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APERTURE OF PLANE CURVES
DAISUKE KAGATSUME AND TAKASHI NISHIMURA

ABSTRACT. For any given C> immersion r : S — R? such that the set
NSy =R? — U g1 (r(s) + drs(Ts(Sh)))
is not empty, a simple geometric model of crystal growth is constructed. It is shown that our

geometric model of crystal growth never formulates a polygon while it is growing. Moreover,
it is shown also that our model always dissolves to a point.

1. INTRODUCTION
Let r: ST — R2 be a C* immersion such that the set
(1.1) R? — | (r(s) + dro(T(SY)))
seSt

is not the empty set, where Tr(S)RQ is identified with R?. The perspective projection of the given
plane curve r(S!) from any point of (1.1) does not give the silhouette of r(S!) because it is
non-singular. By this reason, the set (1.1) is called the no-silhouette of r and is denoted by N'S,
(see Figure 1). The notion of no-silhouette was first defined and studied from the viewpoint

FIGURE 1. The no-silhouette N'S,.

of perspective projection in [10]. In [11] it has been shown that the topological closure of no-
silhouette is a Wulff shape, which is the well-known geometric model of crystal at equilibrium
introduced by G. Wulff in [14].

In this paper, we show that by rotating all tangent lines about their tangent points simulta-
neously with the same angle, we always obtain a geometric model of crystal growth (Proposition

2010 Mathematics Subject Classification. 58K30, 68T45, 82D25.

Key words and phrases. aperture, aperture angle, aperture point, Wulff shape .

T. Nishimura is partially supported by JSPS KAKENHI Grant Number 26610035.

The authors would like to thank the referee for careful reading of the first draft of their paper and giving some
comments.


http://dx.doi.org/10.5427/jsing.2015.12e

APERTURE OF PLANE CURVES 81

6), our model never formulates a polygon while it is growing (Theorem 1), our model always
dissolves to a point (Theorems 2), and our model is growing in a relatively simple way when the
given r has no inflection points (Theorem 3).

For any C* immersion r : S' — R? and any real number 6, define the new set

NSae ~ B2~ | (+06) + o (dr.(1.(5'))).
ses?t

where Ry : R? — R? is the rotation defined by Ry(z,y) = (zcosf — ysind, zsinf + ycosf)
(see Figure 2). When the given r has its no-silhouette N'S,, by definition, it follows that

FIGURE 2. NSy, for several fs. Left top : § = 0, right top : 6 = 7/12, left
bottom : § = 7 /6, right bottom : § = w/4.

NS =NSor.
Lemma 1.1. For any C™ immersionr: S' — R?, ng,r is the empty set.

Proof of Lemma 1.1 For any point P € R2, let Fp : S' — R be the function defined by
(1.2) Fp(s) = (P —x(s)) - (P —x(s)),
where the dot in the center stands for the scalar product of two vectors. Since Fp is a C'™
function and S' is compact, there exist the maximum and the minimum of the set of images
{Fp(s)|se€S'}. Let s; (resp., s2) be a point of S at which Fp attains its maximum (resp.,
minimum). Then, both s; and sy are critical points of Fp. Thus, differentiating (1.2) with

respect to s yields that the vector (P —r(s;)) is perpendicular to the tangent line to r at r(s;).
It follows that P € (r(s;) + Rz (drs,(Ts,5")). O

In Section 2, it turns out that with respect to the Pompeiu-Hausdorff metric the topological
closure of NSy, varies continuously depending on 6 while NSy, is not empty (Proposition 7).
Therefore, by Lemma 1.1, the following notion of aperture angle 6, (0 < 6, < ) is well-defined.
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Definition 1. Let r : ST — R? be a C*° immersion with its no-silhouette N'S.. Then, 6,
(0 < 6, < 7) is defined as the largest angle which satisfies N'Sgr # 0 for any 6 (0 < 0 < 6,).
The angle 0, is called the aperture angle of the given r.

