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SIMPLE DYNAMICS AND INTEGRABILITY FOR SINGULARITIES OF
HOLOMORPHIC FOLIATIONS IN DIMENSION TWO

BRUNO SCARDUA

ABSTRACT. In this paper we study the dynamics of a holomorphic vector field near a singular
point in dimension two. We consider those for which the set of separatrices is finite and the
orbits are closed off this analytic set. We assume that none of the singularities arising in
the reduction of the foliation has a zero eigenvalue. Under these hypotheses we prove that
one of the following cases occurs: (i) there is a holomorphic first integral, (ii) the induced
foliation is a pull-back of a hyperbolic linear singularity, (iii) there is a formal Liouvillian first
integral. For a germ with closed leaves off the set of separatrices we prove that the existence
of a holomorphic first integral is equivalent to the existence of some closed leaf arbitrarily
close to the singularity. For this we do not need to assume any non-degeneracy hypothesis on
the reduction of singularities. We also study some examples illustrating our results and we
prove a characterization of pull-backs of hyperbolic singularities in terms of the dynamics of
the leaves off the set of separatrices.

1. INTRODUCTION AND MAIN RESULTS

In this paper we resume the subject of dynamics versus integrability for a singularity of
holomorphic vector field in dimension two (see [9, 27]). Some references in this subject are
results of H. Poincaré, G. Darboux ([13]) (for polynomial vector fields in the complex plane) and
more recently [16].

A modern starting point is the following theorem of Mattei-Moussu ([16]): A germ of a
holomorphic vector field at the origin of C2 admits a holomorphic first integral if, and only if, it
has only finitely many leaves accumulating at the singularity and all other leaves are closed. Also
notable is the point of view adopted in [1] where the authors suppose the existence of an uniform
bound for the volume of the orbits of the vector field. A holomorphic vector field X defined in
a neighborhood U C C? of the origin 0 € C?, with an isolated singularity at the origin, defines a
germ of holomorphic foliation with a singularity at the origin, and conversely. In this paper we
shall adopt the foliation terminology. We shall refer to a germ of a holomorphic foliation F as
induced such a pair (X, U) where X is a holomorphic vector field defined a neighborhood U of the
origin 0 € C2, singular at the origin X (0) = 0. Recall that a separatriz is an invariant irreducible
analytic curve containing the singularity. Throughout this paper we will only consider germs of
foliations with a finite number of separatrices, called non-dicritical singularities. In this case,
we shall say that a leaf of F (i.e., an orbit of (X,U) for U small enough) is closed off the set of
separatrices if either it is a separatrix, or it is not a separatrix but accumulates only at the union
of separatrices. In few words, it accumulates at no leaf which is not contained in a separatrix. We
then characterize those germs of foliations, under the additional hypothesis that they belong to
the class of generalized curves, meaning that the reduction of singularities does not exhibit final
singularities with a null eigenvalue. Before stating our first result we shall state a few notions.
Recall that a germ of a singular holomorphic foliation F at the origin 0 € C? is defined by a germ
of a holomorphic one-form w at the origin. We shall assume that sing(w) = {0}. A holomorphic
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first integral for F is a germ of a (non-constant) holomorphic function Oy > f: (C2,0) — (C,0)
such that w A df = 0. In terms of Saito-De Rham division lemma, this is equivalent to say that
w = gdf for some germ g € O, provided that we take f € Oy as a reduced germ. The function
g is necessarily a unit. Thus, if we write 7 = % then we have a germ of a closed holomorphic
one-form such that dw = n A w. In general, the germ F admits a Liouvillian first integral if
there is a closed meromorphic one-form germ 7 such that dw = n A w. Such a form 7 is called a
generalized integrating factor for w. In this case we say that the first integral is the Liouvillian

function F' defined by the differential algebraic equation dF = ex;’fn. This is all discussed in

[31, 28]. We shall now introduce a slightly more general notion:

Definition 1.1. We shall say that F admits a formal Liouvillian first integral F if there is a
formal generalized integrating factor 7) which is a formal closed meromorphic one-form such that
() dw =1 A w.

w
exp [ 7

dF = ex;)fﬁ' By a formal meromorphic one-form we mean a formal expression 7] = Adz + Edy

where A, B are quotient of formal functions A = dy/da, B = by /by, dj,b; € Oq ([12]). With
these notions we can state:

We may rewrite (*) as d( ) = 0, so that the formal Liouvillian first integral is defined by

Theorem 1.2. Let F be a germ of a non-dicritical generalized curve at 0 € C2. Assume that
the leaves of F are closed off the set of separatrices. Then we have three possibilities:

(1) F admits a holomorphic first integral.
(2) F is a holomorphic pull-back of a hyperbolic (linearizable) singularity.
(3) F admits a formal Liouvillian first integral.

Possibility (3) really occurs, indeed, there is a number of examples which correspond to this
last situation. We shall refer to these foliations as of formal Liouvillian type. Some information
about these foliations is given in § 5. Indeed, the formal one-form 7 is actually convergent except
in the so called exceptional case, which we will detail later on.

The foliation is already in case (2) if some singularity in the reduction of the singularities of
the foliation is a non-resonant singularity. More generally, we are in case (2) if there is some
non-resonant map in the virtual holonomy group of any separatrix of F. Indeed, from the proof
we give for Theorem 1.2 we obtain:

Theorem 1.3. For a germ of a generalized curve holomorphic foliation F at the origin 0 € C?
assume that the following conditions are true:

(1) There is only a finite number of separatrices and all leaves are closed off the set of
separatrices.
(2) Some separatriz has a holonomy map which is not a resonant map.

Then F is the pull-back of a hyperbolic singularity.

We stress that the second hypothesis means that there is some separatrix of F whose local
holonomy is of the form f(z) = e2™V=IA, 4 2Pt L where A € C \ Q. We may assume,
instead of (2), the weaker condition that the virtual holonomy of some separatrix contains some
non-resonant map.

The hypotheses in Theorems 1.2 and 1.3 depend on the concept of reduction of singularities,
detailed in Section 2. In short, F is a generalized curve if its reduction of singularities only
produces singularities with non-zero eigenvalues. It is non-dicritical if there are only finitely
many separatrices. The necessity of the generalized curve hypothesis in Theorems 1.2 and 1.3 is
discussed in Examples 5.3 and 5.4.
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We may conclude that we are in case (1) if arbitrarily close to the union of the separatrices
we can find some closed leaf. Indeed, for the next result we do not need to assume that the
singularity is a generalized curve:

Theorem 1.4. Let F be a germ of a non-dicritical foliation at 0 € C2. Assume that the leaves
of F are closed off the set of separatrices and there is a closed leaf arbitrarily close to the origin.
Then F admits a holomorphic first integral.

Outline of the proofs:
The proofs are based on a product of two points:

e A description of subgroups of germs of one-dimensional complex diffeomorphisms with
closed orbits off the fixed point: these groups are finite, abelian linearizable generated
by a hyperbolic map and a periodic (rational) rotation, or solvable discrete (cf. Propo-
sition 4.2).

e A description of the singularities in the reduction of singularities of F by the blowing-up
process.

We apply the above to the holonomy groups arising in the reduction of singularities of F and
to some enriched groups called wvirtual holonomy groups. The possible combinations of these
larger groups are also studied in order to prove that they are all solvable of a same type. For
this we consider the connection between two such groups associated to adjacent components
of the exceptional divisor of the reduction of singularities. This connection is given by the so
called Dulac correspondence in suitable cases. When there is a closed leaf arbitrarily close to the
singular point it is proven that all these groups have a closed orbit and then are finite. This is
the case that correspond to the holomorphic first integral (cf. [16], [9]). It is also proven that
if some of these virtual holonomy groups contains a map whose linear part is not periodic, then
it must be hyperbolic and all these groups are abelian generated by a hyperbolic map and a
rational rotation. This case corresponds to (2) in Theorem 1.2 via techniques from [5]. Finally,
in the remaining case all the singularities in the reduction process are resonant as well as all the
holonomies are solvable. In this case, by techniques from [26] or [21] we are able to construct a
formal Liouvillian first integral. This construction is detailed in the Appendix § 9.

Acknowledgements: I want to acknowledge valuable conversations with Professor César Ca-
macho, which co-authored most of the results in this paper. I am very much indebted to the
referee, for his/her constructive comments, careful reading, valuable suggestions and various
hints, that have greatly improved this article. This work was conceived during a visit to the
Graduate School of Mathematical Sciences at The University of Tokyo. I wish to express my
gratitude to Professor Taro Asuke for his support and warm hospitality.

2. REDUCTION OF SINGULARITIES IN DIMENSION TWO ([30])

Fix now a germ of holomorphic foliation with a singularity at the origin 0 € C2. Choose a
representative F(U) for the germ F, defined in an open neighborhood U of the origin, such that
0 is the only singularity of F(U) in U. The Theorem of reduction of singularities of Seidenberg
([30]) asserts the existence of a proper holomorphic map o: U — U which is a finite composition
of quadratic blowing-up’s, starting with a blowing-up at the origin, such that the pull-back
foliation F := ¢*F of F by o satisfies:

(1) The exceptional divisor E(F) = c=1(0) C U can be written as E(F) = Uj=, D, where
each irreducible component D; is diffeomorphic to an embedded projective line CP(1)
introduced as a divisor of the successive blowing-up’s ([7]).
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(2) singf C E is a finite set, and any singularity p € singf is irreducible i.e., belongs to one
of the following categories:
(a) xdy — Aydx + h.o.t. = 0 and X is not a positive rational number, i.e. A\ ¢ Q4
(non-degenerate singularity),
(b) y?PTdx —[z(1+ AyP) +h.o.t.] dy = 0, p > 1. This case is called a saddle-node ([18]).
A singularity is a generalized curve if its reduction of singularities produces only non-degenerate
(i.e., no saddle-node) singularities ([6]). We call the lifted foliation F the desingularization or
reduction of singularities of F. The foliation is non-dicritical iff F(F) is invariant by F. Any
two components D; and D, i # j, of the exceptional divisor, intersect (transversely) at at most
one point, which is called a corner. There are no triple intersection points.

