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A REMARK ON THE IRREGULARITY COMPLEX

CLAUDE SABBAH

ABsTrACT. We prove that, for a good meromorphic flat bundle with poles along a divisor
with normal crossings, the restriction of the irregularity complex to each natural stratum of
this divisor only depends on the formal flat bundle along this stratum. This answers a question
raised by J.-B. Teyssier.

1. STATEMENT OF THE RESULTS

Let X be a complex manifold of dimension n and let D = |J;.; D; be a divisor with normal
crossings. We assume that each irreducible component D; of D is smooth. For any subset I C J,
we set Dr = (,c; D; and D} = Dy ~\ Ujéf D;. We denote the codimension of D} by ¢, that we
regard as a locally constant function on D$ (which can have many connected components), and
by ¢y : D§ < D the inclusion. Let .# be a holonomic Zx-module such that

(1) A = .4(+D),
(2) Mxp is locally Ox-free of finite rank.

We then say that .# is a meromorphic flat bundle with poles along D. In this note, we assume
that A has a good formal structure along D (we simply say that . is a good D-meromorphic flat
bundle, or a good meromorphic flat bundle on (X, D)). This notion, together with the Riemann-
Hilbert correspondence, will be recalled in Section 2. Recall also that, given any meromorphic flat
bundle on (X', D’) (where D’ is an arbitrary reduced divisor in X”), there exists, locally on X',
a projective modification X — X’ such that the pullback of D’ by this modification is a divisor
with simple normal crossings D and the pullback meromorphic flat bundle is a D-meromorphic
flat bundle having a good formal structure along D (see [Ked10, Ked11], and [Moc09, Mocl1a]
in the algebraic case; see also [Sab00] for special cases when dim X = 2).

For every I C J, we consider the sheaf ﬁx/w\;’ on D3, also denoted by & Do defined as the
formalization of Ox along Dj. We also regard it as a sheaf on X by extending it by zero. We
then set ‘@ff? = ﬁ[’)\;’ ®eyx Px, and ‘//115\? = ‘@fﬁ’ Raqy M.

For any holonomic Zx-module .47, the irregularity complexes Irrp 4" and Irr}, .4, as defined
by Mebkhout [Meb90], are constructible complexes supported on D, and only depend on 4 (D).
For a good D-meromorphic flat bundle .Z as above, the cohomology of Irrp .# and Irry, A is
locally constant along each stratum D$: this follows from [Tey13, Th.12.2.7] if #I = 1 and from
Corollary 3.4 together with the case #I = 1 otherwise. On the other hand, Mebkhout has shown
that the complexes Irrp . [dim X], Irr, .#[dim X | are a perverse sheaves (see loc. cit.).

Our aim in this note is to compare the irregularity complexes of .# restricted to D$ and those
of the formalized module .# b However, the irregularity complexes of .# pe are not defined by
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the procedure of [Meb90]. To give a meaning to the question, we start by proving in Section 2.f
the following proposition.

Proposition 1.1. For every I C J, there exists a unique good D-meromorphic flat bundle 47
in the neighbourhood of D} which satisfies the following two properties.

(1) @5}) Qgy M[ =~ ///13\?.
(2) At each point of DY, the local formal decomposition of M7 (after a local ramification
around D) into elementary formal D-meromorphic flat bundles already holds without

taking formalization.
The main result of this note can now be stated.

Theorem 1.2. For every I C J, we have
ey M i e (A7), and o7t Tee A g Ten ().

In other words, the complexes LI_1 Irrp A, Ll_l Irr}, A only depend (up to isomorphism) on
the formalization .#5: of .4 along Dj.
I

Acknowledgements. The statement of Theorem 1.2 has been suggested, in a numerical variant,
by Jean-Baptiste Teyssier, against my first expectation. He was motivated by a nice application
to moduli of Stokes torsors obtained in [Teyl6]. I thank him for having led me to a better
understanding of the irregularity complex, and for suggesting a simpler proof of Proposition 1.1.
I thank the referee for interesting comments.

2. GOOD FORMAL STRUCTURE AND THE RIEMANN-HILBERT CORRESPONDENCE

2.a. Notation. We keep the notation of the introduction. If Z is any locally closed analytic
subspace of the complex analytic manifold X, we denote by &5, the formal completion of Ox
with respect to the ideal sheaf .. We regard & > as a sheaf on Z.

Given z, € D, there exists a unique I C J such that z, € D}, and we will be mostly interested
in the case where Z is the point z, € D and the case where Z is equal to D7. We will denote
by 0% (D) the sheaf Ox|z(xD) ®¢,, , Oz, where as usual Ox|z (resp. Ox|z(*D)) denotes the
sheaf-theoretic restriction to Z of the sheaf &x of holomorphic functions on X (resp. the sheaf
Ox (D) of meromorphic functions on X with poles at most on D).

If ¢ (resp. §) is a section of Ox(xD) (resp. of O4(xD)), we denote by &% (resp. &%) the
module with connection (Ox (*D),d+dyp) (resp. (05(xD),d+®)). It only depends on the class,
also denoted by ¢ (resp. §), of ¢ (resp. ¥) modulo Ox (resp. 0).

2.b. Good formal structure. We say that the D-meromorphic flat bundle .#Z has a good
formal structure if, for any x, € D, there exists a local ramification pq, of multi-degree dr
around the branches (D;);ecr passing through x, (hence inducing an isomorphism above D5 in the
neighbourhood of x,) such that the pullback of the formal flat bundle .#Zz; := 03, ®oy, AMx, by
this ramification decomposes as the direct sum of formal elementary D-meromorphic connections
E°® @@, as defined below.