In Section 2, it turns out also that NSy, is a Wulff shape for any 6 (0 < 6 < 6,), where
NS stands for the topological closure of NSy, (Proposition 6). We are interested in how the
Wulff shape NSy, dissolves as 6 goes to 6, from 0.

Theorem 1. Letr: S' — R? be a C*® immersion with its no-silhouette NSy. Then, for any 0
(0< 8 <6:), NSq,r is never a polygon even if the given NS, is a polygon.

By Theorem 1, none of NS =, NSz » and NS= . in Figure 2 is a polygon although NSy, is
a polygon constructed by four tangent lines to r at four inflection points.

Theorem 2. Let r : S' — R? be a C® immersion with its no-silhouette NSy. Then, there
exists the unique point P, € R? such that, for any sequence {0;}i—12.. C [0,0,) satisfying
lim;_, o 0; = 0, the following holds:

lim dH(NSQi,I‘, Pr> =0.

i—00

Here, dg : H(R?) x H(R?) — R is the Pompeiu-Hausdorff metric (for the Pompeiu-Hausdorff
metric, see Section 2). Theorem 2 justifies the following definition.

Definition 2. Let r : S — R? be a C* immersion with its no-silhouette N'S,. Then, the set
U9€[079r)N89’r is called the aperture of r and the unique point P, = limg_,g, N'Sp r is called the
aperture point of r. Here, 0, (0 < 0, < T) is the aperture angle of r.

The simplest example is a circle. The aperture of a circle is the topological closure of its inside
region and the aperture point of it is its center. In this case, the aperture angle is 7/2. In
general, in the case of curves with no inflection points, the crystal growth is relatively simpler
than in the case of curves with inflections as follows.

Theorem 3. Let r : S1 — R? be a C> immersion with its no-silhouette N'Sy. Suppose that
r has no inflection points. Then, for any two 01,60 satisfying 0 < 01 < 0y < 0y, the following
inclusion holds:

./\/‘Sol’r D) NS(JQ’I-.

Figure 2 shows that in general it is impossible to expect the same property for a curve with
inflection points.

In Section 2, preliminaries are given. Theorems 1, 2 and 3 are proved in Sections 3, 4 and 5
respectively.

2. PRELIMINARIES

2.1. Spherical curves. Let T : S — S2 be a C* immersion. Let t : S* — 52 be the mapping
defined by
S )
t(s) = = 37
[ ()]
where T/(s) stands for differentiating T(s) with respect to s € S'. Let n : S' — S? be the
mapping defined by

det ('f(s)f(s),ﬁ(s)) ~ 1
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The mapping n : S — S? is called the spherical dual of T. The singularities of 1 belong
to the class of Legendrian singularities which are relatively well-investigated (for instance, see
[1, 2, 3]). Let U be an open arc of S'. Suppose that |[¥/(s)|| = 1 for any s € U. Then, for the
orthogonal moving frame {r(s), t(s),n(s)}, (s € U), the following Serre-Frenet type formula has
been known.

Lemma 2.1 ([7, 8]).
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Here, k4(0) is defined by
kg(0) = det (?(s)j(s),%'(s)) .

Let N be the north pole (0,0,1) of the unit sphere S* C R® and let S, be the northern
hemisphere {P € S? | N - P > 0}, where N - P stands for the scalar product of two vectors
N,P € R%. Then, define the mapping ay : sz\,7+ — R2? x {1}, which is called the central
projection, as follows:

P P
P ,PP)=|—=,—/,1
aN( 1,42, 9 <}%7}%3 >7
where P = (P, Py, P3) € 5’12\,7+. Let r : S — R? be a C* immersion. Then, from r we can
naturally obtain a spherical curve T : S* — S? as follows:

T = ag,l oldor,
where Id : R* — R? x {1} is the mapping defined by Id(P) = (P,1). For any s € S*, let GCx(s)
be the intersection (R¥(s) 4+ Rt(s)) N S2. The following clearly holds:

Lemma 2.2. By the central projection ay : Sz2v,+ — R? x {1}, GCx) N 512\7,+ is mapped to the
line r(s) + drs(Ts(SY)).

