
7 is étale. Thus, the existence of D with codim Fix(D) > 2 might be considered as an inseparable
analogue of codimension 1 étaleness. However, this is not a local property, and not compatible
with composition, as the following example shows. Also, if the divisor (D) is nonzero, then it is
not defined canonically from 7 but only up to linear equivalence.

Example 2.14. Suppose chark = p > 2. Let m: A; — As be a purely inseparable isogeny
of degree p between abelian surfaces, f;: A; — X; = A;/{£1} the quotient morphisms, and
7': X1 — X5 the purely inseparable morphism of degree p induced by 7. Clearly f; and fo are
étale in codimension 1 and 7 is induced by a derivation D on A;, which is unique up to scalar
and fixed-point-free. This D satisfies [-1]*D = —D # D and hence does not descend to X;.

sm

Hence there is no regular derivation on Xy, even on X5™, inducing 7’.

3. PROOF OF CLASSIFICATION

In this section we prove Theorem 1.1. In Section 3.1 we reduce the proof to the following
involved cases, which will be treated in individual sections.
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e p =3, (b) and (b') hold, both B and B’ are either of type EY or E3, and both h and
I/ are non-units at every upper fixed point (see Section 3.1 for the definition) of D and
D’. (Section 3.2)

e p=2, (b) and (b’) hold, and both h and &’ are non-units of B and B’. (Section 3.3)

e The divisorial part (D) of Fix(D) is not Cartier. (Section 3.4)

3.1. Reduction part. We first note that the conditions (a), (b), (c) are pairwise exclusive, and
that we can replace D so that one of these holds. Indeed, replacing D changes Fix(D) precisely
by a Cartier divisor. Similar for D’.

The equivalence (¢) <= (c¢’) and the equality I = I’ follow from Corollary 2.11. This case
will be considered in Section 3.4. Assume this is not the case.

The following assertions hold.

(1) If B’ is smooth then (a) holds (by [Mat21la, Theorem 3.3(2)]).

(2) Dually, if B is smooth then (a’) holds.

(3) Suppose (a) holds and B is an RDP. Then by [Mat22, Proposition 4.7], there is
F € k[[z,y,2?]] such that B = k[[z,y,z]]/(F), D = & up to unit multiple, and
B’ = K[[z,y, 2P]]/(F), and moreover all possible F are classified. The result is as in
Table 1.

(4) Dually, if (a") holds and B’ is an RDP, then we have a classification, as in Table 2.

(5) If (a) holds and B is an RDP, then (b’) holds. This follows from the classification of
assertion (3).

(6) Dually, if (a’) holds and B is an RDP, then (b) holds.

Among 2% possibilities ((a) or (b), (a’) or (b’), B smooth or an RDP, B’ smooth or an RDP)),
10 are proved impossible by (1), (2), (5), and (6). The case where B and B’ are both smooth
(and (a) and (a’) hold)) is done by the works cited in the statement of Theorem 1.1(1). If (a)
and (b’) hold and B is an RDP (B’ is either smooth or an RDP), then we have a classification
by (3). Same for the dual cases. Thus the only remaining case is where (b) and (b’) hold and B
and B’ are both RDPs. Hereafter we consider this case.

If D is of multiplicative type (i.e. h = 1) then such derivations correspond to u,-actions and
are classified in [Mat22, Proposition 4.9]. More generally, if h € B*, then we may replace D with
h=Y (=1 D, which is of multiplicative type (since D(h) = 0 by Lemma 2.3). Dually, we have a
classification for the cases where b’ € B"*. Hereafter we assume h € m and b’ € m'.

By [Mat21a, Corollary 3.5], there are partial resolutions f: X — X and f’: X’ — X’ with a
morphism 7: X — X’ as in the diagram

X X

R

X "= X/,

and a derivation D on X with D = D outside the exceptional loci, satisfying the following
properties:

X' = XD, (D) =0, Sing(X)N#~(Sing(X")) = 0 (in particular, Sing(X) N Fix(D) = 0),
and Fix(D) # (. We will refer to the points of Fix(D) as the upper fized points of D.