We denote by nb(z,) a small open neighbourhood of z, in X above which the ramification
is defined, and we denote by z/ the pre-image of z,, so the ramification is a finite morphism
pd, : nb(z)) — nb(x,). It induces a one-to-one map above D¢ Nnb(z,). We also set

D' = p;}(D Nnb(z,)),
so that D7 maps isomorphically to Dy Nnb(x,) = D Nnb(z,).
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In the above decomposition, @ varies in a good finite subset &3% C 05 (xD')/ 0 and Q@ is
a free 0'p; (*D')-module with an integrable connection having a regular singularity along D’. In
I

other words, we do not distinguish between @ and 1Z in ﬁ’;;(*D’ ) if their difference has no poles

along D’. Goodness means here that for any pair $ # Ve 5% U {0}, the difference @ — ¥ can
be written as z~™7(x), with m € N#! and ;) € O satisfying 7)(0) # 0 (see [Sab00, §1.2.1].! By
[Ked11, Prop.4.4.1 & Def. 5.1.1] (see also [Sab00, §(i.2.4] and [Mocllb, Prop.2.19]), the ¢’s are
convergent, i.e., the set CTD% is the formalization at x, of a finite subset

(I);EU C F(Ilb(l‘:)), ﬁnb(zg)(*Dl)/ﬁnb(zg)),

and the decomposition extends in a neighbourhood of z/, that is, it holds for the pullback by
pd; of M5 . and induces the original one after taking formalization at z! 2
1%o

2.c. Stratified J-covering. The set I—lmOGD? (®,, U{0}) has a natural structure of a finite non-
ramified covering of DY (in particular, it is a Hausdorfl topological space), that we denote by
¢ — Dj3. Locally, it is described as follows. Given a germ ¢, € ®, U{0}, it extends locally as
a section of Oy ) (¥D")/ Onp(er) and thus defines a germ in ®,, U{0} for any y, € D7 Nnb(z,).
This defines the local branch of X7 passing through ¢, . (This construction is nothing but that
of the sheaf space, or étalé space, of a sheaf.)

By a similar procedure, the set 3(.#) := | |; £; can be endowed with a natural topology as
a sheaf space, but the topology can be non-Hausdorff: this occurs if some difference ¢,/ — 1,/
does not have poles along all the components of D’ passing through /.

In order to state the Riemann-Hilbert correspondence, we will lift these objects to the real
oriented blowing-up w : X = X(D;cy) — X along the components D; of D in X. We set
X = w (D) and 0X? := w (D). The fibre of @ over a point in Dj is diffeomorphic
to (S')¢, making 8)2}’ a (S')*-bundle on D9. We consider the sheaf J on dX as constructed in
[Sab13, §9.3].

By considering the fiber product

5 —— 59

L]

X9 — D3

we obtain a finite covering ij’- of 85(}’ which is naturally contained in the étalé space J° of J.
By a similar procedure, we get a good stratified IJ-covering | |; X9 =: 3(#) — 0X of 0X, in the
sense of [Sab13, Rem. 11.12]. As before, ¥ (.#) can be non-Hausdorff.

2.d. The Riemann-Hilbert correspondence (local theory). Let us fix a good stratified
J-covering Y. Let 2, € D9. The local Riemann-Hilbert correspondence ([Moclla, Mocllb],
[Sabl13]) is an equivalence between the category of germs at z, of good D-meromorphic flat
bundles .#,, with stratified J-covering (.#) contained in ¥, and that of germs at @ !(z,)
of good Stokes-filtered local systems (£7, £7,) on 8)?}’ (see e.g. [Sab13, §9.5]) with J-covering

contained in i? (see [Mocllb, Th.4.11] and [Sab13, Th. 12.16]).

1 Note that, here, the goodness condition is assumed for DU {0} and not only for </I\’, because of [Sabl3,
Cor. 12.7]. This is unfortunately not made precise in [Sab13, Th. 12.16] and should be corrected.

2I thank J.-B. Teyssier for pointing this out to me. In [Moclla, Mocllb] (see also [Sab13, §11.3]), this is
shown to hold only if one assumes the good formal structure at all points of D$ N nb(z,).
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More precisely, we have a commutative diagram of functors

///ro *;) (Jlow’glo )w_l(ro)

e

(2.1) I Igr

%E\;,@O  E— (grﬂf,grﬁfﬁ.)wfl(%)
similar to that of [Mal91, p. 58], where gr means grading with respect to the Stokes filtration and
the horizontal functors are equivalences of categories. Recall that grading a Stokes-filtered local
system is well-defined only when one restricts to £9, which is Hausdorff (see [Sab13, Chap. 1]).
In order to give a meaning to grading in general, one needs to control the extension from D} to
a small neighbourhood nb(D3). Locally, this is provided by the following equivalence.

Proposition 2.2 (see [Mocllb, Lem.3.17]). The restriction functor to 8)?}’ induces an equiva-
lence between the category of germs at w='(x,) of Stokes-filtered local systems (£, .%L,) on 0X
with associated stratified J-covering contained in Y and the category of germs at w ‘(z,) of
Stokes-filtered local systems (<7, 27,) on 8)?}’ with associated J-covering contained in i?