One of the merit of considering inside the sphere S? is the following:

Lemma 2.3 ([10]). Let T : S — S? be a Legendrian mapping. Then, the following two are
equivalent conditions.

(1) The set
S? - | GCxy
s€S5?

s not empty and N 1is inside this open set.
(2) The connected subset {n(s) | s € S} is inside S}, , , where 0 is the dual of T.

Let Uy : S? — {£N} — S? be the mapping defined by
1
Uy(P)= —————=(N — (N - P)P).
¥(P) = s (N~ (N PIP)
The mapping Wy is very useful for studying spherical pedals, pedal unfoldings of spherical
pedals, hedgehogs, and Wulff shapes (see [7, 8, 9, 10, 11]). There is also a hyperbolic version of
Uy ([6]). The fundamental properties of ¥y is as follows:
(1) For any P € S? — {N}, the equality P - ¥ x(P) = 0 holds,
(2) for any P € S? — {£N}, the property ¥y (P) € RN + RP holds,
(3) for any P € S? — {£N}, the property N - ¥y (P) > 0 holds,
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(4) the restriction ‘1/N|512v7+—{N} :S% 4 —{N} = S%, — {N} is a C* diffeomorphism.
By these properties, we have the following:

Lemma 2.4. The mapping ayo¥yoay': R? x {1} — {N} — R? x {1} — {N} is the inversion
of R?2 x {1} — {N} with respect to N.

2.2. Spherical polar sets and the spherical polar transform. For any point P of S?, we
let H(P) be the following set:

HP)={Qe S*|P-Q=>0}.
Here, the dot in the center stands for the scalar product of P, Q € R3.
Definition 3 ([11]). Let W be a subset of S?. Then, the set

M H(P)

pPew

is called the spherical polar set of W and is denoted by W°.
Figure 3 illustrates Definition 3. It is clear that W° = Npew H(P) is closed for any W C S2.

FIGURE 3. Spherical polar set {P,Q}° = (PQ)°.

Definition 4 ([11]). A subset W C S? is said to be hemispherical if there exists a point P € S?
such that H(P)NW = (.

Figure 4 illustrates Definition 4.

FIGURE 4. Not hemispherical W C S2.
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Definition 5 ([11]). A hemispherical subset W C S? is said to be spherical convez if PQ C W
for any P,Q € W.

Here, PQ stands for the following arc:
1-t)P
PQ = { (1-t)P+1tQ
11 =) P +tQl|

Note that |[(1 —t)P +tQ|| # 0 for any P,Q € W and any t € [0, 1] if W C S? is hemispherical.
Note further that W° is spherical convex if W is hemispherical and it has an interior point.

e s5?

Ogtgl}.

Definition 6 ([11]). Let W be a hemispherical subset of S2. Then, the spherical convex hull of
W (denoted by s-conv(W)) is the following set.

k k
s-conv(W) = 2:’% P eW, E t;=1,t>0,keN,.
H Z¢=1 tiPiH i=1

Lemma 2.5 (Lemma 2.5 of [11]). For any hemispherical finite subset W = {Py, ..., Py} C S™*1,
the following holds:

S tiP; z
== A PeW, > ti=1,4>0p =H(P)N---NH(P).
||Zi:1 tiPiH i=1

Lemma 2.5 is called Maehara’s lemma (see [11]).

Definition 7 ([4]). Let (X, d) be a complete metric space.
(1) Let « be a point of X and let B a non-empty compact subset of X. Define
d(z, B) = min{d(z,y) | y € B}.

Then, d(z, B) is called the distance from the point x to the set B.
(2) Let A, B be two non-empty compact subsets of X. Define

d(A, B) = max{d(z, B) | x € A}.

Then, d(A, B) is called the distance from the set A to the set B.
(3) Let A, B be two non-empty compact subsets of X. Define

dy (A, B) = max{d(A, B),d(B, A)}.
Then, dgy (A, B) is called the Pompeiu-Hausdorff distance between A and B.

