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ERRATUM FOR “THE SHEAF o%”

DANIEL BARLET

1. ERRATUM FOR “THE SHEAF a%”

The aim of this erratum is to correct several mistakes in [3]. The main mistake is in
Theorem 4.1.1 of [3] which is wrong in the very general setting in which it is stated.

So we give here a much more modest version of the “pull-back theorem” for these sheaves
which has a rather simple proof.

Recall that on a reduced complex space X the sheaf a% is the integral closure in the sheaf
w of the sheaf Q% /torsion, where Q% is the sheaf of Kahler differential forms and where the
sheaf w is the sheaf of (e,0) — d—closed currents on X modulo its torsion sub-sheaf (see [1]).

Theorem 1.0.1. Let f : X — Y be a holomorphic map between reduced complex spaces and
assume that f~1(S(Y)) has empty interior in X, where S(Y) is the singular set of Y. Then
there exists a natural “pull-back map”

f7o 17 (e%) = ok
which extends the usual pull-back of the graduate sheaf of holomorphic differential forms
f* 1 fH(Q3 Jtorsion) — Q% /torsion.

For any holomorphic maps f : X =Y and g: Y — Z between reduced complex spaces such that
fTHSY)U g™ (S(Z))) has empty interior in X and g='(S(Z)) has empty interior in' Y we
have

(1) (g7 (0))=fog (o) Voe€ay.

PRrROOF. The problem is local. Let o be a section of the sheaf @ on an openset VinY. Let V' be
the set of regular points in V and let U” the set of regular points in the open set U’ := f~1(V").
This is a Zariski dense open set in U := f~1(V) and, as ¢ is a holomorphic form on V', f*(o) is
a well defined holomorphic form on U” which is Zariski open and dense in U. Take a point x in
U; by definition (see Proposition 2.2.4 in [3]) there exists an open neighborhood W of y := f(x)
in V and a monic polynomial

k
P(z) =" + Z Sy,.zRh
h=1

such that S} is a section on W of the symmetric algebra of degree h, Sh(Q;//torsion), of the
sheaf Q3 /torsion, which satisfies P(o) = 0 in I'(W, S*(Q3, /torsion)). Then the pull-back f*(P)
of P by f is well defined on f~!(W) and is a monic polynomial whose coefficients are sections on
f71(W) of the symmetric algebra of Q% /torsion. On the open set U”N f~* (W) the holomorphic

2010 Mathematics Subject Classification. 32505, 32510, 32S20.
Key words and phrases. singular complex spaces, singularity invariants, meromorphic differential forms.
I thank the referee for several careful readings and for many relevant remarks.


https://doi.org/10.5427/jsing.2021.23b

16 DANIEL BARLET

form f*(o) is a root of f*(P) and so the meromorphic' form f*(o) on U N f~1(W) is integrally
dependent on the sheaf 0% / torsion. So it defines a unique section on U of the sheaf a%.

As the equality (1) holds generically on X the conclusion follows from the fact that the sheaf
a% has no torsion. [ |

The second mistake (which is a consequence of the previous one) is that, in Definition 5.1.5 of
[3], it is necessary to ask that the p—dimensional irreducible analytic subset Y is not contained
in the singular set of X in order to define the integral on Y of a form of the type p.a A 3, where
a, (3 are sections of the sheaf of in X.

To be clear we give here the correct statements for Definition 5.1.5, Lemma 5.1.6 and for
Theorem 5.1.7. The statement of such a result makes sense only assuming that the pull-back for
the sheaf a® is defined. This is consequence of the hypothesis that Y is not contained in S(X)
which allows one to apply Theorem 1.0.1 above.

Definition 1.0.2. Let X be a reduced complex space and let Y C X be a closed irreducible
p—dimensional analytic subset in X; assume that Y is not contained in the singular set S(X)
of X. We shall note j : Y — X the inclusion map. Let p be a continuous function with compact
support in X and let o, B be sections on X of the sheaf of;. We define the number fY p.alfp

as the integral
| i@ien
Y

which is well-defined by Theorem 1.0.1 above.

This definition extends by additivity to any p—cycle Y in X such that its support has no
irreducible component contained in S(X).

*(8)

<o

REMARK. The definition above makes sense, more generally, still assuming that Y is not con-
tained in S(X), when o and J are sections of the sheaf L%, of meromorphic forms which become
holomorphic on any desingularisation of X because we see that the improper integral on Y\ S(X)
converges by looking at the strict transform of Y by the desingularisation map.

Lemma 1.0.3. Let f: X — Y be a holomorphic map between reduced complex spaces such that
F7LH(S(Y)) has empty interior in X. Let Z be a closed p—dimensional irreducible analytic subset
in X such that Z is not contained in the singular set S(X) of X, the restriction of [ to Z is
proper and f(Z) is not contained in the singular set of Y. Let , 8 be sections on'Y of the sheaf
ol and let p be a continuous function with compact support in'Y. Then we have the equality

/ £ (0)-F* (@) A F7(8) = /f L, P @AFG)

where f«(Z) is the direct image cycle of Z by f and j : |f«(Z)| = Y the inclusion in'Y of the
support of the cycle f«(Z).