2.e. The Riemann-Hilbert correspondence (global theory). We now consider the previ-
ous correspondence all along Dj. We consider a covering % of D} by open subsets U, which
are the intersection of D} with a local chart on X. Any germ .# of D-meromorphic flat bundle
along DY gives rise to gluing data ((.#,), (0as)), where

Mo = My, Oap: ///a\UumUB — %B\UamUﬁ

is an isomorphism, and the family (o,p) satisfies the cocycle property. Any germ .# of good
D-meromorphic flat bundle along D} admits a covering % such that one can apply the local
Riemann-Hilbert correspondence of Section 2.d to its restriction .#, to every U,. Given such
a covering %, we can consider the category of such good gluing data ((.#,), (0ag)). The local
Riemann-Hilbert correspondence gives rise to a commutative diagram of functors between gluing
data

((<//a), (Uaﬁ)) — ((XIO’ZIO,.)OM (naﬁ))

(2.3) I Igr

((//la,f)‘;)’ (8aﬁ)) L ((grff,grfﬁ.)a, (er Waﬁ))

and the horizontal functors remain equivalences, due to the full faithfulness of the horizontal
functors in (2.1).

Arguing similarly with the equivalence of Proposition 2.2, we obtain the Riemann-Hilbert
correspondence.

Theorem 2.4. The category Modhol((X, DY), D, f]) of germs along D} of good D-meromorphic
flat bundles with stratified J-covering contained in Y is equivalent to that of germs along 8)?}” of
Stokes-filtered local systems ((£,.%,) on OX with associated stratified J-covering contained in )
and, by restriction, to that of Stokes-filtered local systems (.i”f,.ff’.) on 8)?‘; with associated

J-covering contained in 5. g
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2.f. Proof of Proposition 1.1. By Theorem 2.4, there exists a germ .#; along D} of good
D-meromorphic flat bundle whose associated Stokes-filtered local system is (gr 27, gr Z7,),
and it is unique up to isomorphism with respect to this property. A covering % adapted
to . is also adapted to .7, and the diagram (2.3) shows that the gluing data of .Z3 o

and of /// are isomorphic, since they correspond to the same Stokes-filtered gluing data

o

((gr 7 ,grf Jas (g1 Waﬁ))- The uniqueness of .#7 is proved similarly. O
Remark 2.5. The construction of .Z7 is functorial with respect to .#|pe.

2.g. An equivalence of categories. Let A be a category and let G be a group. The category
G-A is the category whose objects are G-objects of A, that is, pairs (M, p) where M is an object
of A and p is a morphism G — Aut(M), and for which

Home a((M, par), (N, pn)) C Homa (M, N)

is the subset consisting of morphisms ¢ : M — N such that, for every g € G, popn(g) = pn(9).

Let ¥ — 90X be a good stratified J-covering and let Mody,1 (X, D, E) denote the full subcate-
gory of that of holonomic Zx-modules whose objects consist of good meromorphic flat bundles
on (X, D) with associated stratified J-covering contained in 3.

Let us fix a nonempty subset I C J, let D} the corresponding stratum of D, let z, € D}
and let D9(z,) the connected component of D¢ containing z,. Let us fix a local holomorphic
decomposition

(nb(z0, X),nb(z,, D)) = (2, Dg) x nb(z,, D),
where € is an open neighbourhood of 0 in C* and Dy, is the union of the coordinate hyperplanes
in C*. The category Modhol((X7 D5(z,)), D, END) has been defined in Section 2, and we have the

similar category Modyoi((€2,0), Do, %5, ), where 3, is the restriction of 3 above
o0 = w*l(DQ).

Theorem 2.6. Set G =m; (D;(;vo),xa), There is a natural equivalence of categories:

Modnoi (X, D§(2,)), D, £) =~ G-Modyei ((2,0), D, £y, ).

-1

Proof. We set 8)?‘;(3:0) =w
above this set.

(D%(z,)) and we denote similarly by i?(xo) the restriction of %

(1) By the Riemann-Hilbert correspondence (Theorem 2.4), we can replace the category on
the left-hand side with that of Stokes-filtered local systems on 8)?? (z,) with associated
J-covering contained in i?(xo)

(2) Let 7 : (EF(%0),Yo) — (D%(z0), ) be a universal covering of DY (z,) with base-point
Yo above z, and let G = Gal(w) be the corresponding Galois group. We consider the
fibre-product diagram

Y P (o) —— 0X 3 ()

| |

(E7(%0),Y0) — (D7 (o), 7o)

and we denote by 7 i?(mo) the corresponding pullback 7~ !J-covering of 8}7}0 (z,). Then
the category considered in (1) is equivalent to the category of G-Stokes-filtered local
systems (£7, £7,) on dY? (x,) with associated 7w~ 1J-covering contained in 7~ E%(z,).
This is a standard argument.
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(3) (See [Mocllb, Th.4.13] and Remark A.11) The sheaf-theoretic restriction functor is an
equivalence from the latter category to the category of G-Stokes-filtered local systems
(&, 2.) on (0Q)y ~ (S1)! with associated Jz,-covering contained in ixo (we identify
here (719),, with J,, and 7~ '%9(z,),, with 3, ). This proof will be reviewed in the

appendix.
(4) By applying now the G-Riemann-Hilbert correspondence of Theorem 2.4 in the reverse
direction to ((£2,0), Dq, X5, ), one ends the proof of the theorem. O

3. THE IRREGULARITY COMPLEX

Our aim in this section is to show that, under the goodness assumption as above, the irregu-
larity complex is determined by its restriction to the smooth part of D. More precisely, for every
I C J, and for every connected component of D7, we show that there exists a component Dy,
of D (k € I) such that ¢; ' Trrp .# (on this connected component) is determined by ¢}, ' Irrp ..