3. HOLONOMY AND VIRTUAL HOLONOMY GROUPS

Let now F be a holomorphic foliation with (isolated) singularities on a complex surface M
(we have in mind here, the result of a reduction of singularities process). Denote by sing(F) the
singular set of F. Given a leaf Ly of F we choose any base point p € Ly C M \ sing(F) and a
transverse disc X, € M to F centered at p. The holonomy group of the leaf Ly with respect to
the disc ¥, and to the base point p is image of the representation Hol: 71 (Lo, p) — Diff (X, p)
obtained by lifting closed paths in Ly with base point p, to paths in the leaves of F, starting
at points z € ¥, by means of a transverse fibration to F containing the disc X, ([4]). Given
a point z € ¥, we denote the leaf through z by L,. Given a closed path v € m(Lo,p) we
denote by 7, its lift to the leaf L, and starting (the lifted path) at the point z. Then the
image of the corresponding holonomy map is h,(2) = 4.(1), i.e., the final point of the lifted
path 74.. This defines a diffeomorphism germ map A, : (X,,p) — (¥,,p) and also a group
homomorphism Hol: m;(Lg,p) — Diff(¥,,p). The image Hol(F, Lo, X,,p) C Diff(¥,,p) of
such homomorphism is called the holonomy group of the leaf Ly with respect to X, and p. By
considering any parametrization z: (3,,p) — (D,0) we may identify (in a non-canonical way)
the holonomy group with a subgroup of Diff(C,0). It is clear from the construction that the
maps in the holonomy group preserve the leaves of the foliation. Nevertheless, this property can
be shared by a larger group that may therefore contain more information about the foliation in
a neighborhood of the leaf. The virtual holonomy group of the leaf with respect to the transverse
section ¥, and base point p is defined as ([5], [8])

Hol"™*(F, Sy, p) = {f € Diff(£;,,p)|L, = Ly, Vz € (5, p)}-

The virtual holonomy group contains the holonomy group and consists of the map germs that
preserve the leaves of the foliation.

Fix now a germ of holomorphic foliation with a singularity at the origin 0 € C?, with a
representative F(U) as above. Let T be a separatrix of . By Newton-Puiseaux parametrization
theorem, I'\ {0} is biholomorphic to a punctured disc D* = D\ {0}. In particular, we may choose
a loop v € T'\ {0} generating the (local) fundamental group m (" \ {0}). The corresponding
holonomy map h. is defined in terms of a germ of complex diffeomorphism at the origin of a local
disc ¥ transverse to F and centered at a non-singular point ¢ € T'\ {0}. This map is well-defined
up to conjugacy by germs of holomorphic diffeomorphisms, and is generically referred to as local
holonomy of the separatrix I'. The connection between the dynamics of the leaves and the local
holonomy is stated as follows:

Lemma 3.1. Let F be a germ of a holomorphic foliation at the origin 0 € C?. Assume that F
has only a finite number of separatrices and that there is a neighborhood V' of the origin such
that on V' each leaf of the foliation is closed off the set of separatrices. Let T' C V be a separatriz
of ]:‘V, p € T\ {0} and £, a small disc transverse to the foliation and centered at p.
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Then:

(1) The orbits of the local holonomy of T' and of the virtual holonomy group of T' are closed
off the origin.

(2) A leaf that accumulates at T properly and is a closed leaf in V', induces for the virtual
holonomy group Hol"™ (F,%,,p) a pseudo-orbit which is closed.

In what follows we consider the following situation: F is a foliation as in Theorem 1.2. We
perform the reduction of singularities for F obtaining:
(1) A proper map o: U — U which is a finite composition of quadratic blow-ups.
(2) A foliation F = o*(F) with only irreducible singularities of non-degenerate type.

(3) An invariant exceptional divisor E(F) = o~ 1(0) = ‘U1 D;.
§=

Lemma 3.2. Let ¢ = D; N D; be a (non-degenerate) corner singularity. Given small transverse
discs ¥j and ¥; with ¥; N D; = {q;} and ¥; N D; = {¢;}, nonsingular points close enough to q,
then we have: any local leaf of F that accumulates properly at the origin of ¥; also accumulates
properly at the origin of ¥;.

A combination of Lemmas 3.1 and 3.2 actually shows that:

Proposition 3.3. Let F be as in Theorem 1.2. Then, all virtual holonomy groups Hol"'™ (F, D;)
of the components of D; C E(F) are groups with closed orbits off the origin. If moreover F
has a closed leaf arbitrarily close to the origin, then each virtual holonomy group Holvirt (.7:', D;)
exhibits a closed pseudo-orbit arbitrarily close to the origin.

4. GROUPS OF COMPLEX DIFFEOMORPHISMS

Let Diff(C, 0) denote the group of germs at the origin 0 € C of holomorphic diffeomorphisms.
It is a well-known result that a a finite group of germs of complex diffeomorphisms is analytically
conjugate to a cyclic group generated by a rational rotation. We shall now study the connection
between our dynamical hypothesis and the classification of the possible holonomy groups arising
in the reduction of singularities. We start with the case of a sole irreducible singularity. This is
done in what follows (cf. Lemma 6.1).

4.1. Non-resonant maps and Pérez-Marco results. A germ of a complex diffeomorphism
f at the origin 0 € C writes f(z) = 2™V =1z 4y 1281 + . The linear part 7(0) = 2TV 1A
does not depend on the coordinate system. We shall say that the germ f € Diff(C, 0) is resonant
if A e Q. If A ¢ R then |f/(0)] # 1 and the germ is hyperbolic. In the hyperbolic case the
diffeomorphism is analytically linearizable, i.e., conjugated to its linear part by a germ of a map
([2])- In particular, its dynamics is one of an attractor or of a repeller. If | f'(0)| = 1, then we
have f/(0) = e2™V=1 for some f € R. If f'(0) is a root of the unity (i.e., if A € Q) then f is called
resonant and the dynamics of f is well-known ([2, 3]). In particular, if f is not linearizable, the
orbits are closed off the origin, but no orbit is closed. If f/(0) is not a root of the unity then we
have A € R\ Q. In this case we shall say that the diffeomorphism if non-resonant. Assume that
the map is not analytically linearizable. Given a representative defined in an open connected

subset 0 € U C C the stable set of f in U is defined by K (U, f) = () f~?(U) According to Pérez-
=0

J_
Marco [22, 23])). It is compact, connected and not reduced to {0}. Any point of K (U, f) \ {0}
is recurrent (that is, a limit point of its orbit). Moreover, there is an orbit in K(U, f) which

*It is common to refer to a map as a non-resonant map in case A € R\ Q. This may cause some confusion in
our current framework. That is why we only define the resonant maps. All other maps are non-resonant for us.
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accumulates at the origin and no non-trivial orbit of f converges to the origin. Such a map f
will also be referred to in this paper as a Pérez-Marco map germ.

4.2. Groups with closed orbits off the origin. We shall now study the case of groups
modeling the holonomy and virtual holonomy groups appearing in the reduction of singularities.
The following definition will be useful.

Definition 4.1. A group G C Diff(C, 0) of germs of holomorphic diffeomorphisms will be called
resonant if each map g € G is a resonant germ. This is equivalent to the fact that G has a set
of generators consisting only of resonant maps.

Denote by & C C the subset of roots of the unity. Our main result is:

Proposition 4.2. Let G C Diff(C,0) be a finitely generated subgroup such that pseudo-orbits
are closed off the origin in any small neighborhood of the origin 0 € C.
Then we have the following possibilities:

(1) G is a finite cyclic group, generated by a rational rotation.

(2) G is abelian analytically linearizable generated by a periodic rotation and a hyperbolic
map.

(3) G is resonant, either abelian or solvable non-abelian. In the non-abelian case G is

formally conjugate to a subgroup of {(z ﬁ); a € &b e C}, for some k € N.
+bzk)®

In this case the subgroup G1 C G of maps tangent to the identity is discrete of the form

(z — m), B € C, where all the 8 belong to a set of type {n1 L1 +nafa;n1, na € Z}
z k
for some B, B2 € C.

In particular, if G contains some non-resonant map, then it is as in (2).

Proof. By Nakai density theorem, the group G must be solvable. In particular, G is abelian or
it is formally conjugate to a subgroup of the group Hy = {(z — (HZ#)%); a # 0,b € C}, for
some k € N ([10], [15]). Notice that Hy, is a finite ramified covering of the group of homographies
H; by a map z — 2* ([10]). If G is finite then G is as in (1) as it is well-known. Assume that
G contains some hyperbolic diffeomorphism, say a map f € G whose multiplier is of the form
£(0) = e2™V=1> where o € C\ R. In this case we claim that G is abelian. Indeed, assume that
G is not abelian. Then G contains some nontrivial commutator and therefore some nontrivial
flat element g € G, g = z + ¢z’ + h.o.t. for some ¢ # 0. By what we have observed above

there is a homography fixing the origin 7'(z) = 1J>‘riz such that (f(2))¥ = T(2*). From this we

get f(0) = A*. Since f is hyperbolic we have that 1 # A = T'(0). Therefore T is conjugated
to a linear map by another homography. Consequently, we may assume that f(z) = f'(0).z
and g(z) = m By a ramified covering map (ramified change of coordinates) Z = zik we
consider the subgroup corresponding to (f, g) and which is generated by a homothety (Z +— uZ2),
with |u| # 1, and a translation (Z — Z + (). It is well known that such a group has no orbit
closed off the origin. The same then holds for the group G that contains the subgroup generated
by f, g above, contradiction.