Let (X,d) be a complete metric space. The set consisting of non-empty compact subsets of X
is denoted by H(X), which is the metric space with respect to the Pompeiu-Hausdorff metric
dp : H(X) x H(X) — Ry U {0}, where dp is the metric naturally induced by the Pompeiu-
Hausdorff distance. It is well-known also that the metric space (H(X),dp) is complete. For
more details on the complete metric space (H(X),d), see for instance [4, 5].

Definition 8. Let O : H(S?) — H(S?) be the mapping defined by
O(A) = A°.
The mapping O : H(S?) — H(S?) is called the spherical polar transform.

Proposition 1. The spherical polar transform is continuous with respect to the Pompeiu-
Hausdorff metric.
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Proof of Proposition 1 Let {A;}iz12,.. C ’H(SQ) be a convergent sequence, and set
A =lim; , A;. In order to prove Proposition 1, it is sufficient to show that A° = lim;_, ., AS.
Suppose that there exists a real number € > 0 such that for any n € N there exists an i,
(in, > n) such that dg(A7 ,A°) > e. Then, by Definition 7, it follows that for any n € N, at
least one of d(Af , A°) > ¢ and d(A°, A7 ) > ¢ holds. By taking a subsequence if necessary, from
the first we may assume that one of the following holds:
(1) d(A7 ,A°) > ¢ for any n € N.
(2) d(A°, A7) > ¢ for any n € N,

We first show that (1) implies a contradiction. By Definition 7, it follows that for any n € N
there exists a point x,, € A such that d(z,, A°) > e. Again by Definition 7, it follows that
for any n € N there exists a point x,, € A7 such that the inequality d(z,,y) > ¢ holds for any
y € A°. Tt is known that A can be characterized as follows ([4]).

(2.1) A= {P € S2| 3P, € A;, (n € N) such that lim P, = P} .
n— oo

Let P be a point of A. By (2.1), for any n € N we may choose a point P,, € A; such that
lim,, o P, = P. Then, since z,, € A;’n, it follows that z, - P, > 0. Since S? is compact, there
exists a convergent subsequence {x;, },=12, .. of the sequence {x,, },=12 .. Set z =lim,_,o z;, .
Then, the inequality d(x,,y) > ¢ implies the inequality d(z,y)>¢ for any y € A°. On the other
hand, the inequality z,, - P,, > 0 implies the inequality = - P > 0 for any P € A. Therefore, the
point z is an element of A° such that the inequality d(z,y)>e holds for any y € A°. This is a
contradiction.

We next show that (2) implies a contradiction. By the same argument as in (1), we have
that for any n € N there exists a point z,, € A° such that the inequality d(x,,y,) > ¢ for
any y, € A7 . This implies that there exists an M € N such that for any n € N there exists
P, € A;, such that x, - P, < —4;. Since 52 is compact, there exists a subsequence {n}tn=12,..
of N such that both {x; }n=12, ., {P), }n=1,2,... are convergent sequences. Set x = lim,_,o x;,
and P = lim,, ,o Pj,. Then, the inequality =, - P,, < —4; implies the inequality z - P < — .
On the other hand, since A° is compact, = belongs to A°. Moreover, by (2.1), P belongs to A.
Hence, by Definition 3, the scalar product = - P must be non-negative. Therefore, we have a
contradiction. m|

2.3. Wulff shapes. Let R, be the set {\ € R | A > 0} and let h: S' — R, be a continuous
function. For any s € S1 C R?, set

The={PcR?| P -s<h(s)}

where the dot in the center stands for the scalar product of two vectors P, s € R?. The following
set is called the Wulff shape associated with the support function h (see Figure 5):

Wi = () Th.s-

seSt

For any crystal at equilibrium the shape of it can be constructed as the Wulff shape W}, by
an appropriate support function h ([14]). Tt is clear that any Wulff shape W), is a convex body
(namely, it is compact, convex and the origin of R? is contained in W, as an interior point). It
has been known that its converse, too, holds as follows.