Let (%,.%,) be the Stokes-filtered local system corresponding to a (germ of) good
D-meromorphic flat bundle .#. We have . =7 ! Rj, DR M\ x p, where

7:0X <X and J: XD X
are the natural closed and open inclusions. Let us denote by szf)l(n"dD (resp. d)%dD ) the

sheaf on X of holomorphic functions on X ~ D having moderate growth (resp. rapid decay)
along dX. One can then define the moderate (resp. rapidly decaying) de Rham complex
DR™4P (resp. DR .z ) on dX. With the goodness assumption, it is known that both
have cohomology in degree zero at most. More precisely, the Riemann-Hilbert correspondence
recalled in Section 2.e gives

Lo = A DR g and #7DR™P 4 =0 for j #0.
We set £>0 .= £/ Zcp, and similarly DR™™°4? 7 is defined as the cone of
DR™P # — 7' Rj. DR M| x p,
so that .Z>0 = #9DR>™°P # (and % DR™™P . = 0 for k # 0).
Proposition 3.1. We have Irrp #[1] = Rw,.£>°.
Proof. We have
Rw.DR™P ./ =DR.#(xD) and Rw.Rj.DR.# x p = Rj.DR.4|x p,
where j : X N\ D < X is the inclusion. We then apply [Meb04, Def. 3.4-1]. O

Remark 3.2 (The irregularity complex Irr}, .#). Recall that Mebkhout also defined the irregular-
ity complex Irry, . in [Meb90] (see also [Meb04, Def. 3.4-2]), which is non-canonically isomorphic
to the complex R #omg, (A, 2p)[-1], where 2p = 05/0x|p (see [Meb04, Cor. 3.4-4]). Let

us set Lo := #° DR P #. We then have
(3.2%) Rw. %o ~ It A7,

where .#" is the holonomic Zx-module dual to .#. Indeed, According to [Kas03, (3.13)] we
have

DR(Z2p & 4)[~1] ~ R Homa,,, (A", 2p)[~1] ~ Terly 4",
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On the other hand, as 2p is flat over Ox|p (because ﬁm is faithfully flat over Ox|p) and as

Rw*ng)%dD ~ 2p[—1], we have

DR(Zp @ 4)[~1] =~ DR(Zp & .4)[~1] ~ R, DR™P 4.

We also notice that Irr}, 4~ = Irr}, A4V (xD) and 4 (D) is also a good D-meromorphic flat
bundle, which is identified with the dual D-meromorphic flat bundle #om g (.p) (A, Ox (xD)).

Let us fix I C J. Near each point z, of D}, there exists a local ramification
p:nb(x,)q, — nb(z,)

along D such that the pullback of .#Z has a good formal decomposition at each point in nb(z,)4, -
By the goodness assumption, there exists an index k(x,) € I such that each nonzero ¢ € ®,,
has a pole along Dy, ): indeed, the set ®,, U {0} is good, so in particular the pole divisors of
each of its nonzero elements are totally ordered; the smallest such divisor is nonzero, and we can
choose k(z,) to be the index of a component of this divisor. One can choose this index constant
along any connected component of DS. For simplicity, we denote by k(I) the locally constant
function x, — k(x,) on DY.
For every subset I C J, we have a natural inclusion lifting ¢;:

70X = w Y(DS) — w }(D) = X.

Proposition 3.3. Let us fir I C J and let us set k = k(I) for simplicity. Then the natural
morphism T;1$>0 — Tl_lRfk*Zzlfw is an isomorphism. The same property holds for £q.

By applying Rw, and using Proposition 3.1, we obtain:

Corollary 3.4. With the notation as in Proposition 3.3, the natural morphism L;l Irrp (M) —
17 ' Rup 1y, ' Trrp () is an isomorphism. The same property holds for Trr} (). O

Proof of Proposition 3.3. Since the morphism is globally defined, the proof that it is an isomor-
phism is a local question. We thus fix z, € D$ and work in some neighbourhood nb(z,) of z,
that we may shrink if needed.

Let us first assume that .# = &% (see Section 2.a) for some ¢ € Ox 4 (xD).

~If p=0in Ox ., (xD)/Ox z,, then > =0 and there is nothing to prove.

~Ifp#0in Ox 4, (*D)/0Ox 4, we set p(x) = u(x)/z"™, where u € Ox ,, satisfies u(x,) # 0,
and m; € N for ¢ € I. In particular, myy) # 0. We choose polar coordinates on w1 (nb(z,))
of the form (p1,...,pe,01,...,00 (2;);¢1) With p; € [0,€). We can assume that, in these coor-
dinates, m; Z0 for i =1,...,p, m;y =0 for i =p+1,...,¢, and that k(I) = 1. Then, in these
coordinates, w~!(D Nnb(z,)) = Hle pi = 0 and £~ is the constant sheaf of rank one on the
closed subset of ™1 (D Nnb(z,)) defined by

(3.5) {Zf_l mib; € argu(x) + [~m/2,7/2],
[[}-1pi =0,
and it is zero outside this closed subset. Let us describe this closed subset. We set
ol = (15)jer € AT

(with 0 < e < 1) and (p,e'?) € [0,¢)" x (Sl_)e. We can write u(z) = u(p,0,2") = u(x,)ed®
with g holomorphic and ¢(0) = 0 and we set e'% := u(x,)/|u(x,)|- A simple computation shows
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that, if ¢ > 0 is small enough, the map