The above shows that in case G contains a hyperbolic map, it must be abelian, without
flat elements. Since it contains a hyperbolic (analytically linearizable) map, the group G is
analytically linearizable, so that it embeds as a subgroup of the multiplicative group C* = C\{0}.
Again, because G has orbits closed off the origin, G must then be generated by a hyperbolic
map and a rational rotation (see the proof of Lemma 8 in [5] for a similar situation). The group
G is then as in (2).
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Now for the final part of the proposition, we may therefore proceed assuming that G contains
no hyperbolic map. We claim:

Claim 4.3. The group G contains no non-resonant map f € G, i.e., there is no map f € G
with multiplier f'(0) = e2™V=1 where § € R\ Q.

proof of the Claim. Assume by contradiction that there is f € G a nonresonant map. If f is
analytically linearizable then no orbit is closed off the origin, indeed such orbits are dense on
circles centered at the origin in some linearizing coordinates. Thus this case is excluded. Assume
therefore that f € G is a Pérez-Marco map. In this case by Pérez-Marco result in Section 4.1
there is a pseudo-orbit which is not closed off the origin, contradiction. This case is also excluded
then. O

Assume now that G is not abelian. Let us now conclude that the group is as in (3). Every

map in the group G is resonant. We embed G — Hj = {(z — (1;71);) ; a# 0,8 € C}. This
+Bz%)k

embedding is analytic unless the group is exceptional, in which case it already has the desired

form (cf. [10] page 460 Theorem 1, see also Example 5.7). Assume then that the embedding

is analytic. Given any map g € G we write g(z) = —2%2—+ € (. Since ¢ is resonant we have

- 1+4bzk %
a € £. Since G is solvable, the subgroup G; C G o(f flat )elernents, is abelian and analytically
conjugated to a group of the form (z — W) ; B € C. In particular, G; acts like a group
of translations in the line C. Since the orbits of G are closed orbits off the origin, we conclude
that G must be discrete so that all the 8 belong to a set of type {n181 + nafa;n1, ne € Z} for

some f31, B2 € C. This shows that G is as in (3). O
From the proof of Proposition 4.2 we actually get:

Corollary 4.4. Let G C Diff(C,0) be a (not necessarily finitely generated) subgroup such that
pseudo-orbits are closed off the origin in any small neighborhood of the origin 0 € C. Then:

(1) Any finitely generated subgroup H C G with a non-trivial closed pseudo-orbit is finite.
(2) If the group G contains a map which is not a resonant map then G is abelian linearizable
generated by a hyperbolic attractor and a periodic rotation.

Proof. We apply Proposition 4.2. If a subgroup H C G contains a non-trivial closed pseudo-orbit
then it cannot contain any flat element (i.e., any element tangent to the identity). In particular,
H is abelian and its resonant maps are periodic. Moreover, there are no non-resonant maps: a
non-resonant map f € H is of the form f(z) = e?™?z +ap 1 2F +.. . with A ¢ Q. If A € C\ R
then f is hyperbolic and linearizable. This map cannot have a finite orbit off the origin. If
A € R\ Q then by the proof of Proposition 4.2 we know that f cannot have all its orbits closed
off the origin. We conclude that H is abelian consisting only of periodic maps. If H is finitely
generated then it is finite. This proves the first part of the lemma. Let us now assume that G
contains some map f € G which is non-resonant. This map is necessarily hyperbolic as we have
seen above. But then G is abelian by Proposition 4.2 because in all other cases the group G is
resonant. Applying the result of this same proposition we conclude that G is generated by g and
some rational rotation. (]

5. EXAMPLES

In this section we perform a construction and give some examples related to our main results.
We also discuss some possible extensions and a related question.

Example 5.1. We shall now construct an example of a fully-resonant foliation F with closed
leaves off the origin, non-dicritical and a generalized curve, but without a holomorphic first
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integralf. Fixed a € C\ {0} we consider the subgroup G' C Hj of maps of the form z — ﬁ

where n € Z and £* = 1. The group G has discrete pseudo-orbits off the origin, indeed, it is
generated by the periodic maps f(z) = \/1fW and g(z) = iz, where i> = —1. The group G is
finitely generated by periodic maps (f has order 4 and g has order 2), but it has infinite order
because g o f(z) = T

The map f is conjugate to the local holonomy map of the separatrix (y = 0) of a linearizable
saddle-type singularity ¢y with a holomorphic first integral, say of the form zdy + 4ydx = 0.
Similarly g is conjugate to the holonomy of a separatrix (y = 0) of a linearizable saddle singularity
¢y with holomorphic first integral, of the form zdy + 2ydz = 0. Finally, the map h = (go f)~!

is conjugate to the holonomy of a separatrix (y = 0) of a non-linearizable resonant saddle-type
singularity g, of the form wy, ¢ = kxdy + ly(1 + %x‘gyk)dm =0 where £ =1 and k = 2.
According to [14] we can construct a germ of a holomorphic foliation F at the origin 0 € C2,
having three separatrices contained in lines, and which can be reduced with a single blowing-up
at the origin. The blow-up foliation F (1) then has exactly three singularities in the invariant
projective line E(F)(1), and the holonomy group of the leaf Ly = E(1)\sing(F(1)) is conjugated
to the group generated by f,g and h = (g o f)~!, which is the group G. The singularities of

F(1) are locally conjugated to gy, g, and gj, with the above mentioned separatrices contained in
the exceptional divisor. All the dynamics of the foliation F is then described by its projective
holonomy, i.e., by the holonomy of the leaf Ly of the blow-up foliation F (1). In particular, F
has closed leaves off the set of separatrices. Nevertheless, because group G is not abelian, F is
not given by a closed meromorphic one-form. The foliation admits a Liouvillian first integral.
Indeed, the group G embeds into Hsy, F is non-dicritical reduced with a single blow-up and it
is a generalized curve ([29] Chapter I, §5, pages 185-188 or [21]). This is also proved as follows:
There is a system of coordinate charts {Uj, (z;,y;)}jes covering a neighborhood of Ly in the
blow-up CZ, such that:

. E(.F)(].) N Uj =LgN Uj C {yj = 0}

e On each open subset U; the blow-up foliation F(1) is given by dy; = 0.

e If U;NU; # 0 then U; NUj is connected and in this intersection we have y; = ¢;;(y;) for

some map ¢;; € Hj.

Then we can write on each U; the lifted one-form & = 7*(w) as (:)‘UY = g;dy; for some meromor-
J
phic function g; on U;. Then we define 7 on each U; by ﬁ‘U = 2% + %. The extension of 7
J J J

to the singularities ¢y, g, and gy, is then proved as in [8] or else [26]. This shows the existence of
a closed meromorphic one-form 7 in a neighborhood of the projective line E(F)(1) in the space
C%. This form satisfies do = 7A@. Projecting this one-form into a one-form 7 in a neighborhood
of the origin 0 € C? we get a generalized integrating factor for w. Thus F admits a Liouvillian
first integral. Another (much more general) way of constructing the form 7 is given in [21] and
it is based on the notion of symmetry for the group G.

Notice that in Example 5.1 above, one of the singularities has a non-periodic holonomy. This
seems to be an unavoidable situation if one looks for groups which are not finite, but with closed
pseudo-orbits off the origin as projective holonomy groups. This fact together with Theorem 1.3
in [27] and Theorem 1.1 in [9], suggests the following question:

Question 5.2. Given a germ of a foliation F at 0 € C? such that:

(1) F is a non-dicritical generalized curve.
(2) The leaves of F are closed off the separatrices.

T am grateful to the anonymous referee for showing me Example 5.1.
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(3) Fach separatriz has a periodic local holonomy map.
Does F admit a holomorphic first integral?

Example 5.3. This example suggests the possibility of extending the conclusion of Theorem 1.2
for singularities which are not generalized curves. We consider a germ of a saddle-node singularity
F, given by zdy —y*T'dr+... =0 at 0 € C2. According to [18] there is a formal diffeomorphism
¢ € Diff(C?,0) such that ¢*(F) is given by S.q : 2(1+ay*)dy—y**+'de = 0, for some a € C. The
formal model Sy, , admits the Liouvillian first integral given by the generalized integrating factor
n = dlog(zy**!). In particular, the saddle-node F admits a formal Liouvillian first integral.
An example with closed leaves off the set of separatrices is given by w = zdy — y?dz = 0 at the
origin 0 € C?. Integration of ) = a:Tlﬂw gives the first integral f = ze v . The leaves are closed
off the strong separatrix (y = 0).

Example 5.4. This example is related to Question 5.2 above formulated. We construct a germ
of a foliation F at 0 € C2? such that:

(1) F is non-dicritical.

(2) The leaves of F are closed off the separatrices.

(3) Each separatrix has a periodic local holonomy map.

(4) F does not admit a holomorphic first integral.