Proposition 2 (p. 573 of [13]). Let W be a subset of R%. Then, there exists a parallel translation
T : R? — R? such that T(W) is the Wulff shape associated with an appropriate support function
if and only if W is a convex body.
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FIGURE 5. The Wulff shape associated with the support function h.

Proposition 3 (Theorem 1.1 of [11]). Let {Wh, },_; o be a Cauchy sequence of Wulff shapes

in Heonv (R?) with respect to the Pompeiu-Hausdorff metric dg. Suppose that lim; o, Wy, does
not have an interior point. Then, it must be a point or a segment.

Proposition 4 (Theorem 1.2 of [11]). Let h : S* — Ry be a continuous function. Then, for
the Wulff shape Wh,, the set Id ' oy ((oz]_vl o Id(Wh))o> is the Wulff shape associated with an

appropriate support function.

The Wulff shape Id~! o ay ((a;,l o Id(Wh))o) is called the dual Wulff shape of W,.
Proposition 5 (Theorem 1.3 of [11]). Let h : S — Ry be a function of class C*. Then, the
Wulff shape Wy, is never a polygon.

Proposition 6. Let r : S' — R? be a O immersion with its no-silhouette N'Sy. Then, for
any 0 € [0,0,), there exists a parallel translation Tp : R? — R? such that To(NSo ) is a Wulff
shape Wi, by an appropriate support function hg : ST — R

Proof of Proposition 6 We first show that NSy, is an open set for any 6 € [0,6,). Let P
be a point of NSy . Suppose that for any positive integer n, there exists a point

P, € D(P, %) N (Usest (r(s) + Ry (drs(T5(S1)))))
where D(P, L) is the disc D(P, %) = {Q € R? | [|[P — Q|| < 2}. Then, since S' is compact,
by taking a subsequence if necessary, we may assume that there exists a convergent sequence
sn € S' (n € N) such that P, belongs to D(P, 1) N (r(s,) + Ry (drs, (Ts,(S")))). Then, we
have that P € r(s) + Ry (drs(Ts(Sl))) where s = lim;_, o $;, which implies P ¢ NSy .. Hence,
NSp,r is an open set.

Since 6 < 0y, it follows that NSy # 0. Let P be a point of NSy . Let
P, € r(s) + Rydr,(Ts(S"))

be the point such that the vector PPy is perpendicular to the line r(s) + Rgdrs(Ts(S')). Then,
by obtaining the concrete expression of P,, it follows that the mapping f : S' — R? defined by
f(s) = Py is of class C*°. By Subsection 2.1 and [7], the mapping f : S' — R? is exactly the pedal
curve of the family of lines {r(s) + Rgdrs(Ts(Sl))}sEs1 relative to the pedal point P € NSy .

Let I : R2—{P} — R%2—{P} be the plane inversion defined by I(Q) = P— M(QfP). Since
P € NSy, the composed mapping n = I o f is well-defined and of class C*°. The mapping
n is exactly the dual curve of the family of lines {r(s)+ ]*?gdrs(TS(Sl))}sEs1 relative to the
point P € NSp,. Let the boundary of convex hull of n(S') be denoted by dconv (n(S')).
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Then, by the construction, dconv (n(S')) intersect the half line {P + As | A € Ry} exactly at
one point for any s € S'. Thus, the composed image I (dconv (n(S'))) intersect the half line
{P+)s| X € R} exactly at one point for any s € S*. Moreover, the intersecting points depend
on s continuously. Hence, by corresponding s € S' to the distance between P and the unique
intersecting point I (dconv (n(S1))) N{P+As | A € R} }, we obtain the well-defined continuous
function hg : S' — R,. Since n is of class O, it is easily seen that the obtained function hg
satisfies the assumption of Theorem 6.3 in [11]. Let Ty : R? — R? be the parallel translation
given by Ty(x,y) = (z,y) — P. Then, by Theorem 6.3 of [11], it follows that

TQ(N897T) = Whg .
O

Proposition 7. Let r : S* — R? be a C™ immersion with its no-silhouette N'S,.. Then, the
map w : [0,6;) — Heonv(R?) defined by w(8) = NSq, is continuous,

Proof of Proposition 7 Let C°(S*, R, ) be the set consisting of continuous functions from
St to Ry. The set C°(S1,R,) is a (non-complete) metric space with respect to the metric

dnorm (h1, he) = Hé%’f |h1(s) — ha(s)].