F !
[0,)¢ x (81)% x Ar—* M St x[0,e)f x AP¢

(p’ 0, x/) — ( D . eimibi . e—i(90+img(p,9,x’)), P, x/)

has everywhere maximal rank (in fact, we have 9F/06,(0,6,0) # 0 on (S')?). By Ehresmann’s
theorem, the map (F, p, ') is a C*° fibration, which can be trivialized on contractible sets like
[—7/2,7/2] x [0,€)" x AP,

For our topological computation, we can thus as well consider the situation where u(z) is constant
and replace u(z) with u(z,) in (3.5).
Each connected component of (3.5) is then homeomorphic to a product

d[0,€)P x [a,b] x (SHPL x [0,£) 7P x (S1)F7P x AP*

for suitable a,b. The trace of this set on w‘l(D,‘;(I)) is the set defined by H§:2 p; # 0. This is
the subset

(3.6) {p1 =0} x (0,6)P"1 x [a,b] x (SH)P™! x [0,6)7P x (S1)F7P x APE,
Its closure is the subset
(3.7) {p1 =0} x[0,6)P71 x [a,b] x (SH)P71 x [0,6)7P x (S1)*7P x AP,

The ordinary pushforward of the constant sheaf on (3.6) by the open inclusion (3.6) < (3.7) is
the constant sheaf on (3.7) and the higher pushforwards vanish. Since w=1(Dy) is the subset
of (3.7) defined by p; = 0 for i = 2,...,¢, the restriction of the latter sheaf to @=1(Dy) is the
constant sheaf on @ ~!(D;), and the morphism 7; ' #>° — 7' Riy. 7;, ' -#>° is nothing but the
identity C5-1(p,) = C5-1(p,), proving the proposition in this case.

Let us now consider the general case. As already said, the question is local, and we argue
now locally on 0X. One can then reduce the question to the non-ramified case and apply the
higher dimensional Hukuhara-Turrittin theorem (see e.g. [Sab13, Th. 12.5]). Let /% denote the

sheaf of C™ functions on X which are holomorphic on X* in some neighbourhood of z,. We can
thus assume that &5 ® @~ '.# decomposes as the direct sum of terms @/ @ @ (¥ ® Z,).
By induction on the rank, we can also assume that %, has rank one, and locally on wY(D3)
the corresponding local system is trivial, so we can finally assume that .# = &%, a case which
was treated above.

The case of £ is treated similarly. If we regard all sheaves considered above as external
products of constant sheaves of rank one with respect to the product decomposition in (3.6)
and (3.7), the case of £ is obtained by replacing [—7 /2,7 /2] with the complementary open
interval in (3.5), and the corresponding sheaf Cy, j with the sheaf C(,/ 3/ for suitable a’,b" (i.e.,
the extension by zero of the constant sheaf on (a’,b)). Then the same argument as above applies
to this case. O

4. PROOF OF THEOREM 1.2

The case £ = 1. We first assume that I = {i}. The transversal slice 2 has dimension one and
Dq = {0}. Let us first prove a statement in dimension one. Let (.Z,.%,) be a Stokes-filtered
local system on S! and let (gr.Z, (gr-%).) be the associated graded Stokes-filtered local system.
We denote by .4 resp. 4" the corresponding meromorphic flat bundles on (£, 0).

It is well-known that % Irrp,(.4") and % Irrp,(.#") have the same rank for any k,
and vanish except for k = 1, and similarly for Irrp, 4" and Irrp, AY. They correspond to
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HO(SY, £>%) and HY(S', gr.#>°) on the one hand, H'(S!, %.o) and H'(S!, gr %.0) on the
other hand (this is of course a particular case of Proposition 3.1 and Remark 3.2).

Lemma 4.1. There exists an isomorphism between the wvector spaces H(SY, Z.o) and
HY(SY, gr £~0) such that, for any automorphism X of (£,.%.), the induced automorphism
of HY(S, Z.o) corresponds, via this isomorphism, to the automorphism induced by gr A on
HY(SY, gr %-0). The same assertion holds for H°(S', £>°) and HO(S,gr £>°) respectively.

Proof. We start with .Z~¢. Let us cover S! with open intervals (U, )a=1,.. n such that

. every open interval which contains at most one Stokes direction for every pair of distinct
exponential factors (see e.g. Example 1.4 in [Sab13]),

. the intersection of two intervals of the covering is an interval not containing any Stokes
direction,

. there are no triple intersections of intervals of the covering.

Then this covering is a Leray covering for £~ (see e.g. the proof of Lemma3.12 in loc. cit.),
and moreover the only nonzero term of the associated Cech complex is the term in degree one.
It follows that
HY (S, Z20)= @ H(UsNUat1,%0),
a=1,....N
if we set Un41 = Us.

Recall that, on each interval U,, the Stokes-filtered local system (£, .%,) is graded, i.e., the
Stokes filtration splits (see e.g. Lemma3.12 in loc. cit.). Let us choose a splitting on Uy N Uq41-
Then Theorem 3.5 (and its proof) in loc. cit. shows that any automorphism A is graded with
respect to the chosen splitting on U, N Uyy1. It follows that the action of the automorphism
on H(U, N Ugqy1,Z<0) is the same as the action of the associated graded automorphism on
H(Uy NUy41, (g1 %) <0), so we have found a model where both actions are equal.