If h € O%  at some upper fixed point w € FiX(D)7 then h € BNOG = B*, contradicting

our assumption that h € m. Thus we have h € m,, for any w € Fix(D). Since B,, is smooth,
we have the classification [Mat2la, Lemma 3.6(2)] of RDPs B, satisfying this. Suppose p > 3.
Then there are very few possibilities: p = 3 and B, is either of type E3 or EJ, or p =5 and B,
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is of type EJ. In other words, B’ admits one of these RDPs as a partial resolution. Since no
Dyunkin diagram contains Eg strictly, the only possibility is that p = 3 and Sing(B’) € {E%, Eg}.
But E} and E3 are impossible since their partial resolutions are E}, not E3, by [Mat21b, Lemma
4.9]. Also E? is impossible, since by replacing B and B’ with their universal coverings we obtain
a derivation with satisfying (a) or (b) and with quotient of type EJ, which is impossible by
above. Hence Sing(B’) € {EY, E}. Applying the same argument to D', we obtain the same
conclusion for Sing(B). Thus we are in the case to be discussed in Section 3.2.

In the remaining case we have: p = 2, (b) and (b’) hold, B and B’ are both RDPs, h € m,
and b/ € m’. Thus we are in the case to be discussed in Section 3.3.

Before ending this section, we show the following.

Lemma 3.1. Suppose w: Spec B — Spec B’ is as in Theorem 1.1 and satisfies (b). Let
§ = dimy Im(m’/m’? — m/m?).
Then ¢ € {0,1}.

Proof. If B is smooth, then § < dimm/m? = 2 since m’ cannot generate m.

Suppose B is an RDP. We have § < dimm/m? = 3. Assume § = 2. We may assume
m = (x,y,2) and m' = (z,y,2P). If the ideal (F) = Ker(k[[z,y,2]] — B) does not have a
generator that belongs to k[[z,y, 2P]], then B’ = k[[z,y, zP]]/(FP), but this cannot be normal.
Hence (F') is generated by an element of k[[z,y, 2P]], which we may assume to be F itself, and
B’ = kl[[z,y, 2P]]/(F). Then D is proportional to %, contradicting the assumption (b). O

It turns out that § is always 1 if B is an RDP, but we can prove this only after case-by-case
arguments.

3.2. Case of Eg in p = 3. Suppose p = 3, both B and B’ are either of type E{ or E}, and both
h and h’ are non-units at every upper fixed point of D. By the arguments in Section 3.1, there is
exactly one upper fixed point of D, and its quotient is of type EJ. Let X; — X be the blow-up
at the closed point. Then Sing(X;) = E9. Since there is no derivation on EY fixing precisely
the closed point with non-unit A and RDP quotient, this point is not fixed, and the upper fixed
point should lie above X7™. In particular, there exists a unique fixed point on X7™.

Suppose B is of type Ei. We may assume that B = k[[z,y, z]]/(2? + 23 + y° + 22y3). Then
the space of derivations on B are generated by the following elements D1, Dy, D3. Then D has
at least two fixed points (z = 1+ yf = z; = 0) on

k[l]]ly1, 1]
(21 + 2+ 23y (y7 + 1))

Spec Bly/x, z/x] = Spec C Xy,

a contradiction.

Dually, B’ is not of type Ej.

D, Dy Ds
T 0 z Y
Y z 0 —T
z —yt —xy? 0
T 0 T2 Y1
n=y/r = —y121 1 -y
n=z/e —ayl -y -2 —yim

Now suppose B and B’ are of type ES.



88 YUYA MATSUMOTO

Claim 3.2. Dl /m2 is nilpotent of indexr 3 and 6 =1, where § is as in Lemma 3.1.

Proof of Claim. Since we know that § < 1 by Lemma 3.1 and that (Dl m2)* = 0 since h € m,
it remains to show that 6 > 1 and (D|y/m2)? # 0.

We write B = Spec k[[z,y, 2]] /(2% + 2® + y®) during this proof. Then the space of derivations
on B are generated by the following elements Dy, Ds.