Moreover if the set f(Z) is contained in S(Y) the singular set of Y and has dimension at
most p— 1 (so that f.(Z) is the empty p—cycle) we have

/f AF(B) =

Of course, when f(Z) ¢ S(Y) and satisfies f.(Z) =0 as a p cycle in Y, the first part of the
lemma gives also the vanishing of [, f*(p). (@) A f*(B) =

IRemember that o is a meromorphic form on V with poles in SY)nV.
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PROOF. The first assertion is an easy consequence of the same result when «, 8 are holomorphic
forms (see [2] Ch.IV Prop. 2.3.1, or Prop. 4.2.17 in the English translation), by considering a
modification of X where it is the case, using for instance, a desingularisation of X (see [5]).
When f(Z) C S(Y) and f.(Z) = 0 the restriction of f to Z has generic rank at most p — 1,
so the pull-back of any holomorphic p—form on Y to Z is torsion. Then the monic polynomial
giving an integral dependence relation of o (or of 3) reduces to z¥ = 0 on f(Z) and so « (and
B) vanishes on Z. |

We give now a correct version of Theorem 5.1.7 in [3].

Theorem 1.0.4. Let X be a reduced complex space and (Yy)ier be a proper analytic family of
compact p—cycles in X parametrized by a reduced complex space T (see [2] Section IV.3). Assume
that for t in a dense open subset T' in T no component of the cycle Y; is contained in S(X),
the singular set of X. Let p be a continuous function with support in the compact set K in X
and let o, B be two sections of the sheaf o. Define the function

o SC by wlt)i= [ pd (@A (9)
Yy
where j; : |Yy| — X is the inclusion in X of the support of the cycle Y;.
Then ¢ is continuous on T' and locally bounded near each point in T.
For any continuous hermitian metric h on X, there exists a constant C > 0 (depending on
K, «, B, h but not of the choice of p with support in K ) such that for each t € T' we have:

) el <C. [ lpln < Cliplee [ w0

Yi Y:NK
PROOF. Let 7 : X — X be a desingularisation of X; so 7*(a) and 7*(8) are holomorphic
p—forms on X. Using Corollary IV 9.1.3 in [2] we may lift the analytic family (Yi):er to an
analytic family (Y/)fef where 0 : T — T is a (proper) modification such that for each £ € 6~ (1)
we have the equality of cycles in X

(S) T (Yg) = Yy(py.
Then Proposition IV 2.3.1 in [2] gives the continuity of the function ¢ : T — C defined by

The point is now to show that for £ € §=1(T") we have $(#) = ¢(0(f)). Thanks to Corollary IV
2.5.5 in [2] this is clear using the formula (S) if we can prove that for () € T’ the contribution
to the integral ¢(f) of an irreducible component Z of }75 satisfying 7.(Z) = 0 as a p—cycle in X
vanishes, because this implies the equality p(6(f)) = B(f). But this is precisely the content of
the second part of Lemma 1.0.3. This gives the continuity of ¢ on T".

As ¢ is continuous on T, the function © is locally bounded near each point in T'.

The estimate (2) is a direct consequence of Corollary 5.1.2 in [3]. |

REMARKS.

(1) Assuming only that o and (3 are sections of the sheaf L%, it is not clear that ¢ is
continuous on 7" because in order to lift the family of cycles (Y;)ier in a continuous
family of cycles on a desingularisation of X it may be necessary to add exceptional
components to the strict transform of Y; for some values of ¢ € 7" and the argument
used above to show that these components do not contribute to the integral upstairs



18 DANIEL BARLET

does not works for sections in L%.. Moreover, the estimate (2) is not true in general for
sections in L% (see Remark 2 following Corollary 5.1.2 in [3]).

(2) For any analytic family of compact cycles (Y;):cr in X, the subset of points ¢t € T where
the cycle Y; has at least one irreducible component contained in S(X) is a closed analytic
subset in T by a general result on analytic families of compact cycles (see the exercise
following Theorem IV 3.3.1 in [2]). So, assuming that T is irreducible, if there exists
a point ¢t such that Y; has no irreducible component contained in S(X), there exists
a Zariski open and dense subset T” of T which satisfies the hypothesis in the previous
theorem.

(3) The previous theorem is in fact a local result on X and T, but we consider here only
the case of a proper analytic family of compact cycles in X to have a simple argument
to lift the analytic family of cycles in X to an analytic family of cycles in X such that
(S) is satisfied.

The last mistake is Lemma 6.2.2 which is wrong for £ > 4. The correct computation of a%k
is given in Paragraph 2.3 in [4].
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