For .#>° we argue by duality. Recall that the dual local system .#" is naturally endowed with
a Stokes-filtration .Z,)” (so that (£, .%,") RH-corresponds to the dual meromorphic flat bundle),
that £>% ~ Homc (L, C) (this is similar to [Sabl3, Lem.2.16]), and this isomorphism is
compatible with grading. In particular, it induces isomorphisms

HO(SY, £7%) ~ HY(S', %)Y and HO(S',gr 7% ~ H' (S, er £%)",

and by the first point applied to (£V,.%)) we obtain a distinguished isomorphism between
HO(S1, #>9%) and HO(S!, gr £>°). Let A be an automorphism of (Z,.%,), and let A" be its
dual. Then the first point applied to AV gives the desired property for A. ([l

End of the proof of Theorem 1.2 in the case { =1. We set I = {i}, G = m (D}, z,). By Lemma
4.1, given a Stokes-filtered local system (£, .%,) endowed with a G-action (i.e., a representation
G — Aut(Z,.%,)), there exists an isomorphism between H?(S!, #>%) and H°(S!, gr.£>9),
resp. H(SY, Z.0) and H' (S, gr £-0), so that the induced G-action on H°(S!, #>Y) is trans-
formed into the induced graded G-action on H(S', gr.#>?), and the induced G-action on
H1(S', Z.0) into the induced graded G-action on H'(S1, gr £-¢).

Recall now that Irrp .# is a complex whose cohomology is locally constant on each Dj.
On Dy it reduces to the local system ¢ 1 IHD? A . If we consider the G-Stokes-filtered local
system (£, .%,) on S* corresponding to A\ pe by (the proof of) Theorem 2.6, then 1 Irrpe A
is the local system corresponding to G-vector space H°(S!, #>9) that this G-Stokes-filtered local
system defines. We argue similarly with .#° and (gr %, gr .%,), so that the desired isomorphism
follows from Lemma 4.1, as explained above. The argument for IrrBs A is identical. O
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The case £ > 2. When £ = #1 > 2, the structure of a Stokes-filtered local system on (Sl)é is more
difficult to analyze, although it shares many properties with the case £ = 1 (see e.g. [Sab13, §9.¢]).
This is why we use another argument. Namely, Proposition 3.1 enables us to deduce the case
where ¢ > 2 from the case where ¢/ = 1.

We set k = k(I) as defined after Proposition 3.1. Let nb(D?) be an open neighbourhood
of D7 in X on which .#7 is defined. We claim that

lel///; = '///I:\nb(D‘})~
Indeed, this follows from the uniqueness of .Z;, and from the fact that .#7 also decomposes

after ramification along D at each point of nb(D¢) N Dy if this neighbourhood is chosen small
enough. We then have

Ier(L,Zl///IO) ~ IHD(///IS)Inb(D%
o~ Ier(Lgl///)Mb(D}:) (case £ =1),
and therefore, by applying L;lRLk*,
v P Rupty, ' Tevp (A7) =~ 1 Rugry, ' Teep ().

The assertion of Theorem 1.2 for Irrp now follows from Corollary 3.4, applied both to .#
and 7. The case of Irr}, is completely similar. (]

APPENDIX. SOME PROPERTIES OF STOKES-FILTERED LOCAL SYSTEMS

In this appendix we keep the setting of Section3. We review in Proposition A.10 the proof
of [Mocl1b, Th.4.13]: by choosing the projection to D¢ of a tubular neighbourhood of D¢ in X
and its fibre product over D} with a universal covering of D, we are in the situation of loc. cit.
except that we do not assume that the C'°° fibration is topologically trivial. Remark A.11 will
then provide the main result used in Step 3 of the proof of Theorem 2.6. We will also review
some other essential results which are proved in loc. cit.

A.a. Grading of a Stokes-filtered local system. The result in this subsection is local with
respect to D, hence we allow a ramification around the components of D. We fix a nonempty
subset I C J. We fix a simply connected open set Uy C Dj.

We assume that (£, .%,) is non-ramified in the neighbourhood of U7. The covering i? can
then be trivialized on U? x (S1)f = w~1(U?), and we set

0= x Up x (81,
where ® is a finite subset of F(U}’7 (ﬁx(*D)/ﬁx)‘U?). Moreover, by the goodness assumption

on i, ® is a good set, namely, for every pair ¢ # 1, the divisor of ¢ — 1) is negative. The set
St(p, 1) C UP x (SY)¢ of Stokes directions is smooth over U§ with fibers equal to a union of
translated codimension-one subtori

(A.1) St(p, 1) = {(91, c100) € (S| X, my6; — arge(x) = /2 mod 271'},

where ¢(z) is an invertible holomorphic function on U? and (my, ..., m) € N*~\ {0}. We denote
by St(®) the union of the subsets St(y, 1) for all pairs ¢ # ¢ € .
Let us fix
0o = (0o1,---,000) € (SH)" and ay,...,ap € N*

such that ged(ay,...,ar) = 1. The map 0 — (10 + 60,1, ..., + 0, ) embeds S* in (S1H. In

the following, S;,go denotes this circle.
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Proposition A.2. Let A° be an open interval of length < 2w in 53790 and let A be its closure.
Assume that A satisfies the following property.

« For every x € U} and every pair ¢ #9 € ®,

#(ANSt(p,¥)) = #(A° N St(p,¥)) < 1.

If moreover Uy is contractible, then (£,.%,) is graded when restricted to a sufficiently
small neighbourhood Ug x nb(A) in U x (S1)°.