D, D,
T 0 1
Y z 0
z —y* 0
T 0 1
n=y/r = —yi/x
2 =z/z —23y] —z1/x

To=x/y —Tozo 1/y
Y Yz2 0

wm=zly —y*—2 0

Write D = f1 D1 + foDy with f; € B, and suppose fi = fio+ fix + fioy + fizz (mod m?) with
fij € k. Since D extends to X, we have fo € m (foo = 0). Since h ¢ B*, we have fy; = 0. Since
D does not fix the origin of Spec B[z /y, z/y] = Spec k[[y]][x2, 22]/ (25 + x5y +y®) C X1 = Bly X,
we have fao # 0. Let my = (y1, 21) be the maximal ideal at the origin of

kl[z]][y1, 2]

s C Xi,
(F+az+radyl) O

Spec Bly/x, z/x] = Spec

which is a fixed point of D. Since the image of this point is of type EJ, we have D(m;) ¢ m?,
hence fig # 0. Then v := D(D(z)) — hx satisfies D(v) = (D3 — hD)(z) = 0 (by Lemma 2.3),
hence v € Im(m’ — m), and v = D(D(z)) = D(fo2y + f232) = fi0f222 Z 0 (mod m?). O

We note that if (B = k[[z,y, #]]/(F),m) is an RDP of type D,, or E, in characteristic > 3
and D is a derivation on B with D(m) C m and D|y /2 is nilpotent of index 3, then F = [?
(mod m?) with [ € Ker(D|y/m2) (otherwise D(F) cannot be zero).

We will show that B admits elements z,y, z,w as in the statement of Theorem 1.1(4). We
may assume m = (1,y, 2), z € B, and m’ = (Y, z,w), where Y := y3. We may moreover assume
3 € m? and w € m?% Write w = Q(2,9,2) € (2,9,2)%> C k[[z,y,z]]. Since 23 € m'2, there
exists u € k[[x,y,2]] and P € (Y, z,w)? C k[[Y, z,w]] such that uF = —23 + P(Y, z,Q(z,y,z)).
If u & k[[x,y, 2]]*, then the degree 2 part of F' cannot be the square of a linear term contained
in Ker(D|m/m2) = kz, contradicting the observation above. Hence u € k[[z,y, 2]]*, and we may
assume u = 1: F = —z3 + P(Y,2,Q(z,y,x)), and also F’ = —w? + Q(2,Y, P(Y, z,w)), where
Q(zgv Y, P) = Q(z,y, x)g'

We will say that a polynomial has a monomial if the corresponding coefficient is nonzero.

Since B and B’ are of type Eg, we obtain the following: P has z2; @ has y?; we may assume
P does not have zw nor w?; we may assume @ does not have yz nor z2; P has Yw; Q has zx.
By replacing x, y, z, w, F, F’ with scalar multiples, we may assume F = —2% + 22 + 3w+ (...),
F' = (—w+y?+zz+(...))>% Since 0 = D(w) = D(2)Q, + D(y)Q, and since Q, = z (mod m?)
and Qy = 2y (mod (z)+m?) have no common factor, we may assume (D(z), D(y)) = (—Qy, Qx)-
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3.3. Case of characteristic 2. Suppose p = 2 and both h and i’ are non-units.

In this case, there are still many possibilities for the quotients of upper fixed points, hence
the geometric arguments used in Section 3.2 are not effective. Instead, we will determine the
equations directly (up to terms of high degree).

As in Lemma 3.1, we let

§ = dimy Im(m’/m’? = m/m?), and similarly ¢ = dimj, Im(m® /(m®)2 = w’/m’?).

We have 6,0" € {0,1}. We shall show § = §' = 1.

Assume § = 0, that is, m’ C m2. Since 22,92, 22 € Frac B? C Frac B’, the elements
22,92, 22 ¢ m® C m’ cannot generate m’. In other words, there exists a nonzero linear combi-
nation f of 22,42, 22 that belongs to m’2. Since f € m’> C m*, (a unit multiple of) F is of the
form f + G with f € m® and G € m*. But such a polynomial cannot define an RDP. Hence
0 = 1. Dually §' = 1.

We may assume that m = (z,y,2) and m’ = (w, y?, z), and that 2> € m’? and w? € (m®)2.

Since 22 € m’2, we may assume

F=2>+ Po(y2, z) + Pl(y2, z2)w

with Py € n'? and P; € n/, where n’ is the maximal ideal (y2, z) of k[[y?, z]]. Similarly we may
assume w = Qo(z,y) + Q1(z,y)r with Qp € n? and Q; € n, where n is the maximal ideal (z,y)
of k[[z,y]]. Hence we have

F= 1‘2 + P()(yQ, Z) + Pl(y27z)(Q0(Z7y) + Ql(zay)x)’
F' =w? + Qo(2%,Y) 4+ Q1(z2, V) (Py(Y, 2) + PL(Y, 2)w),

where Y := y?, and Qi(z2, Y) = Qi(z,y)%

As in Section 3.2, we will say that a polynomial has a monomial if the corresponding coefficient
is nonzero.