Nevertheless:
(4) F is not a generalized curve.
We consider the subgroup G C Diff(C, 0) generated by f(z) = %= and g(z) = —z. This group

is solvable, finite discrete pseudo-orbits off the origin. Indeed, ilt lzeaves invariant the function
o(z) = cos(%’r). We show that this group corresponds to the holonomy group of the projective
line of the blowing-up of a non-dicritical singularity germ F at the origin 0 € C2. Indeed, we
first consider the map h = fog, i.e., h(z) = 135. This is a periodic map since hoh = Id. Thus,
we have f o go h =1d. Moreover, each diffeomorphism above corresponds to the holonomy of a

germ of irreducible singularity as follows:

e fisconjugate to the map z +— which is the holonomy map of the strong separatrix

4
1427z’
(y = 0) of the saddle-node ¢5 : zdy — y?dr = 0, evaluated at the transverse disc
Yi(z=1).
e g(z) = —z is the holonomy of the separatrix (y = 0) of the singularity with holomorphic
first integral g, : zy°.
e h is also the holonomy of a separatrix of a singularity with first integral g, : zy2.
Then, according to [14] we can construct a germ of a holomorphic foliation at the origin
0 € C?, having three separatrices, and which can be reduced with a single blowing-up at the
origin. The foliation F (1) then has exactly three singularities in the invariant projective line
E(F)(1), and the holonomy group of the leaf Ly = E(F)(1) \ sing(F(1)) is conjugated to the
group generated by f, ¢ and h, which is the group G. The singularities of F(1) are locally
conjugated to g¢, g, and gp,. In particular, the saddle-node has its strong manifold contained in
the projective line E(F)(1) and the separatrix associated to this singularity at 0 is the central
manifold, which has trivial holonomy map. The foliation F then has closed leaves off the set of
separatrices, and periodic holonomy for each of its separatrices. Nevertheless, it does not admit
a holomorphic first integral (it is not a generalized curve).

Example 5.5 (resonant singularities cf. [17]). According to Martinet-Ramis ([17]) a resonant
non-linearizable singularity is formally isomorphic to an unique equation

wWp/g i = (1 + (A= 1)uF)yde + q(1 + Mu*)ady,
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where p,q,k € NJA € C and u := 2zPy?. Moreover p/q, k, \ are the formal invariants of the
equation. By introducing integral numbers n,m € Z such that mp — ng = 1 we can rewrite
Wp/gkx = (1+(A— mp)u®)(pydz + grdy) + pqu® (nydz +mady). This last expression admits the
integrating factor hy,/q .\ = pqxyu”, this means that the one-form mw”/q*k’A = Qp/g.kn
is closed and meromorphic, with poles of order kp + 1 in (x = 0) and k¢ + 1 in (y = 0). In
particular we can state:

Claim 5.6. There is a single formal meromorphic closed one-form n with simple poles in (y = 0)
such that dwy/q k. x = 1N Wp/q k- This form is 1= dhy,q k. x/Pp/q.kx-

Proof. Indeed, since Q45 x is closed we conclude that 79 := dhy/qk.2/Pp/qkx satisfies the
equation dwy,/q k. x = 1A\ Wp/qk,x- Now assume that w is a closed meromorphic formal one-form
as in the statement. We have n —no = ¢.{0,/, r,» for some meromorphic function g such that
dg N\ Qp/qrx = 0. If g is not constant then €2, /, 1 » admits a formal meromorphic first integral.
This is not possible, because it does not admit a holomorphic first integral (see for instance
[16]). Therefore g must be constant. Because both 7 and g have simple poles, this implies that
9%2,/4.k,» has simple poles, therefore g = 0. O

Example 5.7 (exceptional case). According to [10] a subgroup G C Diff(C,0) is called ez-

ceptional if it is formally conjugated to a group G¢,0 < k € N, & € C, generated by the

maps fe @z — £z and gy : 2z — m, with ¥ = —1 and (1)% = 1. In particular an
—kzk)E&

exceptional group is a solvable non-abelian group, formally conjugated to a discrete subgroup

of Hy = {(z — ﬁ), a # 0,b € C}. A non-exceptional group is formally rigid (cf. [10]
z k

Theorem 1 page 460)*. Moreover we have:

Any non-abelian solvable subgroup G C Diff (C,0) is formally conjugated to a subgroup of some
Hy, and this conjugation is analytic if G is not exceptional ([10],[15]).

Thus, in our Proposition 4.2 the only possibility for the group G to be not analytically
conjugated to a subgroup of some Hj is that either G is abelian, or G is exceptional, i.e.,
formally equivalent to some G¢ ;. In the exceptional case the group leaves invariant the formal
function ¢(z) = cos(2%). We now extend the notion of exceptionality to germs of foliations:

Definition 5.8. A germ of a non-dicritical generalized curve F at 0 € C? will be called solvable
exceptional if every virtual holonomy group in the reduction of singularities of F is solvable
(possibly abelian), and at least one virtual holonomy is solvable exceptional.

Concrete examples of non-formally rigid exceptional groups are found in [10] and [19], asso-
ciated to certain cusp singularities. By a result due to Pérez-Marco and Yoccoz [24] any germ
of a complex diffeomorphism f € Diff(C,0) is conjugate to the local holonomy of a separatrix
associated to a germ of a non-degenerate holomorphic foliation F(f) : ady — Aydz + ... = 0,
having two transverse separatrices. This completes previous results from Martinet-Ramis [17],
by solving the “non-resonant” case. Adding to this the (local) synthesis result in [14] we conclude
that:

Given an exceptional subgroup Gez. = Gey there is a germ of a foliation F(Geye) at 0 € C?
such that:

e F is a non-dicritical generalized curve, admitting a reduction with a single blow-up, and
the exceptional divisor is an invariant projective line E(F) = PL.

¥The group G is formally rigid if given any formal conjugation with another group G’ there is an analytic
conjugation.
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o F exhibits three separatrices, all in general position.

e The (reduced) foliation F = F(1) exhibits three singularities, all non-degenerate, say
sing(F) = {P1, D2, P3}-

e The holonomy of the leaf Lo = E(F) \ {p1, P2, D3} is conjugate to the group Geye.

To the list of properties above we can add:

e Assume that Ge;. is not formally rigid, more precisely, assume that the formal embedding
Geze C Hy cannot be analytic. Then the virtual holonomy HY™* := Hol""™*(F, Lg) of the
leaf Ly of F is conjugate to Gege.-

Indeed, HY™* contains Gez. and it is also solvable with closed orbits off the origin. If HYit
contains properly Gez. then HV'* is not exceptional, therefore it admits an analytic embedding
into some Hy. This embedding gives an analytic embedding of G, on Hy.

Thus, under the above non-formal rigidity condition we can state:

e The virtual holonomy of the leaf Ly = E(F)\ {p1, P2, P3} is conjugate to the group Geze.
Using the above and material in the Appendix § 9 we can state:

Proposition 5.9. Let F be a germ of a solvable exceptional foliation at 0 € C2. Then F admits
a formal first integral of Liowvillian type ®. This first integral admits a transversely formal
development along the separatrices of F. Given a separatriz I' and a transverse disc ¥ to F
and T, the restriction (i’|r can be written as COS(%) in suitable formal coordinates x, for some

keN.

6. THE IRREDUCIBLE CASE

Let us consider a germ of a holomorphic foliation F at the origin 0 € C2?, a germ of an
irreducible non-degenerate singularity. In suitable local coordinates we can write F as given by

x(1+ Az, y))dy — Ay(1 + B(x,y))dx =0,

for some holomorphic A(z,y), B(z,y) with 0 # A € C\Q4, A(0,0) = B(0,0) = 0. In the normal
form above, the separatrices are the coordinate axes. Let us denote by f the holonomy map (its
class up to holomorphic conjugacy) of the separatrix (y = 0). From the correspondence between
the leaves of F and the orbits of f ([16, 17, 24]) and according to the well-known properties
of f discussed in § 4.1 (see also [2, 3]) we conclude that the foliation F exhibits the following
characteristics:

Lemma 6.1. Let F be a germ of an irreducible non-degenerate singularity at the origin 0 € C2
as above. We have:

(1) In the hyperbolic case and in the resonant non-linearizable case, A € Q_, all leaves of F
are closed off the set of separatrices, no leaf is closed.

(2) In the non-resonant (Siegel or Poincaré) case, A € R\Q, F has always some leaves which
are recurrent. Moreover, no leaf converges only to the set of separatrices, therefore if a
leaf is closed off the set of separatrices then it is already a closed leaf.

Proof. If the singularity is in the Poincaré domain then, since it is not a resonance (because
A, 1/ ¢ N) it is analytically linearizable. We may therefore choose local coordinates (z,y) on
(C2%,0) such that the germ writes as xdy — Aydx = 0. The holonomy of one of the coordinate
axes with respect to a small disc ¥ : { = a} is given by h(y) = exp(2my/—1)\)y. Suppose that
A is irrational then the map h is an irrational rotation, and the leaves (not contained in the set

of separatrices) are recurrent, therefore not closed off the set of separatrices.
O
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7. FULLY RESONANT SINGULARITIES
The following notion is useful in our framework.

Definition 7.1 (fully resonant). A germ of a generalized curve F at the origin 0 € C? will be
called fully resonant if every singularity arising in the reduction of singularities is a resonant
singularity.

Lemma 7.2. Let F be a germ of a non-dicritical generalized curve in a neighborhood of the
origin 0 € C2. Suppose that for some representative Fyy of F defined in a neighborhood U of the
origin, all leaves are closed off the set of separatrices. Then we have two possibilities:

(i) F is a fully-resonant generalized curve.

(ii) The reduction of singularities of F exhibits some hyperbolic singularity, all the final singu-
larities are linearizable. Moreover, given any separatrix I through the origin, and a transverse
disc Y meeting T at a point ¢ # 0, the virtual holonomy group Hol"'™ (F,%,q) contains a hyper-
bolic map. In particular, it is an abelian linearizable group generated by a hyperbolic map and a
periodic map.

Proof. We proceed by induction on the number r € {0,1,2,...} of blowing-ups in the reduction
of singularities for the germ F.

Case 1. (r = 0). In this case the singularity is already irreducible. The result follows from
Lemma 6.1.