Proof. We first prove that, for every ¢ € ®, we have H*(Uy x A, Z.,) = 0 for k > 1. Note
that, since w : U7 x A — U} is proper, Rkw*$<¢w?x 4 1s compatible with base change, hence
its germ at x is equal to Hk(A,,ZQOHx}XA). By our assumption on A, this is also equal to
Hk(A°,$<W|{w}XAo), and by the proof of [Sabl3, Lem.9.26], this is zero for k¥ > 1. As a
consequence, Rkw*$<¢|U?XA =0 for k # 0.

We argue as in loc. cit. to obtain that (%Z,.%,) is graded in the neighbourhood of {z} x A
for every x € Uy. In particular, it is easy to check that w*i@ﬂy}ax 4 is locally constant, hence
constant, on Uy. Since Uy is assumed contractible, we obtain the vanishing of H*(Uy x A, Z.,,)
(k > 1). Using once more the argument of loc. cit., we obtain the grading property all over
Uy x A, hence in some open neighbourhood of it. O

By mimicking the proof of [Sab13, Th. 3.5 & Prop. 9.21], we also obtain the following proposi-
tion.

Proposition A.3. Let )\ : (£, Z,) — (£, L)) between Stokes-filtered local systems as con-
sidered in the beginning of this subsection with the same set ®. For A as in Proposition A.2,
there exist gradings of both Stokes-filtered local systems on U x nb(A) with respect to which A
s graded. [l

A.b. Closedness. Let U} be an open subset of D} with closure U? in D$ and boundary 9U7,
and let j : Up — Uy and J: w ' (U7) — @w }(U7) be the open inclusions. Let (£, .Z,) be a
Stokes-filtered local system on w1 (U7) with associated covering contained in Y7 jve. Assume
that

(%) any point z € OU; has a fundamental system of open neighbourhoods V' in D¢ such that
V NU;p and V N U} are contractible.

Proposition A.4. Under this assumption, the functor 7. induces an equivalence between the
category of Stokes-filtered local systems (£, £,) on w1 (Us) with associated I-covering contained
n iﬁ‘U?, and the category of Stokes-filtered local systems on (U7 ) with associated I-covering
contained in i?w*;’f a quasi-inverse functor being the restriction 7 1.
Proof. Since the functor is globally defined, the question is local near a point x, € OU}. More-
over, as in Section A.a, we can assume that f]? is a trivial covering on some neighbourhood
of z,. It is enough to prove the statement in the non-ramified case since, by uniqueness the
construction, it will descend by means of the Galois action of the ramification. We will work
with the corresponding set ® of exponential factors.

Firstly, we note that Assumption (*) also holds for w=!(U?), since any point in w~!(z) has
a fundamental systems of neighbourhoods of the form of the product of neighbourhoods V' with
a product of ¢ open intervals. It follows that the local system £ extends in a unique way as a
local system on wil(Uif), and the latter is 7,.%. Similarly, a morphism between local systems
extends in a unique way by the functor j.. The same property holds for the local systems gr,, %
for ¢ € ®.
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Let us first show that the functor 7. takes values in the category of Stokes-filtered local
systems. For a pair ¢ # ¥ € ®, we denote by B,<, the functor composed of the restriction
to the open subset where p < ¥ (i.e., Re(p — ¥) < 0) and the extension by zero to the whole
space. The point is to check that every 7..Z<, decomposes as @w@, By<plx gy £ in the
neighbourhood of every point (z,,6,) of @™ 1(x,). If we fix a small interval A° containing this
point as in Proposition A.2, we find that, according to this proposition and Assumption (x),

(A.5) Lo (VAU?) xnb(A0) = w@é By<o(8ry L) |(vaue)xab(a)-
S

We are thus reduced to checking that, for a local system L, the natural morphism

By<ol — TuBy<el 'L

is an isomorphism: we will apply this to the local system L = j.(gr,, X)KVQU?) xnb(Ae) for any 1.
The question is then local, and we can work in the neighbourhood of (x,,0,), with the constant
sheaf of rank one as the given local system.

If (z0,0,) & St(w, 1), , the result is easy. We will thus focus on the case where

(xm 00) € St(@v 77[])960

This can be written as ) m;0, ; — argc(z,) = £m/2. We will consider the case +7/2, the other
one being similar. We need to check that the germ at (z,,0,) of 7.7 ' By<,C is zero for any
such (z,,0,). For that purpose, it is enough to prove that, for small enough closed neighbour-
hoods V of z, and nb(0,) of ,, the cohomology of the sheaf on

(A.6) (V xnb(8,)) N {>m;0; —argc(x) € [7/2 —,7/2]}
which is zero on

(V xnb(8,)) N {>m;0; — argc(x) = 7/2}
and constant on the complementary set, is zero for 0 < ¢ < 1 and V small enough. We can
regard ) m;0; — argc(x,) — m/2 as a coordinate ¢’ near 6, vanishing at 6,, and we can choose
the neighbourhood nb(f,) of the form [—2¢,2¢] x [—2¢, 2¢]*~! accordingly. For V small enough,

the set (A.6) is a topological fibration above V', and the fiber over € V is the product of
[—2¢,2¢]~! with the interval

0’ € argc(x) — arg c(x,) + [—¢, 0].

Since the projection to V is proper, the base change formula shows that the pushforward to V' of
this sheaf is identically zero, as the cohomology with compact support of a semi-closed interval
is zero. Hence its global cohomology on (A.6) is also zero.