We may assume P, does not have 22, and Qo does not have Y2,

We show that @1 does not have y. For this, consider the derivation D; defined by

Dl(amy,Z) = ((QO)y + (Ql)ym7Q170)‘

Then it satisfies BP1 = B’, hence D; = aD for some a € B\ {0}, and D} = (Q1),D1. By
Corollary 2.2 we obtain (Q1), € m. Similarly, P; does not have z.
For F to define an RDP, we need either

e P, has y?z (then we may assume Py does not have z%), P; has z*, and either Qo has
2™y or Qq has #, or
e Py does not have y2z but has 23, P; has y2, and Qg has zy or 33.
Similarly, for F’ to define an RDP, we need either

e Qo has 22Y (then we may assume Qo does not have Y3), Q1 has Y* | and either P, has
}fm,z or P; has Yl/7 or ~
e () does not have z2Y but has Y3, Q; has 22, and P, has Yz or z3.

Combining these conditions, one of the following holds.

e P, has y2z and does not have z3, P; has 2™, Qo has zy and does not have y®, and Qy
has y™. In this case, B is of type Défn_/fy and B’ is of type Dgi,;i’;/”

e Py does not have y?z but has 23, P, has y2, Qo has zy and does not have y>, and Q,
has y™. In this case, B is of type E$3_m)+ and B’ is of type ng+3.

_ +
e Dual of the previous case: B is of type ng+3 and B’ is of type Egg m"
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e P, does not have y?z but has 23, P; has y2, Qo does not have zy but has 3, and Q;
has z. In this case, B and B’ are of type E3.

3.4. Non-Cartier case. Suppose the divisor (D) is not Cartier. Let [ be the order of the class
[(D)] in CI(B). We have ! | (p— 1) by the Rudakov—Shafarevich formula (Proposition 2.12). Let
f: X = SpecB — X = Spec B be the covering (étale outside the closed point) trivializing the
class, and let m C B be the maximal ideal. Let D be a derivation proportional to f*D with
(D) = 0 (which exists since [(f*D)] = 0). Here the pullback f*D is first defined on the étale
locus of f, and then extended to X since f is étale in codimension 1. Let X’ = Spec B’ = XP.

Let G = Gal(X/X) = Gal(X'/X') = Z/IZ. For g € G, the derivation g*D can be written
as g*D := g°D(g°)~!, where ¢°: B — B corresponds (contravariantly) to g: X — X. Since
B9"P = BP and (¢*D) = 0 = (D), there exists 8, € B* such that g*D = 8, - D. We have
Brg = g°(Bn)By- This shows that (8 is a 1-cocycle and), since G ~ B/m = k is trivial, the map
p: G LNy (B/m)* = k* is a homomorphism.

We will show that this p: G — k* is injective. Let G := Ker p. Let

Di= > WD=(> pu-D.
heGy heG,

Then D; is Gi-invariant, hence descends to a derivation on B%!. Since ZheGl Br € B* (since
Yonea, Br =21 = |G| # 0 (mod @)), Dy has no divisorial fixed locus. In other words, the
pullback of the class [(D)] to X /G is trivial. By the definition of X, we obtain G; = {1}.

Summarizing the arguments so far, the at most RDP X = Spec B, the action of the cyclic
group G, and the derivation D satisfy the following properties.

e X - X/G = X is induced by a non-trivial divisor class of order dividing p — 1 on an at
most RDP X. Such X — X can be listed from the list of RDPs and their class groups.
e D is p-closed with (D) = 0, and X P is at most RDP. Such X — X7P is classified in the
cases (a) and (b) of Theorem 1.1.
e For each g € G we have ¢*D = By - D for some unit By € B*, and the homomorphism
p: G — k*: g — (8, mod m) is injective.
The first two conditions imply that (Sing(B),Sing(B), Sing(BP?)) is one in Table 6 (with
n > 1), that (B, G) = (k[[z,y, 2]]/F, (g)) as in the table, and that (B, D) = (k[[z,y, 2]]/(F),uD)
as in the table with u € B*, but not necessarily under the same isomorphism B & k[[z, y, 2]]/(F).
We show that:

e Among the candidates in Table 6, those without check marks are inappropriate.
e In the other cases (with check marks), we have an isomorphism B = k[[z,y, z]]/(F) with
F and the both actions of D and G as in the table, up to replacing D by a unit multiple.