Case 2 (Induction step). Assume that the result is proved for foliation germs that admit a
reduction of singularities with a number of blowing-ups less greater than or equal to r. Suppose
that the fixed germ F admits a reduction of singularities consisting of r+1 blowing-ups. Then we
perform a first blow-up o1: U(1) — U at the origin and obtain a lifted foliation F(1) = o (F)
with (first) exceptional divisor E(F)(1) = oy 1(0) consisting of a single embedded invariant
projective line in U (1) (by hypothesis the exceptional divisor is invariant by F (1)). Given
a leaf L of F in U we denote by L(1) the lifting L(1) = o7 *(L) of L to U(1) by the map
o1:U(1) - U. Now, if a leaf L of 7 in U is closed in U \ sep(F,U), then its lift L(1) is
closed in U(1) \ sep(F (1) U(1)) (notice that for each singularity § € sing(F(1)) C E(1) the set
of local separatrices of F(1) through j is formed by E(F)(1) union the local branches through
p, of the strict transform by (1) of sep(F,U)). Given a singularity j € sing(F(1)) C E(1) of
F (1), since the blow-up map is proper, we can conclude that for any small enough neighborhood
W of p in U(1), a leaf Ly of the restriction F(1 |W is closed in W; \ sep(F(1),p) provided

that it projects into a piece of leaf oy (Lo) which is contained in a leaf L of F that is closed in
U \ sep(F, U). Furthermore, since the blow-up map defines a biholomorphism between C2\ {0}
and the complement of the exceptional divisor (C% \ E(1), we conclude that:

The leaves of F(1 ’W

the induction hypothesis, each singularity p € sing(ﬁ (1)) in the first blow-up is fully-resonant or
its reduction of singularities exhibits some hyperbolic singularity, all the final singularities are
linearizable. Moreover, given any separatrix fﬁ through this singularity, and a transverse disc
iﬁ meeting fﬁ at a point p # § = if, NI, the virtual holonomy group Hol"™ (F (1), Y5,q) is an
abelian linearizable group generated by a hyperbolic map and a periodic map.
We have then two possibilities:

(a) All singularities in the first blow-up are fully-resonant. In this case, the original singularity
is fully-resonant.

are closed off the set of local separatrices of F (1) through p. Thus, by

(b) Some singularity € sing(F(1)) in the first blow-up is not fully-resonant.
We shall consider this second possibility:
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Claim 7.3. Given a singularity p; € sing(]:'(l)) C E(1) its reduction of singularities only pro-
duces linearizable singularities. Moreover, given any separatriz I's, through p1, and a transverse
disc % meeting Iz, at a point py # G1 = X NT,, the virtual holonomy group Hol'™* (F(1),%,d;)
is an abelian linearizable group generated by a hyperbolic map and a periodic map.

Proof. At first sight it may seem that this is a straightforward consequence of the Induction
hypothesis. Nevertheless, it is not clear that we are dealing with a singularity which is not
fully-resonant. Let us see how to study the case p; is fully resonant. Since E(F)(1) is invariant,
the hyperbolic element in the virtual holonomy of the separatrix through p contained in E(F)(1)
induces a hyperbolic element on the virtual holonomy of the separatrix through p; contained in
the exceptional divisor F(F)(1). This is done as follows. Given two points ¢ and ¢y, close to p
and p; respectively, and transverse discs ¥ and X1 meeting E(F)(1) at these points respectively,
we can choose a simple path a: [0,1] — F(1) \ sing(F(1)) from § to . The holonomy map
ha: (2,4) = (21, 1) associated to the path a (recall that E(F)(1)\sing(F(1)) is a leaf of F(1)),
induces a natural morphism for the virtual holonomy groups

o : Hol"™(F(1), £1, @) — Hol"™™(F(1), 2, q),

by a* : h — hz'ohoh,. Since hy-1 = (hy)~! in terms of holonomy maps, we conclude
that the above morphism is actually an isomorphism between the virtual holonomy groups.
Thus the virtual holonomy group Hol"™ (F(1)s,, E(F)(1),%s,,D1) contains a hyperbolic map.
Now we can use the Dulac correspondence in order to “pass” this hyperbolic map from the
above virtual holonomy (of the separatrix contained in E(F)(1)) to the virtual holonomy of
any separatrix of ]}151 (see the Appendix § 9). Indeed, because Hol"'™ (]:"(1)1;,1 JE(F)(1),X4,,1)
contains a hyperbolic element, according to Proposition 4.2 it must be linearizable, generated by
this hyperbolic map and a periodic map. This already implies that all local holonomies arising
in the reduction of singularities of ¢ are linearizable, therefore the corresponding singularities
are linearizable. Because the singularities are linearizable, the Dulac map allows to pass the
hyperbolic attractor from E(F)(1) to any separatrix through ¢, proving in this way that any
separatrix through § contains a hyperbolic attractor in its virtual holonomy group®. Thus, also
the virtual holonomy group associated to the separatrix T of F (1) through p; contains some
hyperbolic map. (I

Now consider any separatrix I" of F through the origin. Since the projective line E(F)(1) in
the first blow-up is invariant, the lift T is the separatrix of some singularity p of F (). If Fis
not fully-resonant, then by the above, we conclude that the virtual holonomy group associated
to this separatrix I contains a hyperbolic map. Recall that the blow-up is a diffeomorphism off
the origin and off the exceptional divisor, so that the maps in the virtual holonomy of T induce
maps in the disc ¥ transverse to I' in C2, but which are defined only in the punctured disc, i.e.,
off the origin. Nevertheless, since these projected maps are one-to-one, the classical Riemann
extension theorem for bounded holomorphic maps shows that indeed such maps induce germs of
diffeomorphisms defined in the disc ¥. These diffeomorphisms are the virtual holonomy maps of
the separatrix I' of F (1) evaluated at the transverse section 3. Hence, by projecting the maps
in Hol"™(F(1),%,q) we obtain hyperbolic maps in this virtual holonomy group as stated. Now
the Induction Principle applies to finish the proof of the lemma. O

§The details of the construction of the Dulac map and the “passage” of (virtual) holonomy maps to virtual
holonomy maps on adjacent components are are found in the Appendix § 9 and extensively explained in [8] and
in [25] §2.3, pages 371 to 374.



SIMPLE DYNAMICS AND INTEGRABILITY 161

8. GERMS OF FOLIATIONS WITH CLOSED LEAVES OFF THE SET OF SEPARATRICES

In this section we prove Theorems 1.2, 1.3 and 1.4. We rely on Lemma 7.2 and on Lemmas 8.1
and 8.9 below.

Lemma 8.1. Let F be a foliation germ as in Theorem 1.2. Then the following are equivalent:

(1) F admits a holomorphic first integral in some neighborhood of the origin.
(2) F is fully-resonant, has a closed leaf arbitrarily close to the origin and all singularities
in the reduction of singularities are linearizable.

Proof. Since (1) implies (2) is well-known (cf.[16],[27]), we prove the converse. Assume then that
F (is as in Theorem 1.2 and moreover) has a closed leaf arbitrarily close to the origin and that
all final singularities in the reduction process are resonant and linearizable. We must prove that
F admits a holomorphic first integral.

We proceed by induction on the number r € {0,1,2,...} of blow-ups in the reduction of
singularities for the germ F.
Case 1. (r = 0). In this case the singularity is already irreducible and resonant linearizable.
Since it is resonant, it admits a holomorphic first integral.
Case 2. (r—1 = r). Assume that the result is proved for foliation germs that admit a
reduction of singularities with a number of blow-ups smaller than r. Suppose that the fixed
germ F admits a reduction of singularities consisting of r blow-ups. Let U be a small connected
neighborhood of the origin where the leaves of F are closed off the set of separatrices. We also
assume that for U arbitrarily small the foliation F exhibits a closed leaf in U. Then we proceed
as in the proof of Lemma 7.2 from where we import the notation. Thus we perform a first blow-
up o1 : U(1) — U at the origin and obtain a lifted foliation F(1) = o} (F) with (first) exceptional
divisor E(F)(1) = o7 '(0) consisting of a single embedded invariant projective line in U(1) (by
hypothesis the exceptional divisor is invariant by F(1)). Given a leaf L of F in U we denote by
L(1) the lifting L(1) = o7 }(L) of L to U(1) by the map oy : U(1) — U. Now, if a leaf L of F in
U is closed in U \ sep(F, U), then its lift L(1) is closed in U(1) \ sep(F (1) U(1)) (notice that for
each singularity § € sing(F(1)) C E(1) the set of local separatrices of F(1) through p is formed
by E(F)(1) union the local branches through p, of the strict transform by o(1) of sep(F, U)).

Given a singularity p € sing(]:" ) CE of F, since the blow- up map is proper, we can conclude
that for any small enough neighborhood W~ of pin U, a leaf Ly of the restriction F |W is closed

in W,; provided that it projects into a piece of leaf w(Lg) which is contained in a leaf L of F that
is closed in U. Similarly, a leaf Ly is closed in W \ E provided that it projects into a piece of leaf
(Lo) which is contained in a leaf L of F that is closed in U \ {0}. By the Induction hypothesis,
each singularity p € smg(}') admits a holomorphic first integral say fp defined in W~ if this
last is small enough. Now we analyze the holonomy of the leaf Lo := E(F) \ sing(F). Choose
a regular point ¢ € Ey and a small transverse disc ¥ to Ly centered at g. The corresponding
holonomy group representation will be denoted by H := Hol(]} ,2,q) C Diff(%,q). We know
that this group is finitely generated and by the invariance of F(F) and the above argumentation
and Lemma 3.1, we know that actually, the orbits of the holonomy group H of the exceptional
divisor are closed off the origin, one of which is closed. Applying Corollary 4.4 we conclude
that the holonomy group is finite. Since the virtual holonomy group preserves the leaves of the
foliation, the arguments above already show that the orbits of the virtual holonomy group HVirt
are closed off the origin, one of which is closed. The problem is we still do not know that the
virtual holonomy group is finitely generated. Nevertheless, from Corollary 4.4 we obtain:

Claim 8.2. Any finitely generated subgroup H of the virtual holonomy group HY™ is a finite
group.
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Let us then proceed as follows: given the singularities {p1, ..., pm } = sing(]:') C E, by induction
hypothesis each singularity admits a local holomorphic first integral. Thus, there are small discs
D; C E, centered at the p; and such that in a neighborhood V; of p; in the blow-up space

C% , of product type V; = D; x D, we have a holomorphic first integral g;: V; — C, with
9j(pj) = 0. Fix now a point py € E \ sing(F). Since E(F) has the topology of the 2-sphere,
we may choose a simply-connected domain A; C E such that A; N {po, D1, ... Pm} = {Po,Dj}s
for every j =1,...,m. Since A; is simply-connected, we may extend the local holomorphic first
integral g; to a holomorphic first integral g; for F in a neighborhood Uj of D; U Aj, we may
assume that U; contains V;. We observe that §; can be chosen to be primitive, i.e., it has
connected fibers, therefore it cannot be written as §; = h", for some holomorphic function h
with n > 2. Now, given a local transverse section Y centered at pp and contained in Uj;, we

may introduce the invariance group of the restriction gg-) = §j|20 as the group

Inv(gjo) := {f € Diff (20, Do), gjp of= g?}.