Let T : [0,6,) — C°(SY,Ry) (resp. © : C°(SY,Ry) — Heonv(R?)) be the mapping defined
by T'(0) = hg (resp. Q(h) = Wy,), where hy is the continuous function defined in the proof of
Proposition 6. Then, in order to show that w is continuous, it is sufficient to show that both
I', Q are continuous.

We first show that I' is continuous. Let h : S — R, be the function defined by

R(cos A,sin A) = ||P — I (dconv (n(S1))) N {P + t(cos \,sin \) | t € Ry},

where the set I (dconv (n(S'))) N {P + t(cosA,sin\) | ¢ € Ry}, which appeared in the proof
of Proposition 6, is a one point set and it is regarded as a point. By obtaining the concrete
expression of n given in the proof of Proposition 6, it is easily seen that n is smoothly depending

on § € [0,6,). Thus, h is continuously depending on 8 € [0, 6,). Since I is a C*° diffeomorphism
of R? — { P}, it follows that hy is continuously depending on 6 € [0,6,). Hence, I is a continuous
mapping.

We next show that €2 is continuous. Let {h;}i—1,2,.. C C°(S',R.) be a convergent sequence
to an element of C9(S1, Ry ). Set h = lim; . h;. We also set

w={Per’ ‘apz-ewhi (i €N); lim P =P}.
1—> 00

Then, it is easily seen that R? — W is an open set. Thus, W is a closed set.

We show W), = W. Let P be an interior point of W). Then, since h = lim;_,, h;, P must
be an interior point of W}, for any sufficiently large . Thus, P is contained in W. Since both
Wy, and W are closed, it follows that Wy, C W. Next, Let @ be a point of W. Suppose that Q
is not contained in Wj,. Then, there exists so € S such that (Q - sg) > h(sg), where (Q - so)
stands for the scalar product of two vectors Q, sy € R%. Set ¢ = (Q - s9) — h(sg) > 0. Since
h = lim; o hy, it follows that (Q - so) — hi(so) > § for any sufficiently large i. This contradicts
to the assumption that Q € W. Hence, we have that W C W,,, and it follows that W), = W.

The remaining part of the proof that €2 is continuous is to show the following:

(2.2) lim dy (W, W;,) = 0.
71— 00

In order to show (2.2), by the construction of W, it is sufficient to show that {Wy, }i=12, . is
a Cauchy sequence of H(R?). Since {h;}i—1 2, . is a Cauchy sequence of C°(S*,R,), it is clear
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that {Wh, }i=1,2.... is a Cauchy sequence. Therefore, we have that lim;_, dg (W, Wj,,) = 0 and
it follows that €2 is continuous. O

3. PROOF OF THEOREM 1

By Proposition 6, there exists a parallel translation Ty : R? — R2 such that Ty (./\f 897,.)
is a Wulff shape. In particular, Ty (N 89’,-) contains the origin as an interior point. Set
T =ay' oldoTyor and Nig(s) = cos fn(s) — sin Ot (s) for s € S*. We investigate the singularities
of ng. Let U be an open arc of S*. By using the arc-length parameter of ¥|y;, without loss of
generality, from the first we may assume that |[t'(s)|| = 1 for s € U. Then, by Lemma 2.1, we
have the following:

1 (s) = —kgy(s) cosf t(s) + sinf ¥(s) — ky(s)sind n(s).

Since the angle 0 satisfies 0 < § < 6, < 7 in Theorem 1, it follows that sin ¢ # 0. Therefore, ng
is non-singular even at the point s € S' such that r,(s) = 0.