The next step is to show that the extension by 7, of a morphism A between Stokes-filtered
local systems is compatible with the Stokes filtration. The question is local, and we can assume
that the morphism A is graded on (V NU7) x nb(A°), according to Proposition A.3. Then 7.\ is
also graded on this open set with respect to the Stokes filtration constructed above, and is thus
also Stokes-filtered.

Once the functor 7, is defined, that it is essentially surjective is proven similarly, since in the
neighbourhood of any point (z,,0,) the sheaves L, are given by a formula like (A.5).

The full faithfulness follows from the full faithfulness for the underlying local systems. O

A.c. Openness. We keep the notation as above.
Proposition A.7. Let x, € D} and let (L,.Z,),, be a Stokes-filtered local system on
@ (2,) = (1)
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with associated J-covering contained in i?mn Then there exists an open neighbourhood nb(zx,)
in DY such that (£, 2,)s, extends in a unique way as a Stokes-filtered local system on
@ (nb(z,)) ~ nb(z,) x (S1)* with associated I-covering contained in 33|z, ). Any morphism
(L, L), = (L', L))z, between such objects also extends locally in a unique way.

Proof. The problem is local on D} and, by the uniqueness of the extension of morphisms, one
can reduce the proof to the non-ramified case. We can therefore assume that 39 = ® x nb(z,).
Moreover, the unique extension of local systems and morphisms between them is clear, so the
question reduces to checking that Stokes filtrations extend as well, and that the extended mor-
phism between the extended local systems is compatible with the extended Stokes filtrations.
By Proposition A.2, we can cover (S')¢ = w~!(z,) by simply connected open sets U, such
that, for every «, there exists a neighbourhood V,, of the compact subset U, and an isomorphism

(A.8) Ll = D gy, Loy
ped

and the Stokes filtration on V,, is given by
(A.9) Lo <olVa = D By<p 8y LoV
YpeP

The transition maps Aqg for (A.8) on V.5 := V, N V3 satisfy the cocycle condition and are
compatible with the Stokes filtration, that is, )\f}f D 8Ly Ly Vay — 8Ly L, |Vap 1S z€T0 unless
Y < pon Vyg.

Let us shrink nb(z,) to a contractible open neighbourhood such that, for all ¢ # ¢ € &, 1) < ¢
on V,p implies ¢ < ¢ on nb(z,) x Uyp. The local system gr, ZLe, v, extends in a unique way
to a local system gr,, Lnb(z,)xU, o0 Nb(x,) X Uy, and so do the morphisms )\?f“p, which satisfy

thus the cocycle condition. In particular, if such an extension )\zg is non-zero at one point of
nb(z,) X Uy, it is nonzero everywhere on this open set and we have ¢ < ¢ on this open set. Let
us set L (z,)xU, = ®w€<1> gr, Lnb(z,)xU., » that we equip with the Stokes filtration given by a
formula similar to (A.9). It follows that \yg is compatible with the Stokes filtrations. We regard
now A,g as gluing data. The cocycle condition shows that they define a local system £ on
@~ (nb(z,)) whose restriction to @1 (z,) is isomorphic to .Z. It is thus uniquely isomorphic to
the unique extension of .%, . Moreover, due to the compatibility with the Stokes filtrations, the
latter also glue correspondingly as a Stokes filtration %, of this local system, and its restriction
to w1(z,) is equal to %,,.

Let py, : (L, L)s, = (L', L)), be a morphism. We can choose the covering (U,) and the
decomposition (A.8) so that each i, o is graded (see [Sabl3, Prop. 9.21]). It extends uniquely as
a morphism u : Lnpz,)xv. — Dﬁ;b(mo)xUQ, and it is graded with respect to the corresponding
decompositions (A.8). It follows that p is strictly compatible with the Stokes filtrations %,
and ./, where these Stokes-filtered local systems (.Z,.%Z,) and (.£’,.Z!) are obtained as in the
first part.

We can now prove the uniqueness (i.e., up to unique isomorphism) of (.%,.%,) constructed in
the first part: the identity automorphism (£, .%,).. extends in a unique way as an isomorphism
between two such extensions. O

A.d. An equivalence of categories. We will use the notation as in Section 2.g. Let
T2 (E7(20),¥0) — (D7(20), o)

be a universal covering of D$(x,) with base point y, above x,, and let 85710 (z,) be the pullback
of 0X?¢(x,) by 7.
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Proposition A.10. The restriction functor

« from the category of Stokes-filtered local systems on G?Io(xo) with associated w1J-
covering contained in w59 (x,)
. to the category of Stokes-filtered local systems on (8?2)0 ~ (81 with associated I, -
covering contained in ixo
is an equivalence.

Proof. Let I : [0,1]*> — E9(z,) be a continuous map sending (0, 0) to y,. We pullback by I the
data from the first item of the proposition. Let us consider the subset of [0, 1] consisting of &’s
such that the equivalence of the proposition holds with respect to the restriction corresponding
to the inclusion (0,0) € [0,¢]?. Propositions A.4 and A.7 imply that this set is open and closed,
and contains 0, hence it is equal to [0, 1]. This shows that one can uniquely extend an object in
the second category to an object in the first category along paths starting from y, and that this
extension does not depend on the choice of the path. A similar assertion holds for morphisms. [J

Remark A.11. The uniqueness of the extension of morphisms enables one to obtain the equiva-
lence between the corresponding G-equivariant categories, and this gives the implication (2) =
(3) in the proof of Theorem 2.6.
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