In other words, the invariance group of g? is the group of germs of maps that preserve the
fibers of g?. Clearly Inv(gJQ) is a finite (resonant) group ([16] Proposition 1.1. page 475). Let
us now denote by Inv(F,Xo) C Diff(Zg,pg) the subgroup generated by the invariance groups
Inv(gjp)7j =1,...,m. We call Inv(f, Yo) the global invariance group of F with respect to (X0, D0)-
Then, from the above we immediately obtain:

Claim 8.3. Inv(f", Y0) is a finite group.

Proof. Indeed, first notice that Inv(F,X) is finitely generated (by periodic maps). Since
Inv(F, %) preserves the leaves of F (recall that g; was chosen to be primitive) we have that
Inv(F,%o) € Hol"™ (F, X, Do) and therefore by Corollary 4.4 Inv(F, o) is a finite group. [

Notice that this global invariance group contains in a natural way the local invariance groups
of the local first integrals g;. Therefore, as observed in [16], once we have proved that the global
invariance group Inv(F, Xy) is finite, together with the fact that the singularities in E(F) exhibit
local holomorphic first integrals, we conclude as in [16] that the foliation F and therefore the

foliation F has a holomorphic first integral.
O

As a consequence of the proof of the above lemma we have:

Lemma 8.4. Let F be a foliation germ as in Theorem 1.2. Assume that F has a closed leaf
arbitrarily close to the origin. Then F admits a holomorphic first integral in some neighborhood
of the origin.

Proof. The proof is based on Lemma 8.1 above and in the following claims:
Claim 8.5. The foliation F is fully-resonant.

Proof. Indeed, this is a consequence of the fact that any singularity in the reduction of singu-
larities is such that the local induced foliation has closed leaves off the set of local separatrices
and of Lemma 6.1. O

Claim 8.6. Fach virtual holonomy group in the reduction of singularities of F exhibits a closed
pseudo-orbit arbitrarily close to the origin.

Proof. This is a consequence of (what we have observed in the proof of) Proposition 3.3. O
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Then, we conclude, as in the proof of Lemma 8.1, that each local holonomy map of a separatrix
of a singularity in the reduction of singularities of F, is a finite periodic map. This implies that all
the singularities of the reduction of F are linearizable (and resonant). Applying now Lemma 8.1
we conclude. O

Lemma 8.7. Let F be a foliation germ as in Theorem 1.2. Assume that some separatriz T' of
F contains some hyperbolic map in its virtual holonomy group. Then F is given by a closed
meromorphic one-form with simple poles.

Proof. We proceed by induction on the number r € {0,1,2,...} of blowing-ups in the reduction
of singularities for the germ F.

Case 1. (r = 0). In this case the singularity is already irreducible. Since it is not a saddle-node
it can be written as xdy — A\ydz + ... = 0 for some A € C\ Q4. We claim:

Claim 8.8. The singularity is not a resonant singularity, i.e., X & Q.

Proof of the Claim. Assume that we have A = —n/m € Q_ for some n,m € N with < n,m >= 1.
In this case we have two possibilities.

(1) The singularity is analytically linearizable. In this case we can write nady + mydz = 0.
Then we have a holomorphic first integral f = z™y" and any virtual holonomy map must
preserve the fibers of f. This implies that any virtual holonomy map is actually a finite periodic
map. This case is therefore excluded.

(2) The singularity is not analytically linearizable. As we have seen in Example 5.5, by [17]
the foliation is formally isomorphic to an unique equation

wWpjg i = P14+ (A = 1)uF)yde + q(1 + Mu*)ady,
where p, ¢,k € N, A\ € C and v := 2Py? and mp —ng = 1. We can rewrite
Wp/gkr =1+ A= mp)uk)(pydx + qudy) + pqu” (nydz + mady).

This last expression admits the integrating factor hy,/q . = pgryuF, this means that the one-
form mwp/q,k,,\ = Qp/q.k, is closed and meromorphic, with poles of order kp+1 in (z = 0)
and kg4 1 in (y = 0). Now, if there is a hyperbolic map in the virtual holonomy of one of the
separatrices (given by the axes) then this map clearly forces the closed meromorphic one-form

to have simple poles along that separatrix, which is not the case, contradiction.
O

Because the singularity is non-resonant we have A € C\ Q. We claim that this singularity is
a hyperbolic singularity, i.e., A € C\ R. Indeed, if A € R\ Q then we have two possibilities.

(i) The singularity is analytically linearizable. In this case we may assume that it is of the
form xdy — Aydx = 0. Then, the leaves are not closed off the origin, because a typical leaf has
as closure the three-dimensional manifold given by |y||z|=* = ¢ for some ¢ > 0.

(ii) The singularity is not analytically linearizable. In this case we must have A € R_ and the
foliation is in the so called Siegel domain. In particular, there exactly are two separatrices and
we may assume that it is of the form xdy — Ay(1 + A(z,y))dz = for some A(zx,y) holomorphic
with A(0,0) = 0. Such a singularity has a local holonomy map for the separatrix (y = 0) of the
form f(y) = exp(27A)y + .... In particular, such a holonomy map is not a resonant map. By
Lemma 6.1 or also by the considerations in the proof of Proposition 4.2 we know that the only
possibility compatible with the fact that the leaves of F are closed off the origin, is that f is a
hyperbolic map, i.e., A € C\ R.
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We conclude that the singularity is hyperbolic and that any separatrix has a hyperbolic
holonomy map. The singularity is linearizable as xdy — Aydx = 0 in suitable local coordinates.
In these coordinates the foliation is given by the closed one-form 2, = %y — )\d%.

Case 2 (Induction step). Assume that the result is proved for foliation germs that admit a
reduction of singularities with a number of blowing-ups less greater than or equal to . Suppose
that the fixed germ F admits a reduction of singularities consisting of 41 blowing-ups. Then we
perform a first blow-up o;: U(1) — U at the origin and obtain a lifted foliation F(1) = o (F)
with (first) exceptional divisor E(F)(1) = o7 '(0) consisting of a single embedded invariant
projective line in U(1) (by hypothesis the exceptional divisor is invariant by F(1)). Given a leaf
L of F in U we denote by L(1) the lifting L(1) = o7 *(L) of L to U(1) by the map o : U(1) — U.
By hypothesis F has some separatrix I' containing a hyperbolic map in its virtual holonomy.
Let then p € sing(F(1)) be a singularity exhibiting some separatrix T'; = o7 *(T'\ {0}) not
contained in the projective line E(F)(1) and having a hyperbolic map in its virtual holonomy.

By the Induction hypothesis the germ F (1); induced by F (1) at p, is given by a simple poles
closed meromorphic one-form say Qﬁ. Since E(l) is invariant, it contains a separatrix of the
germ F (1);. Because of the form QI;, all the separatrices of F (1); contain hyperbolic maps
in their virtual holonomy groups. Therefore, the separatrix of F(1); contained in E(F)(1),
contains a hyperbolic map for its virtual holonomy group. Thanks to the invariance of E(F)(1)
for F(1) this implies that each singularity ¢ of F(1) in E(F)(1) contains a hyperbolic map in
the virtual holonomy of the corresponding separatrix contained in E(F)(1). Then, again by
Induction hypothesis, each singularity ¢ € E(1) N sing(F(1)) is given by a closed meromorphic
one-form ; having simple poles. Now we focus on the leaf Ly = E(1) \ sing(F(1)) and on its
virtual holonomy group, which we shall denote simply by Hol"™(F(1),Lg). This leaf contains
therefore hyperbolic maps in its virtual holonomy group. In view of Proposition 4.2 the group
Hol"™(F(1),Lo) is abelian linearizable. Using this and the well-known techniques from [5] we
can construct a simple poles closed meromorphic one-form Q in a neighborhood of E(F)(1),
which defines F(1). Projecting this one-form onto a neighborhood of the origin 0 € C2, we
obtain a closed meromorphic one-form €2 with simple poles, defining F. The lemma is proved
by Induction. ([

Lemma 8.9. Let F be a foliation germ as in Theorem 1.2. Assume that F is not fully resonant.
Then:

(1) Each separatriz contains some hyperbolic map in its virtual holonomy group.
(2) F is given by a closed meromorphic one form with simple poles.

Proof. This is essentially a direct consequence of the lemma above. The idea is the following.
Since F is not fully-resonant, it contains some singularity which is not resonant. As in the proof
of Lemma 8.7, this singularity must be hyperbolic. The local holonomies of the separatrices of
this singularity then are hyperbolic maps, which induce hyperbolic maps on the virtual holonomy
of each separatrix of the foliation. By Lemma 8.7 we conclude. (]

Lemma 8.10. Let F be a foliation germ as in Theorem 1.2. Assume that F is fully resonant.
Then F admits a formal Liouvillian first integral.