Then it is straightforward to compute B = B and the restrictions to B of suitable multiples of
D, which gives the formulas as in Table 4.

First consider the first 4 cases of Table 6, where D satisfies (a). Let V = m/m? and
V' = Im(m’ — V). These spaces are stable under G, hence G acts on V/V' which is 1-
dimensional by the classification. The linear map V/V’ — B/m = k induced by D is nonzero
(since (a)), and is G-equivariant where the action on k is p~*.

In the case where B is smooth, a generator g of G acts on V/V' by a primitive I-th root ¢ of
1 and on V’ by (~!. We obtain lifts y € m’ and z € m with g(y) = (~'y and g(z) = (.

In the other 3 cases where B is of type App—1 there is, since np > p > 3, a canonical 2-element
set {kx,ky} C P(V) characterized by the property that xy € m3. Then the order of the action
of G on V/V'is 1,2,2 respectively, by the classification. Since this should be equal to | = 1,2, 4,

the first and the third cases are inappropriate. Consider the case where B is of type A,,_1 and
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TABLE 6. Candidates for (B, B, BP)

p Il B B BD F D g
vV oany I A4 smooth smooth 0,1 Cx, ¢ty
any | Appo1 Anp—1 Ana zy — 2"P 0,0,1 Cx, ¢ ly, 2z
v any 2 Dyp,joq0 (neven) App_1 Ap—1 Ty — 2"P 0,0,1 Y, T, —2
any 4 Dppy2 (n odd) Anp—1 Ana zy — 2"P 0,0,1 Y, —T,—2
any | Appy Ay Appy  zy— 2" 2,—y,0 Co,C ly,z
v oany 2 Dpjoqo (n even) An_1 App—1  zy—2" z,—y,0 y,x,—2
any 4 Dy42 (nodd) An_1 Anp—1  zy—2" z,—y,0 y,—xz,—2
v 3 2 E; Eé Eé 24+t +yd 2292 z,—y,0 y,z,—z

B is of type Dy, /242, with n even. We sketch how to find z,y, 2. We may assume the nontrivial
element g € G interchanges z and y. We take z such that z,y,z generate m and g(z) = —z.
Since B is of type A,,_1, we have zy = cz™ (c € k*) up to terms of high degree. By a standard
argument we can modify x,v,z so that the actions of G and D are as above and they satisfy
xy = z™P. We omit the details.

The next 3 cases of Table 6, where B is of type A,,_; and B’ is of type Apn—1, are simply the
dual of the previous cases.

Finally, consider the case B is of type E} in characteristic 3. As before, let V = m/m?.
The line kz € P(V) is characterized by 22 € m3, and we can take a lift z € m satisfying both
g(z) = —z and D(z) = 0. We take x,y € m such that x,y, 2z generate m, g(z,y) = (y,x), and
D(z,y) = (iz, —iy). Since B is of type E}, we have 22 + ¢(z® + y3) + ¢/22y? + (higher) = 0 for
some ¢, ¢ € k*. We may assume ¢ = ¢’ = 1. Again we omit the details to modify z, ¥, z.

4. SMOOTH COVERINGS OF RDPs

In this section we construct smooth coverings of a certain type for every RDPs (Theorem 4.1),
which refines the result of Artin. We also prove some variants (Corollary 4.2 and Proposition
4.3).

Theorem 4.1. Suppose B is a complete local RDP in characteristic p > 0. Then there exists a
sequence B C Cy C Cy C --- C Cy, (n > 0) of finite extensions of complete local algebras such
that

e (C,, is smooth, and all other C; are RDPs,

e Spec Cy — Spec B is the universal covering, and

e SpecC;y1 — Spec C; are purely inseparable of degree p, of type (b),
if and only if (p,Sing(B)) # (2, ES). If B is of type EL in characteristic 2, then we only have a
weaker assertion where C; are not assumed to be RDPs.