Next, we show that ng(s)- N > 0 for any s € S'. Let the dual of ny be denoted by Ty. Then,
it follows that Ty is a Legendrian mapping and the following equality holds.

sesSt

Since § < 6y, by Lemma 2.3, we have that ny(s) - N > 0 for any s € S'. Thus, the spherical
convex hull of {ny(s)) | s € S*} is well-defined. Since ny is non-singular, the boundary of
s-conv({ny(s)) | s € S'}) is a submanifold of class C! (for instance see [12, 15]). By the
property (4) of ¥, the boundary of ¥y (s-conv({ny(s)) | s € S!)) is a submanifold of class C.
It follows that the boundary of Id~! o ay o ¥y (s-conv({ng(s)) | s € S!)) is a submanifold of
class C1.

On the other hand, by constructions, it follows that Ty(NSy) is a Wulff shape W), with the
support function h whose graph with respect to the polar coordinate expression is the boundary
of Id=! o ay o Uy (s-conv({ny(s)) | s € S1)).

Therefore, the support function i for the Wulff shape Ty(N'Sp ) is of class C! and it follows
that Wj, is never a polygon by Proposition 5. O

4. PROOF OF THEOREM 2

By Proposition 6, for any i € N there exists a parallel translation Tp, : R? — R? such that
Th, (./\f S@i)r) is a Wulff shape W, by an appropriate support function h;. By Proposition 4, for

any i € N the set Id 'oay ((af\,l ) Id(Whi))o) is a Wulff shape too. Thus, by Proposition 2, it

follows that both ay' o Id(Wh,) and (ay' o Id(Whi))O belong to H(S?) for any i € N. Moreover,
by Proposition 7, we may assume that {Tp, };=1,2,... is a Cauchy sequence. Thus, we may assume

that both {ozg,l o Icl(VVh,i)}i:1 , and {(ag,l o Id(Whi))o}v ,  are Cauchy sequences.

—LyLyee

By Proposition 3, lim;_, NSy, » is a point or segment. Suppose that it is a segment. Let
P, P, € S? be two boundary points of this segment. Then, by Proposition 1 and Lemma 2.5,
we have the following:

lim (ay' o IdOWy,))" = H(P)) N H(P).

Let np, : S' — S? be the C*° mapping defined by ny_(s) = cosf,n(s) — sin,t(s) for any
s € S, where 11 and t are the same C° mapping as in the proof of Theorem 1. Then, notice that
ny, (S') € H(Py) N H(P,). For any j (j = 1,2), we let the set {Q € S? | P; - Q = 0} be denoted
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by OH(P;). Then, the intersection OH (P;) N OH(P,) consists of two antipodal points Q1, Q2.
By Lemma 2.3 and Proposition 2, there exists s1,s0 € S (57 # s2) such that ng,(s1) = Q1,
1y, (s2) = Qa.

On the other hand, since 0 < 6, < 7, similarly as in the proof of Theorem 1, it follows that

Ny, is non-singular. Thus, we have a contradiction. O

5. PROOF OF THEOREM 3
For any 6 (0 < 6 < 6,) and any s € S*, set
lo.s =1(s) + Ry (drs(T,S")) .

Let fo,s(z,y) be the affine function which define ¢y 5. Set

Hy, = {(z,y) € R?| fos(x,y) >0}, Hy, = {(x,y) € R*| fo(x,y) <0}
Then, since NSy, is a convex body for any 6 (0 < 0 < 6,.), it follows that one of
NSy, = mseslH;s or NSpr=Nses Hy,

holds. By Proposition 6, we may assume that the following holds for any 6 (0 < 6 < 6,.).

NSor= () Hy,

sesSt

Since r does not have inflection points, it follows that N'Sp , contains NSy, for any 6 such that
0 <6 < 6,. Thus, for any 6 (0 < 6 < 6,), we have the following:

N'Se,r = NSeyrﬂNS(),r

= | () H, ) NSor

seSt

= () (ELWVSor).

seSt

Since r does not have inflection points, we have that Hy . N NSo, contains Hy N NSo,

for

any two 01,0, € [0,6;) satisfying 0 < 6; < 0, < 6. It follows that NSp, »r D NSo, , if

0<6; <6y <by. O

(1]
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