Proof. First we recall that all the virtual holonomy groups in the reduction of F are groups
with closed orbits off the origin. Then, according to Proposition 4.2 these groups are solvable.
Moreover, by hypothesis, there are no saddle-nodes in the reduction of singularities and all the
projective lines are invariant. Then, as already mentioned in Example 5.1, using the techniques
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from [26], [8] or the more general techniques from [21] we can construct a formal generalized
integrating factor for 7. We give the detailed proof in the Appendix § 9. (]

Proof of Theorem 1.2. Let F be a germ of a non-dicritical generalized curve at 0 € C2. Assume
that the leaves of F are closed off the set of separatrices. By hypothesis, there is a neighborhood
U of the origin where the leaves are all closed off the set of separatrices. According to Lemma 8.9
we have only two possibilities:

(1) F is fully resonant.

(2) F is contains some hyperbolic singularity in its reduction of singularities and:
(a) Each separatrix contains some hyperbolic map in its virtual holonomy group.
(b) F is given by a closed meromorphic one form with simple poles.

We study the different possibilities:

Possibility 1. The singularity is fully-resonant. In this case, by Lemma 8.10 F admits a formal
Liouvillian first integral.

Possibility 2. The singularity is a generalized curve which is not fully-resonant. Moreover, we
have:

(1) F is given by a closed formal meromorphic one form with simple poles,

(2) Given any separatrix I' through the origin, and a transverse disc ¥ meeting T' at a
point ¢ # 0, the virtual holonomy group Hol"'™ (F, ¥, q) is an abelian linearizable group
generated by a hyperbolic map and a periodic map.

As in [5] (page 440, paragraph after the proof Lemma 8) we can conclude that F is indeed a
holomorphic pull-back of a linear hyperbolic singularity xdy — Aydz = 0, A € C\ R. This ends
the proof of Theorem 1.2. O

Proof of Theorem 1.3. According to Lemma 8.7 F is given by a closed meromorphic one-form
with simple poles. The rest of the proof goes as in final part of the above proof of Theorem 1.2.
O

Proof of Theorem 1.4. If we already know that F is a generalized curve then this is just the
result of Lemma 8.4. Let us then prove that this is the case. Recall that, by hypothesis F is
non-dicritical, its leaves are closed off the set of separatrices and F has a leaf which is closed on
each small neighborhood of the origin. Assume that there is a saddle-node in the reduction of
singularities of F. Then the strong manifold of this saddle-node exhibits a non-trivial holonomy
tangent to the identity, say of the form z + z + ap4125t + ... for some a1 # 0,k € N. This
map has no closed orbit. Because the exceptional divisor is invariant and connected, and thanks
to Lemma 3.2, any given closed leaf must approach a saddle-node singularity by at least one
of its separatrices. If it approaches by the strong separatrix then we have a contradiction with
the above holonomy map dynamics. Therefore, the closed leaf must approach the saddle-node
through the central separatrix. Nevertheless, thanks to the local description of the saddle-node,
it is well-known that any leaf not contained in a separatrix and that accumulates properly at
the central separatrix also accumulates properly at the strong separatrix. Therefore, again, we
have a contradiction. This shows that the existence of a saddle-node is not possible under the
additional hypothesis of existence of a closed leaf sufficiently close to the original singularity.
Thus F is indeed a generalized curve. ([l

9. APPENDIX: CONSTRUCTION OF GENERALIZED INTEGRATING FACTORS

We shall now detail the construction of the formal generalized integrating factor indicated in
the proof of Lemma 8.10. We shall adopt the notation of that section. We shall also denote
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by H; (respectively, by H;-’irt) the holonomy group (respectively, the virtual holonomy group)
of the component D; of the divisor E(F), j = 1,...,r, which is by hypothesis invariant. We
also denote by Dj = D; \ sing(F). The virtual holonomy group HJ‘-’irt has closed pseudo-
orbits off the origin. This group is therefore solvable in the terms of Proposition 4.2. Fixed
a regular point ¢; € D; — sing(F) N D;, a small transverse disk ¥; = D, X; N D; = {¢;}
we have holonomy and virtual holonomy identifications Hol(F, D;,¥;) = H; C Diff(C,0) and
Hol"™™ (F, Dy, %) = HJVirt C Diff(C,0). We recall the following result from groups of germs of
complex diffeomorphisms in dimension one ([10], [21]):

Lemma 9.1. Let H C Diff(C,0) be a subgroup. Then:

(1) H is abelian < there exists a formal vector field & in one complex variable which is
H-invariant, i.e., g * é = é, Vge H.

(2) H is solvable < there is a formal vector ﬁeldé in one complex variable which is H -
projectively invariant, i.e., for each g € H we have g * f =cq- é for some ¢4 € C*.

As a consequence we have the following possibilities for H}’irt:

(a) Hj is abelian = there exists a formal vector field fj in one complex variable y; € X;,
sk+1
z

27 % sueh
T+azkadz >

yi(2;) =D, y;(g;) =0, & writes in some formal coordinates &;(2) =

that: (a*) g*éj = éj ,Vge Hj,
(b) Hj is solvable non abelian = there exists a formal vector field §; such that:  (b*)
gx& =cj-&, cg € C*,Vge Hjand ¢4 # 1 for some g € H;. The vector field &; writes
in some formal coordinate 2 as éj(é) = 2’“‘*1? .
z
Definition 9.2 (normalizing coordinates). Let H C Diff(C,0) be solvable and ¢ a projectively
invariant as in Lemma 9.1 above. The vector field {; writes in some formal coordinate £ as
R sk+1 d
& (%) = ZiA—A Such coordinates are called normalizing coordinates for the group G.
1+azkdz
Let w be a holomorphic one-form defining F in a neighborhood U C C? of the origin. Denote
by @ the lift of w by the reduction of singularities for F, i.e., @ = 0*(w) where o: U — U is the
morphism described in Section 2.

Lemma 9.3. There exists a transversely formal 1-form 7); defined over D} such that dw = 7j; A\w,
di; =0, 1; has simple poles along D} and along (&) U (@)o -

Moreover, if C C (©)oo U (@)g is an irreducible component with C N D; # 0, then either
Rescflj = —ord((@)eo, C), or Resct) = ord(@)o.

Proof. First we assume that H; is abelian. We consider £ as in (a) above. Condition (a*)
allows as to extend éj as a transversely formal global section 7; of the sheaf Sim(F, D;) of
transversely formal symmetries associated to F, over the open curve D7 . Indeed, this is just the
usual holonomy extension of f as a constant vector field along the plaques of F near D}. Then
. dh;

hj = &(7;) is a transversely formal function defined over D} and which satisfies dw = — L A& [21],
J

dh;
so that we take 7); = il—j . This 1-form clearly satisfies the required properties.
J
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Now we assume that H; is solvable non abelian. We consider fj as in (b). Condition (b*) allows
_— d(&(+

the construction of a section 7; of the quotient sheaf Sim(F, D})/C*. Thus (fu((j'y))) =17 is
w75

well-defined over D7 and has the required properties [21]. ([

Now we prove that 7j; constructed in Lemma 9.3, extends to the singularities in D; Nsing(F).
Let then ¢, € sing]} N D; be a singularity. If it is a corner, say ¢, = D; N D; is a corner then
it has two separatrices, contained in D; and D;. Since g, is not a saddle-node we have three
distinct cases to consider:

(1) ¢, admits a formal first integral. In this case by [16] ¢, admits a holomorphic first integral
so that @ admits a holomorphic integrating factor around ¢, and ¢, is analytically linearizable.
(2) ¢, is non-resonant of the form xdy — Aydx + h.o.t. = 0, A ¢ Q: In this case the local
holonomy around g, is a non-periodic linear part so that H; is analytically normalizable and we
may assume that (Ej and therefore) 7j; is convergent.

(3) ¢ is resonant not formally linearizable: In this case g, admits the so called Martinet-
Ramis formal normal forms [17]. In particular the 1-form @ admits a formal integrating factor
w

h defined at ¢, ; that is, (¥) d(h = 0 and h is a formal series at ¢,. This equation (¥)

exhibits resommation properties for h so that by a Briot-Bouquet type argument [17],[18] h can

A +oo .
be written h(z,y) = > a;j(z)y?, where (z,y) € U is a local coordinate centered at ¢, , such that

D;NU ={y =0}, D,NU = {z =0}, a;(x) is a holomorphic function converging in a small disk
D,, C D; centered at g, , not depending on j € N.

Thus, in any of the three cases above, we conclude that there exists a transversely formal 1-
form 7, defined over a small disk ¢, € D,, C D; and with simple poles along the separatrices (so
along D; and D;), such that dij,, = 0 and d& = 7y, A ©. The difference 7j; — 7j,, writes therefore
as 1 — Mg, = h - & for some transversely formal integrating factor h for @ (i.e., d(h - @) = 0)
defined over the punctured disc ;= Dg, \ {go} -

Now we consider these three cases separately.