Proof. First suppose B is not of type F3 in characteristic 2. As mentioned in Convention 1.3(2),
the universal covering of an at most RDP is again an at most RDP. Hence it suffices to consider
the case B is simply-connected. See Table 7 (due to [Art77]) for the fundamental groups and
the universal coverings of RDPs. By Theorem 1.1 we have the following sequences.

Ape_1 4= Apem1_1 ... < Ap.

For p =5: EY + Ay.
For p = 3: EY + Ay, E} + E2 + Ao.
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For p = 2 E3 « E2 « DY? « Ay « Ay, ES « Ay, B} « DY? « Ay, EO « A,,
DY, « Ag, Dyl — Ay « Ay, DN Diﬁ:?; — .. DY 5 < Agif I > 0 and
k —1/2 > 1/2, where n is the minimum integer with 4k — 2"~1] < 0.

Note that the correspondence (r, N) = (k —1/2,4k — [) gives a bijection between the sets
1
{(r,N) € §Z><Z|NZ4,27"—NEZ,0§7'§ (N/2) -1}
and
{(k,) eZXZ|k>1k>1/2,(k,1)# (1,1),(1,2)},
and 4r < N if and only if [ > 0.

Now suppose B is of type E¢ in characteristic 2. Then Cy = B is not smooth and, by
Theorem 1.1, it does not admit any purely inseparable covering of degree p that is at most RDP.
Hence the assertion with the RDP assumption does not hold. To prove the weaker assertion
(without the RDP assumption), we will give a sequence B = Cy C Cy C Cs of purely inseparable

coverings of degree p of type (b) such that (Cy is a non-RDP and) Cs is an RDP of another
type. Take c € k and let

Co = k[[t, v, y]l/ (0> (1 + t®) + (c + y) (y*v + 7))

D Cy = k[[z,y, 2]/ (2% + 2% + 207 (Y2 (c + y) + 2a)),
D Co = k[[z,Y,w]]/(w? + Y3 + 22(23 + 2Yw + c2Y?)),

where
_ y20+t3 _ y4v+t2
T a2 T Tt
Define derivations ¢;: Cy — Cs and 65: C; — C; by

Si(t,v,y) = (4°,2,0),  S(z,y,2) = (¥%,2,0).

Then it is straightforward to check that Cs is an RDP of type D or DHQ ifc#0orc=20
respectively, Cp is an RDP of type E3, both §; and &} are of additive type, both Fix(d;) and
Fix(8}) consist precisely of the closed point, C; = C3*, and Cy = sz.

For the (non-RDP) singularity of C, see Remark 4.5. O

w=y>+az, Y=y

Corollary 4.2. Suppose By and By are at most RDPs (over the same algebraically closed field
k) in characteristic p > 0 having isomorphic local fundamental groups mf.(By) = wft (Bs). If
(p,mtt.) # (2,Dih,) for any n > 1, then By and By are connected by a finite purely inseparable
morphism.

Here Dih,, is the dihedral group (of order 2n). In particular, Dih; = Cs. Again, see Table 7
(due to [Art77]) for the fundamental groups and the universal coverings of RDPs.

Proof. If 7', = 0, then both By and Bs are connected to k[[z,y]] by Theorem 4.1.
Suppose 7. # 0. Theorem 1.1 shows that By and By are connected by a purely inseparable
morphism of degree p if (B, Bz) is one of the following:

(AnpeflﬂAnp‘f'—l)’ (ane+2’anE/+2) (p # 2)7 (AhE’(Y)) (p = 3)7 (A27Eg) (p = 2)
According to Table 7, general cases (with (p,7ft,) # (2, Dih,,)) follow from these cases. O

ocC

Also, in some (not all) cases the order of the étale and purely inseparable coverings in
Theorem 4.1 can be reversed.
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TABLE 7. Etale fundamental groups and the universal coverings of RDPs

char univ. cov. RDP T
any Ape_y Appe—1 (ptn) Cp: cyclic (of order n)
#2 Ape_1 Dypeta (ptn) Dih,: binary dihedral (of order 4n)
#+23 smooth FEs Tet: binary tetrahedral (of order 24)
#2,3 smooth E; Oct: binary octahedral (of order 48)
#2,3,5 smooth Eg Ico: binary icosahedral (of order 120)
5 E EY 0
5 smooth  Ej Cs
3 E§ E§ 0
3 smooth E} Cs
3 Ed E? Cs
3 smooth  E} Cs
3 ES ES (r=0,1) 0
3 smooth E2 Tet: binary tetrahedral (of order 24)
2 Agerr_, DY, (4r > N)  Dihygy_ny, 4r — N = 2°(dr — N,
24 (4r — N):
dihedral (of order 2 - (4r — N)')
2 smooth Dy, (4r = N) Cy
2 Dy, Dy (4r<N) 0
2 DY EY Cs
2 smooth  Ej Cs
2 EE EE (r=0,1,2) 0
2 smooth E3 Ca
2 B} joi8 (r=0,1,3) 0
2 smooth E32 Cs
2 smooth  Ej metacyclic of order 12

Proposition 4.3. Suppose B is as in Theorem 4.1. Then there exists a sequence

B=ByCByC---CB,CcC (n>0)

of finite extensions of complete local algebras such that

o C is smooth, and all other B; are RDPs,
e SpecC — Spec B,, is the universal covering, and
e Spec B;11 — Spec B; are purely inseparable of degree p, of type (b) or (c),

if and only if (p,Sing(B)) # (2, EY), (2, DY) (4r > N).

Proof. Again, this is impossible for E} in characteristic 2.
Next, if p = 2 and Sing(B) belongs to the set {D% | 4r > N}, then by Theorem 1.1 so does
any RDP that is a purely inseparable covering of B of degree p, and no member of this family
has smooth universal covering.
Suppose B is none of the above. We shall describe Spec By < Spec By < ... < Spec B,, with
B,, having smooth universal covering. By Theorem 4.1, it remains to consider the cases with

et (B) # 0.

oc

93
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Appe1 4 Appe—1_1 ... A1 (pfn).

Dppeqo < Dppe-149 < ... <= Dyin (p # 2, p{n). (Here, the corresponding derivations
satisfy (c).)

For p = 3: EY «+ A;.

For p = 2: E{ + As. ([

Remark 4.4. In fact, we can show that Spec Co — SpecCy we gave in the case of EJ of the
proof of Theorem 4.1 is the quotient by an action of the group scheme «4. The existence of such
a quotient morphism will be used in [LMM21, Remark 9.32].

Here a,e = SpecR, R = kle]/ (¢P"), is the group scheme with comultiplication given by
R—-R®R:e—~e®1+1R®e. Just as oy-actions correspond to derivations of additive type,
ape-actions can be described by using so-called higher derivations. For simplicity, we consider
only the case p¢ = 4. Giving an ag4-action on Spec A is equivalent to giving two k-linear maps
01,02: A — A satisfying the following properties:

L] (52 = (52 =0 and 5152 = (5251,
e ¢ is a derivation, and
e 4y satisfies da(ab) = d2(a)b + 61(a)d1(b) + ada(b).

The corresponding action is

A—-R®A:ar Z e' ®6;(a),
0<i<4

where §p := id and d3 := §102 = d201. The quotient of Spec A by ay (resp. its subgroup scheme
a) is the spectrum of the subalgebra Ker d; N Ker dy (resp. Ker dy).
Now let §; be the one given in the proof and define d5: Co — Cy by

52(757”795,% Z) = (07 1ay2a Z, O)

and the Leibniz-like formula. Note that 02 extends 65: C; — Cj given in the proof. It is
straightforward to check that this (d1,d2) satisfy the required conditions.

Remark 4.5. The equation of C; in the case of E} of the proof of Theorem 4.1 is, after
a coordinate change, of the form x? + 2% + 2¢° + 2y* + (higher), with i = 6 if ¢ # 0 and
i = 7if ¢ = 0. In characteristic 0, k[[z,vy,2]]/(z* + 2z® + 29°) is an exceptional unimodal
singularity usually denoted by the symbol F13, where the index 13 stands for the Milnor number
(dimy, k[[z, y, 2]/ (F%, Fy, F;) for k[[z,y, 2]]/(F)) in characteristic 0, although in characteristic 2
it is not equal to the Milnor number nor the Tjurina number (dimy, k[[z,y, 2]]/(F, Fy, Fy, F»)).
It is straightforward to check that our Cy has Tyurina number 20 if ¢ £ 0 and 22 if ¢ = 0.
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