Case (1): There exists a local chart (z,y) € U, x(q,) = y(¢o) = 0 such that

w(z,y) = g(x,y)(nzdy + mydz)

for some n,m € N* and some holomorphic g € Oy . We consider the 1-form

dg . d dg  dr  d
=% dey) _dg  dv dy

G0 =

g Ty g T Y

which is meromorphic in U. Let also w, = n% + d?m . Then we have 7); — 7y, = h-= (iwcyg)wo
and since d(h-@) = 0 = dw, it follows that d(hayg) Aw, = 0, that is, f = hayg is a transversely
formal first integral for F over Dy . Since f, = z™y" is already a primitive first integral for
F around ¢, (if we choose (n,m) = 1) it follows that f = I(f,) for some one variable formal
expression, that is, f = (z™y™) and since f is defined as a transversely formal expression over
D which contains points of the form (z,0), z # 0 and since z™y™ = 0 at these points, it follows
that [ is a formal series on the disk D C C and therefore f extends as a transversely formal first
integral along D, . It follows that (}AL and therefore) 7); extends as a transversely formal object
to Dy, .
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Case (2): There exists a formal linearization for F at q,,

@(z,y) = g(z,y)(zdy — Ay(1 + b(z,y))dz),
be Oy ¢ g Ae C\Q, b0,0) =0, (z,y) is a holomorphic chart and we can find a formal

~ ~ +oo .
chart (z,Y) at g, with Y(z,y) = > aj(x)y’, a;(x) holomorphic in Dy, , Vj, such that,
j=1

&(z,Y) = G(z,Y) - (xdY — \Y da) is linearized. We define Mgy = % + dg“g) = % +dz 4 %
and W, = g — )\% .
Y ~ o~ ~ A~ o~
Therefore we may write 7; — 7y, = (h-2z-Y -G)-@p and d(h -z -Y - G) A&y = 0. We
" A ~ o~ A +oo )
put f := hz-Y -G and write f = »_ f;j(x)y’ where f;(z) is holomorphic in D} , Vj. Then

7=0
df Ao =0 gives () afy + AY - ff, =0 over D?! ; where by definition (notice that % and

4o !
% are invertible elements of the ring of formal power series):

o R s &R L) AN AN
foim g = D6 fy:—ay—zljfj(w)yj1f¢:—fz<ax> i (%)

and

0y X Sy X _
Dz = Za;(x)yj, 5‘7y = Zjaj(x)yj .
j=1 j=1

Thus by (*) we conclude that f, = 0, fff =0= f, =0, fu =0= f=f,is a constant and
therefore f extends naturally to D, . This shows that (h and therefore) 7j; extends to D, .
Case (3): In this case we have local holomorphic coordinates (z,y) € U centered at ¢, , such
that @(z,y) = g(x,y)[nedy + my(l + b(z,y))dz] where n,m € N*, (n,m) = 1, g,b € Oy,
b(0,0) =0 [17]. According to [17] and also from what we have observed above we may choose a

~ ~ +oo .
formal coordinate system (z,Y) at go , Y = > a;(x)y’, a; € O(D,,) Vj, such that if A\ =n/m

Jj=1
then

o2, Y) =G, V) [n(1 + (A= 1)(@™Y™)")zdY +m(1+ Aa™Y™)*)Y dz].
In this case we define

P - dG d ay
fg, = dog[G(2, V) - 2™V = L (m+ ) 4 (1)
G T Y
and N N
0 Y ~ dy d
Gl.nJrlYnJrl men Y €T

Since A = n/m it is a straightforward calculation to show that di, = 0 and therefore if

f: - émerli}nqu
then dv A @, = 0. As in the case above, the fact that @, admits no first integral outside one
separatrix implies that f is constant and therefore 7 extends to Dy, . But we remark that 7 — 17,
has simple poles along D, C D; and &, has poles of order n + 1 > 2 along D, , so that

1) — flg, = const.. @, = const.. = 0 and therefore we have in fact concluded that if ¢, is of
type (3) then 7j; extends as 7; = 7jg, t0 ¢o .
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Summarizing the above discussion we obtain:

Proposition 9.4. Given any component D; C E(F) there exists a transversely formal general-
ized integrating factor 7); for & defined over D; which also satisfies: the formal polar set (7))
has order one.

Now it remains to show how to construct the forms 7); in a compatible way, i.e., such that if
D; N D; = {q} then both forms bind up into a transversely form defined in D; U D;. For this we
need the solvability of the virtual holonomy group Hj‘-’i”, not only of the holonomy group H;.
The idea is basically the following: Take a component D; C E(F) that meets D; at a corner
singularity ¢ = D; N D;. We may assume that ¢ is resonant so that we are in Case 1 or 3 of the
above argumentation. The difference &;; := 7); — 7); is a formal closed meromorphic one-form
at ¢ such that &;; A @ = 0. Moreover, &;; is zero or it has only simple poles. Thus, we may
assume that we are just in Case 1 of the above argumentation, i.e., that F has a holomorphic
first integral at ¢. In this case the so called Dulac correspondence is defined as follows:

Choose a small neighborhood U of g, where we take small transverse sections 3; to D; and
¥; to D;. Denote by F(X;) the collection of subsets E C X; such that E is contained in some
leaf of F ‘0' Define F(%;) in a similar way. Roughly speaking, the Dulac correspondence is
a multivalued correspondence D, : ¥; — ;, which is obtained by tracing the local leaves of
]:'|U. Given any z € X¥; the set of intersections of the local leaf of f|0 that contains z, with
the transverse section ¥;, is denoted by L, NY; € F(X;). The correspondence D, associates to
any point z € L, N X;, the subset Dy(z) C Ly, N E; € F(X;), usually defined by the some local
normal form of F in U.

Given an element h € Holvm(]} ,Dj, %), we associate h with a collection of elements

{hP} C Diff(%;,q;) € Hol"™(F, Dy, ),
each of which satisfies the following relation
hP o Dy =Dyoh,

called the adjunction equation. We remark that the adjunction equation is not exactly an
equation, but rather an equality of sets or correspondences. More precisely, given any element
h € Hol""™(F,D;, %), each diffeomorphism h? € Hol""*(F, Dy, ;) must satisfy, for every z € X;,
the equality of sets hP(D,(x)) = D,(h(z)), where Dy(z) C L, NY; and Dy(h(x)) C L, N
are subsets as above. This adjunction is adequately defined for the special case of singularities
{¢} = D; N D; we are considering as we shall see in what follows. There are local holomorphic
coordinates (z,y) € U such that D;NU = {x =0}, D;NU = {y = 0}, and such that ]}’U
is given in the normal form as nxdy + mydx = 0 and ¢ : * = y = 0, where n/m € Q4 and
(n,m) = 1. We fix the local transverse sections as ¥; = {z = 1} and ¥; = {y = 1}, such
that ¥, N D; = ¢; # q and ¥; N D; = g; # ¢q. The local leaves of the foliation are given by
x™y™ = const. The Dulac correspondence is the correspondence obtained by following these
leaves
D, j — %y, Dylx) = {z™/"}.

from a local transverse section ¥; to D; to another transverse section ¥; to D;. Let be given
amap f in the virtual holonomy H}™* of D;. We search for a well-defined map fP+ € H bt it in
the virtual holonomy of Dj, such that it satisfies the “ adjunction equation” fPaioD,=D,o0 f.

The fact that we can construct both 7); and 7; in a compatible way, i.e., such that 7); and
7; agree as formal objects at ¢ is a consequence of the following: (1) #; and 7j; are constructed
in a compatible way (agreeing) with the virtual holonomy groups H}* and H}’i” respectively.
(2) these virtual holonomy groups are related by the Dulac correspondence. Indeed, we can
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embed the virtual holonomy group of D; into the virtual holonomy group of D;. Thus, the
solvability of the group H} means that, in a certain sense, both virtual holonomy groups
are solvable and simultaneously written in formal normalizing coordinates. In particular, we
can already choose the form #); in such a way that it agrees with 7); as formal objects at g.
The details of this construction and compatibility conditions are thoroughly discussed in [21].
There the author mentions the so called zone holomorphe, zone logarithmique,.... To such a
zone, denoted by Z, the author associates a holonomy pseudo-group Hol(Z,fz) which measures
the obstruction to the integration of the foliation in a neighborhood of the zone Z. The main
point is that under our hypothesis, both components D; and D; are accumulated by analytic
leaves and therefore both exhibit solvable virtual holonomy groups. On the other hand, any
generalized holonomy Hol(Z,fz) constructed in [21] is contained in the virtual holonomy. This
implies that the conditions of [21] are automatically satisfied by Proposition 3.3. Now we can
finish the argumentation just by observing that from the above discussion we already conclude
from Proposition 3.3 that the forms 7); can be constructed in a compatible way, resulting into a
global transversely formal one-form 'ﬁ along the divisor D = J D;. Blowing down this one-form

J
we obtain a transversely formal generalized integrating factor 7 for w in a neighborhood of the

origin 0 € C2.

Sketch of the proof of Proposition 5.9. We perform the reduction of singularities of the foliation
F. The first step is:

Claim 9.5. All the virtual holonomy groups are exceptional, isomorphic.
The next step is:

Claim 9.6. There is a transversely formal function <i>j defined along D} = D; \ sing(F), with
the property below: Given any point ¢ € D} and a transverse disc ¥q with X5 N D; = {q}, we
choose a formal normalizing coordinate T4 € ¥4, centered at q, for the virtual holonomy group
Hol"™(F,Dj, %q),q). Then we have (i)ﬂ"zq (24) = cos(25).

=
N
Tq

In the case Hol""™ (F, Dj, X4, q) is exceptional we define @, |z: as ©,;(&4) = cos( 2,3; ). Then:

2

Claim 9.7. The function <i>j extends to each singularity p € D; N sing(]:'), the result is a
transversely formal Liouvillian function along D; which is a first integral for F.

Proceeding as in the proof of Proposition 9.4 we obtain:

Claim 9.8. Given any corner p = D; N D; there is a constant c¢;; € C such that at p we have
®; = ¢;;®; as formal objects.

Since the exceptional divisor E(F) contains no cycles we may choose a globally defined
transversely formal function & along E (F) by suitable choices of constants ¢; € C and setting
P = cj<i>j whenever it makes sense. Blowing down d we obtain the desired formal Liouvillian
first integral. This completes the proof of Lemma 8.10. (]
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